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Preface

Simultaneous confidence bands have been used to quantify unknown functions
in various statistical problems. The most well-known is probably the confidence
band for a cumulative distribution function based on the empirical distribution
function and the large sample Kolmogorov distribution (cf. Stuart, 1999); see Frey
(2008), Xu et al. (2009) and the references therein for recent advances on this.
Hall (1993) studied the construction of simultaneous confidence bands for a non-
parametric density function. Hall and Wellner (1980) and Lin (1994) investigated
the construction of simultaneous confidence bands for the hazard function, whilst
Hollander et al. (1997) considered simultaneous confidence bands for a survival
function. For construction of simultaneous confidence bands for nonparametric
regression models, the reader is referred to Genovese and Wasserman (2008),
Zhao and Wu (2008) and the references therein. Khorasani (1982) and Cheng
(1987) considered simultaneous confidence bands for non-linear parametric re-
gression models. Ma and Hall (1993) and Horvath er al. (2008) considered si-
multaneous confidence bands for receiver operating characteristic (ROC) curves.
This list serves the purpose to show that simultaneous confidence bands are useful
statistical inferential tools that can be used in many statistical branches. Indeed,
using simultaneous confidence bands to bound an unknown function or the differ-
ences between unknown functions is a direct generalization of using confidence
intervals to bound an unknown parameter or the differences between unknown
parameters.

This book, however, focuses on simultaneous confidence bands for linear
regression models. Linear regression analysis is a simple but very useful sta-
tistical tool about which numerous books have been written. The methodology
of simultaneous confidence bands provides additional inferential tools for lin-
ear regression analysis that are often more intuitive and informative than the
usual approaches of hypotheses testing and confidence interval/set estimations
of the regression coefficients. While the methodology was started about eighty
years ago by Working and Hotelling (1929) and studied by many researchers, it
was reviewed only very briefly, in no more than one chapter, by Seber (1977),
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Miller (1980) and Casella and Berger (1990). This book provides a comprehen-
sive overview of the construction methods and applications of simultaneous confi-
dence bands for various inferential purposes. The first seven chapters of the book
are on the normal-error linear regression models, for which the methodology is
most well developed. The eighth chapter is on the logistic regression model to give
the reader a glimpse into how simultaneous confidence bands can be constructed
and used for generalized linear regression models by combining the methods for
normal-error linear regression models and the large sample normal distribution
of the maximum likelihood estimations for a generalized linear regression model.
The ideas and approaches presented in Chapter 8 can be used for not only other
generalized linear models, but also linear mixed-effects, generalized linear mixed-
effects models (cf. McCulloch and Searle, 2001) and indeed general parametric
regression models.

The chapters are arranged in the order that I hope they will be read. Chap-
ter 1 provides a very brief review of the normal-error linear regression models.
Chapter 2 considers simultaneous confidence bands for a simple regression line,
which contains many ideas that are relatively easy to understand and used for
a multiple regression model. Chapter 3 then looks at simultaneous confidence
bands for a multiple linear regression model. Chapter 4 describes how simulta-
neous confidence bands can be used to assess whether a part of a multiple linear
regression model is significantly different from the zero function and so cannot
be deleted from the regression model, or is practically equivalent to the zero func-
tion and so can be deleted from the regression model. Chapter 5 discusses how to
use simultaneous confidence bands for the comparison of two regression models.
Chapter 6 uses simultaneous confidence bands to compare more than two regres-
sion models. Chapter 7 shows how simultaneous confidence bands can be used
for polynomial regression models, where the covariates have functional relation-
ships among themselves. Chapter 8 demonstrates how simultaneous confidence
bands can be used in generalized linear regression models by focusing on logistic
regression models for the purpose of illustration. Appendices A, B, C and E col-
lect the details of computation methods necessary in Monte Carlo simulation for
approximating the exact critical constants of confidence bands, while Appendix
D gives a very brief introduction to the principle of intersection-union tests.

This book is intended to serve the needs of both practitioners and re-
searchers. Several numerical examples are provided to illustrate the meth-
ods and the MATLAB® programs for implementing the necessary computa-
tion, as well as all the figures in colour, are available at the author’s website
http://www.personal.soton.ac.uk/wl/research.html for downloading.
Usually only the first part of a program for entering the dataset needs to be
changed to deal with a new dataset. This helps a practitioner to apply the meth-
ods provided in this book to solve her or his own problems. The comprehensive
review of the published literature and some unsolved problems noted in the book
should prove to be valuable to researchers. It is hoped that this book will gener-
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ate more research interests in simultaneous confidence bands for linear regression
models and beyond.

I have assumed that the reader has had a course in mathematical statistics cov-
ering the basic concepts of inference and linear model and is familiar with ma-
trix algebra. All the programming is in MATLAB (Version 7.6.0.324(R2008a)), a
powerful and user-friendly technical computing environment for computation and
data visualization. There are many free resources about MATLAB available on the
internet. The book by Hanselman and Littlefield (2005) provides a comprehensive
overview of MATLAB, while the book by Martinez and Martinez (2008) demon-
strates how to implement many standard statistical procedures in MATLAB.

I am very grateful to Pascal Ah-Kine, Frank Bretz, Jonathan Donnelly, Xiao-
liang Han, Tony Hayter, Mori Jamshidian, Bob Jenrich, Shan Lin, Walt Piegorsch,
Henry Wynn and Ying Zhang, with whom I have had the good fortune to work
on simultaneous confidence band problems. Tony Hayter, Frank Bretz, and two
anonymous referees read part or the whole book and provided many useful com-
ments and suggestions. Of course, any errors, omissions or obscurities which re-
main are entirely my responsibility. I am indebted to Rob Calver, Jessica Vakili,
Sarah Morris, David Tumarkin, and Shashi Kumar of the Taylor & Francis Group
for their patience and support throughout this project.

Data in Tables 5.3 and 6.1 are from Ruberg and Stegeman (1991) by permis-
sion of the International Biometric Society. Data in Table 4.1 are from SAS/STAT
User’s Guide (1990) by permission of SAS Institute Inc. Data in Tables 7.1 and
7.2 are from Selvin (1998) by permission of Oxford University Press, Inc. Data in
Table 8.1 are from Myers et al. (2002) by permission of John Wiley & Sons, Ltd.
Data in Table 2.1 are from Kleinbaum ez al. (1998) by permission of Brooks/Cole,
a part of Cengage, Inc.

MATLAB® is registered trademark of The MathWorks, Inc. For product in-
formation, please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7000

E-mail: info@mathworks.com
Web: www.mathworks.com

Wei Liu, Southampton, 2010
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Introduction to Linear Regression
Analysis

1.1 Linear regression models

Linear regression analysis is a statistical tool for evaluating the relationship
between a continuous random variable Y and several independent variables
X1,--+,Xp according to the model

Y = Bo+Bixi +--- 4 Bpx, +e. (1.1)

Here fy,---, B, are unknown constants, and e is an unobservable random error
which is assumed to have a normal distribution with mean zero and unknown
variance 6> > 0 throughout this book. The parameters f8; and 6 characterize the
model and are estimated from the observed data. The quantity Y is often referred
to as the response or dependent variable, as it depends on the x;’s through the
linear relationship By + Bix; + - -- + Bpx,. As the value of ¥ may be predicted
from the x;’s by using the relationship (1.1), the x;’s are often called the predictors
or predictor variables or covariates. Throughout this book it is assumed that the
predictors are not random variables.

Throughout the book letter x; indicates the ith covariate in the model and the
corresponding x j; denote a specific (jth) observed value of the covariate x;. Simi-
larly, Y defines the response and Y} is its jth observed value. Let Y = (Y1,---,Y,)’
and x; = (xy;,- -+, %)’ denote n observationson Y and x;,i =1, -, p, respectively.
Then, according to (1.1), the jth observed value satisfies the data model

Yi=Po+Bixji+-+Ppxjp+ej, j=1,--,n

Note that the constant coefficients By, ---, 8, are the same for all the observa-
tions, and the random error ¢;’s are not observable since the values of fiy,---, 8,
are unknown. It is assumed throughout this book that the errors ey, -- -, e, are in-
dependent N(0, 62) random variables. The n observations can be represented in
matrix form as

Y=X3+e (1.2)

where X = (1,x,---,%,), B = (Bo,Bi1,---,Bp)’. €= (e1,---,e,)’, and 1 is a col-
umn vector of size n with all elements equal to 1. The matrix X is called the design
martrix as its components x ;; may be chosen via a suitable design.
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Table 1.1: Infant data

Observation Birthweight Age in Blood Pressure
i in oz (x1) days (x2) (mm Hg) (Y)
1 125 3 86
2 101 4 87
3 104 4 87
4 143 5 100
5 92 5 89
6 119 3 86
7 100 4 89
8 149 3 89
9 133 2 83
10 120 4 92
11 118 4 88
12 94 3 79
13 131 5 98
14 93 4 85
15 94 4 87
16 121 5 97
17 96 4 87

There are p 42 unknown parameters involved in the linear regression model
(1.1), including the p + 1 coefficients f3; and the variance 6 of the random error e.
In order to estimate the p + 2 parameters, at least p + 2 observations are required
(i.e. n > p+2). Moreover, for the ;’s to be uniquely estimable it is required that
the design matrix X have a full column rank p + 1. If the design matrix is not
of full column rank, then its columns are linearly dependent, and a subset of its
columns can be obtained that are linearly independent and span the same column
space. In other words, some covariates are linear combinations of other covariates.
Some covariates are therefore redundant and can be deleted from model (1.1). The
resultant model after deleting the redundant covariates will have its design matrix
being full column rank. Thus, without loss of generality, throughout this book it is
assumed that X is of full column rank. The relationship (1.1) and the assumptions
made above constitute the standard linear regression model, on which the first
seven chapters of this book focus.

Example 1.1 Suppose the relationship between systolic blood pressure (Y), birth
weight in 0z (x), and age in days (x;) of an infant can be modelled by

Y = Bo+ Bixi + Baxs +e.

The measurements on 17 infants are shown in Table 1.1.
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We may write this in matrix form as

86 1 125 3 el
87 1101 4| /g, e
=0 o B+
97 1 121 5] \B e
87 1 9% 4 er

Assuming that the linear relationship between the response and the predictors
holds, then the parameters Sy, B1, 8> and 6 can be estimated based on the n = 17
observations.

1.2 Parameter estimation

By far the most popular method for estimating the parameter vector 3 of the linear
regression model (1.2) is the method of least squares. Under the assumption that
the errors ey, -, e, are independent N (0, 0'2) random variables, the least squares
estimator of 3 coincides with its maximum likelihood estimator. The least squares
estimator 3 = (B, - -- ,B,,)’ of 8= (Po,---,Bp) is obtained by using the n obser-
vations in (1.2) and minimizing the least squares criterion

L(B) =Y -XB|*>=(Y-XB)(Y-XB)

over B € RPT!. Since Y'X@ is a scalar, it is equal to its transpose 3'X'Y. Using
this fact, the expression L(3) above can be expanded to

L(B)=Y'Y-28XY+3XX3.
Thus, the least squares estimator must satisfy

JIL(B)
8 1B=B

which simplifies to the so-called least squares normal equations

= 2X'Y+2X'X3=0

X'X3 = X'Y.

Because X is assumed to have full column rank, X’X is non-singular and the
normal equations lead to the unique least squares estimator

B = (X'X)"'X'Y. (1.3)
The fitted regression model is

f/:ﬁo+ﬁ1x1+---+[§,,x,,
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and can be used to predict the value of Y at a given value of (xi,---,xp). In
particular, the fitted Y-values corresponding to the n observations (x;i,---,Xjp),
j=1,---,n, in each row of the design matrix X, are

Y =X3=XX'X)"'X'Y =HY

where H = X(X'X) !X is called the hat matrix because it transforms the vector
of the observed responses Y into the vector of fitted responses Y. The vector of
residuals is defined by

6= (61,,6,) =Y-XB=Y-Y=(I-H)Y.
The estimator 62 of o2 is based on the residual sum of squares
SSe =Y. & = &> = Y- XB|* = || {-H)Y|]* = L(B).
j=1

Specifically, define
6% = 8Sp/(n—p—1)=|&|*/(n—p—1). (1.4)

The total variation in the observed Y-values is SS7 = Y7 (¥; — Y)?, where
Y= Z;le Y;/n. This total variation can be decomposed into two parts according
to model (1.2): SSg which is the variation due to the uncontrollable random errors
e in the Y-values, and SSp = SS7 — SSr which is the variation in the Y-values due
to the systematic component E(Y) = X3 of model (1.2). It can be shown that
SSg = Yi_;(¥; — ¥)*. This leads to the popular exploratory index

_ SSr—SSk
Y

RZ

that can be interpreted as the proportion of the total variation in the Y-values
that is explained by (the systematic component of) the regression model, namely
E(Y) = X3. The quantity R* measures how well model (1.1) fits the observed
data. If R? is close to one, then all the Y;’s are close to the corresponding fitted
f/j’s and so model (1.1) fits the data well. On the other hand if R? is close to zero,
then the ¥;’s can be far away from the corresponding fitted 17 i’s and so model (1.1)
does not fit the data well and may not be useful for, e.g., making predictions. Of
course, this may well be due to the large error variance 6 and so nothing can be
done.

Example 1.2 For Example 1.1 it is easy to verify that

17 1933 66
X'X = | 1933 225269 7466
66 7466 268
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43288 —0.0236 —0.4075

(X'’X)"!' = [ —0.0236  0.0002  0.0006

—0.4075  0.0006  0.0870
—0.1185
—0.0928
—0.6352
0.0016
—1.7788
0.9661
2.0879
47.5828 —1.4571
B=XX)"IX'Y=|[ 01808 |, e=Y-XB=| 0.7482
5.3129 1.4724
—2.1660
—1.5145
0.1709
—0.6466
1.1726
0.9787
0.8110
SSp=ee=|Y—XB||*=24.1575, 6*=¢¢/(17—2—1)=1.7255.

For this example R? = 94.76% and so the linear regression model fits the obser-
vations well.

The least squares method can be represented geometrically in two ways; one
is the observation space representation, and another is the variable space rep-
resentation. In the observation space representation, points are the observations
(Yjsxj1,--+,Xjp), j=1,---,n and B is determined so that the sum of square of the

“vertical distances” from Y; to By + Bix;1 + -+ + Bpx;p,

n
Z (Yj — Bo— Bixji — - — Bpxjp)°,

is minimized. In the variable space representation, points are the variables in ",
namely Y, and columns of the design matrix X = (1,xy,---,X,). Let £(X) be the
linear space spanned by the p + 1 columns of the design matrix X, i.e. £(X) =
{X3: B € NPT}, Since X is full column rank, £(X) has dimension p + 1. The
least squares criterion to obtain (3 requires minimizing L(3) = ||Y — X/3||? over all
B € RPF!. For each 3, the quantity X3 is in £(X), and L(3) is the square of the
distance between Y and X3. Thus, minimizing over all possible 3 is equivalent
to obtaining the point in £(X) that is closest to Y. This point is the projection of
Y onto £(X), which is given by ¥ = X3 = HY. Note that in this view the hat
matrix H is the projection operator that projects a vector Y € ®" to Y € £(X).
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Y -X73

LiX)

Figure 1.1: Geometric representation of the least squares method

This geometric representation of the least squares method is illustrated in Figure
1.1.

The SSg is simply the square of the distance between Y and its projection onto
the space £(X), X 3. The independence between 3 and & is due to the fact that
the two vectors X3 = HY and é = Y — X3 = (I— H)Y are perpendicular to each
other; note that H(I — H) = 0 since H?2=H,ie. His idempotent. The following
theorem gives a rigorous proof of this statement and other statistical properties of
B, é and 62.

Theorem 1.1 Under the standard normality assumptions made in Section 1.1, the
following properties hold:

(i) B~Npi1(B,62(X'X)71).
(ii) & ~N;(0,62(1—H)).

c? 2

/\2
(i) 6 ~ =T A= p—1-

(iv) B and é are independent.
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(v) B and 62 are independent.
Proof 1.1 (i) Using model (1.2) and the assumption that e ~ N, (0,6°1), it is
clear that Y ~ ./\/,,(X[)',GZI). Since the elements of 3 are linear combinations

of the elements of Y from expression (1.3), B has a normal distribution too. To
conclude the proof of (1), note that

E(B)=E(X'X)"'X'Y) = (X'X)"'X'E(Y) = (X'X)"'X'X8 = 3,
and

Cov(B)

Cov (X'X)~'X"Y)
= ((X'X)7'X') Cov(Y) (X(X'X)71)
= o*(X'X)"!, since Cov(Y) = Cov(Y,Y) = 6’1
(ii) Since € = (I-H)Y, each é; is a linear combination of the elements of Y. And
again, since Y is a normal random vector, € is also a normal random vector. To
conclude the proof of (ii), note that
E@)=E(I-H)Y)=I-HEY)=I-H)X3=0
since I-H)X =0, and
Cov(@) = Cov(I-H)Y) = (I—H)Cov(Y)(I-H) = 6*(I— H)

since the matrix (1—H) is symmetric and idempotent, i.e., (1—H)? = (I—H).
(iii) Let Q =1 —H. Then Q is symmetric and idempotent, and so

Rank(Q) = Trace(Q) = Trace(I) — Trace(H) = n — Trace(X(X'X) ~'X’)
= n—Trace((X'X)"'X'X)=n—(p+1)

since Trace(AB) = Trace(BA). It follows therefore that Q can be expressed as
Q = T'AT where T is an orthogonal matrix, and A is a diagonal matrix with
the first n — (p + 1) diagonal elements equal to one and the remaining diagonal
elements equal to zero.

Note e = Y — X ~ N,,(0,6%1). Let z = Te then z ~ N, (0,6°1) since T is
orthogonal. Also note Qe = (I-H)(Y —X3) = I-H)Y = & since I-H)X =0.
So

| &[P=€'Qe = (Te) A(Te) =+ +2_, 4 ~ 02, 1.

The proof of (iii) is thus complete by using (1.4) which defines 6% = ||&||*/(n —
p—1).
(iv) Since B and & are normally distributed, to show they are independent, it suf-
fices to show that they have zero covariance. This is easily shown as follows:

Cov((3,8) Cov((X'X)"IX'Y,(I-H)Y)
(X'X) "X Cov(Y,Y)(I—H)
o} (X'X)"'X'I-H)=0
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since Cov(Y,Y) = 6?1 and (1-H)X = 0.
(v) The independence of 3 and &2 follows directly from the result of (iv), since
6> =ef*/(n-p-1). 1

The residuals € play a very important role in assessing whether (1.2) is a rea-
sonable model that is underlying the observed data. If model (1.2) with the stan-
dard normality assumptions hold, then according to Theorem 1.1, & should behave
like a random vector from A, (0,6%(I— H)). This is usually assessed by various
residual plots (see e.g., Draper and Smith, 1998, or Weisberg, 2005). Residual
analysis is an integral part of regression analysis and should always be carried out
to ensure that the model is a reasonable one before other inferential methods, such
as hypotheses tests and simultaneous confidence bands, are deployed since these
methods hinge on the validity of the model.

Using the results of Theorem 1.1, one can construct a confidence region for
the unknown coefficients 3 which quantifies the plausible values of 3.

Theorem 1.2 An exact 1 — o confidence region for 3 is given by

 (B=B)XX)B-B) _
{ﬂ (p—|—1)62 < p+l,n—p—1}

where f]?+1,n— p—1 is the upper « point of the F' distribution with degrees of free-

domp+1landn—p—1.

Proof 1.2 Let square matrix P satisfy (X'X)~! = P'P, and define N =
(P~ (B—PB)/o. Then

E(N)=0, Cov(N)= (P )" 'Cov(B—B)P /o> =(P) '(X'X)"'P! =1,,4,
and so N ~ N, 1(0,1) and

N'N=(B-p)P"'(P)"'(B-B)/0” = (B-B)(XX)(B-p)/o’
has the chi-square distribution with p + 1 degrees of freedom. Also note that N'N
is independent of 6*. So

N'N (B-B)(X'X)(B-B)

(p+1)62/c2 (p+1)62

has the F distribution with degrees of freedom p+ 1 and n — p — 1, from which
the theorem follows immediately. |
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1.3 Testing hypotheses

For regression model (1.1), it is often required to assess whether the regression
coefficients 3 satisfy certain constraints A3 = b, where A is a given r x (p+ 1)
matrix having full row rank r, where 1 < r < p41is a given number and b is a
given vector in R". One frequently used approach is to test

Hy:AB=Db against H,: A3 #b. (1.5)

For instance, if one wants to assess whether the /th predictor variable x; is useful in
explaining the variability in the ¥ value then one wants to know whether §; = 0.
In this case, A is set as a 1 x (p+ 1) matrix with the (1,/+ 1) element equal
to one and all other elements equal to zero, and b = 0. For another example,
if one wants to assess whether any of the explanatory variables in model (1.1)
is of use in explaining the variability in Y then the question becomes whether
Bi =--- = B, = 0. In this example, A can be chosen as the p x (p + 1) matrix
having the (i,i+ 1) element equal to one for i = 1,- - -, p and all the other elements
equal to zero, and b = 0.

Before giving the test for (1.5), we consider the least squares estimator Ba of
3 for model (1.1) under the constraints A3 = b, that is, 34 minimizes

L(B)=(Y-XB)'(Y-XB)=|Y-XB|’

over all those B € P! that satisfy the constraints A3 = b. Now 84 can be found
using the method of Lagrange multipliers. Define

0(B,¢) = (Y-XB)'(Y-XB) - c'(AB—b)

then Ba must satisfy simultaneously

0080  _, 0B9 _,
aﬁ :8=,BA ’ de ﬂz:@A
These two equations simplify to
X'XBs—A'c = X'Y, ABL—b=0 (1.6)

from which 3, and ¢ will be solved. The explicit values are given in expressions
(1.13) and (1.14) below.
Again 34 can be interpreted geometrically. Note that

La(X)={XB: Bec R’ AB=Db}

is a linear subspace of £(X). Since L4 (X) is formed from £(X) by imposing
r constraints AB = b, L, (X) is of p+ 1 — r dimensions. The estimator 3, is
simply the vector such that X3, is the projection of Y on the space L4 (X) since
the smallest distance between Y and all the vectors in L4 (X) is attained at the
projection of Y on £, (X). This geometric interpretation of Ba is illustrated in
Figure 1.2. From this geometric interpretation it is clear that BA must exist.

One consequence of this geometric interpretation is the following.
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Y - X3

LX)

Figure 1.2: Geometric representation of the estimator 3

Theorem 1.3 Let Y = X3 be the projection of Y on L(X) and, analogously, let
YA = X34 denote the projection of Y on L4 (X). Then

1Y = XAl — Y = VI = [V — ¥
Proof 1.3 We can write
Y ¥p— (V¥ + (Y- ¥).

Note that Y — Y € L(X) and (Y —Y) is orthogonal to L(X). Therefore, Y — Y
is orthogonal to Y — Y o which implies

Y —Yall> = [[(Y=Ya) >+ [(Y-Y)?
and, in turn, the result of the theorem. |}

Now if the coefficients 8 of model (1.1) do satisfy the constraints A3 = b, i.e.,
the Y are generated from model (1.1) with the 3 satisfying A3 = b, then Y should
be close to Y, and, using Theorem 1.3, the distance ||[Y — X3, || should not be
significantly larger than the distance ||Y — X/3||. On the other hand, if 3 does not
satisfy A3 = b then the distance ||Y — X/3, || tends to be substantially larger than
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the distance ||Y — X3)|; see Figure 1.2. This intuition is behind the following size
o test of the hypotheses in (1.5):

Ixp X3,

Reject Hy if and only if = e p—1
Y -XB|?/(n—p—1)" """

(1.7)

where f% =1 is the upper o point of the F distribution with degrees of freedom
r and n — p — 1. It can be shown that this test is actually the likelihood ratio test
for the hypotheses in (1.5). The relevant distributional results are given by the

following Theorem, whose proof is adapted from Hsu (1941).

Theorem 1.4 Under the standard normality assumptions made in Section 1.1, we
have

() IXB—XB4l> ~ 62x2(8) with the non-centrality parameter
8 =|XB—XE(Ba)|?/0* = (B—E(Ba))X'X(B—E(Ba))/0”.

(i) |Y —XBal® ~ 02X (ps1)4,(6), with § defined in (i).

(iii) || X8 —XB4l/> and ||Y —X3||? are independent.

Proof 1.4 (i) Let t,1,---,t,.1 be an orthonormal basis of the p 41 — r dimen-
sional linear space LA (X). Since La(X) is a linear subspace of the p+ 1 dimen-
sional linear space L(X), t,,1,---,t,11 can be expanded to ty,---,tp, 1 to form
an orthonormal basis of L(X). Similarly ti,---,t,41 can further be expanded to
ti, -, t, to form an orthonormal basis of R". The following scheme shows visu-
ally the vectors that span each of the given spaces:

tla"'7tr7tr+17"'7tp+17tp+27"' atn-
———

L4(X)

£(X)

§RV!

Define the orthogonal matrix T = (T, T2, T3), where T} = (t;,---,t,), To =
(trs1,- 5 tpr1), and T3 = (tpio,---,t,). Accordingly define z = T'Y with z; =
TY, i=1.2,3.

As before, let Y= X,@ and Y p = X[’)’A. Since Y =Tz =Tz, + Tz, + Tsz3
and the columns of (T, T2) are an orthonormal basis for L(X) we have

N z
Y = (T, Ty) <z;) =Tz + T1z,.

Similarly, because the columns of T, form an orthonormal basis for L (X) we
have Y4 = Toz,. This and the expression of Y above give

Y—YA:lel. (18)
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Furthermore, using (1.8) and the fact that T has orthonormal columns, we have
1Y = Yal? = [ Tiz > = ||z . (1.9)

Now, by the standard normality assumptions Y ~ Ny,(X8, 621) and thus z, = T,Y
has a normal distribution with covariance matrix 6*1,. This together with (1.9)
and the definition of the non-central chi-squared distribution lead to

IXB—XBal? _ ¥ Yul? _ [

2
o2 o2 - o2 ~Xr (6)7

where O lS the non- centrallty parameter. Now that we have established ||XB —
XB4|?/6? has a x? distribution, its non- centrality parameter 0 can be deter-
mined (cf. Plackett, 1960) by replacing ,8 and ﬁA with their respective expecta-
tions, that is

§ = |XE(B) —XE(Ba)|*/0> = (B—E(Ba))X'X(B—E(Ba))/0”

This completes the proof of (1).
(ii) To prove (ii), again using the notation Y » = X35 we have

IY-Yal? = T(Y-Yy)|?
T, ?
= T | (Y—Ya)
T,
2

- ()

- G-I

The first equality holds since T' is an orthogonal matrix, the third equality holds
since Y — Y is orthogonal to L (X) and thus to the columns of T,, and the fourth
equality holds since columns of (T1,T3) span the linear space perpendicular to
La(X), L&o(X)*, and so X 4 is orthogonal to columns of (Ty,Ts).

Now using similar arguments as in the proof of assertion (i), we have 7z, ~
NAT{XB, o) and z3 ~ n—p—1(T3 X0, o?1). Also, it is clear that 7, and 23 are
independent since the columns of T are orthogonal to the columns of T3. Using
these facts, (1.10), and the definition of the non-central chi-square we have

IY-XBal2  IY-Yal? ||(z\]
= = Z; /GZ ~ xr%+r7p71(5)7

o? o?

(1.10)

where again 8 is the non-centrality parameter and can be obtained by replacing
Y and B4 in the above expression by their expectations. This completes the proof

of ().
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(iii) We have
1Y = YI* = Y = YaAll? = Y = Yal? = (21]* + [|z3]1) = l2a]|* = ||23]%,

where the first equality follows from Theorem 1.3, and the second equality follows
from (1.9) and (1.10). Since z, and 23 are independent, the above equality and
(1.9) complete the proof of assertion (iii). |

Note that Theorem 1.4 holds whether or not 3 satisfies the constraints A3 =b.
If the null hypothesis A3 = b is true, then one can show that E(z;) = 0 and so
|IX3—XB42/02 = ||z1]|?/0? has a central x? distribution. Therefore, under the
null hypothesis, the test statistic in (1.7) has a central F;.,_,_; distribution, which
is the reason for using the critical value frf‘il_ b1

A test of the hypotheses in (1.5) can also be constructed in the following way.
Note that if the null hypothesis Hy : AB = b is true then A3 — b should not be
excessively different from the zero vector since

AB—b ~ N(AB—b, c*A(X'X)"'A").
Hence we

reject Hy if and only if

(AB— b) (AX'X)~'A)"1(AB—b)/r
1Y =XB|*/(n—p—1)

The next theorem shows that test (1.11) is actually the same as test (1.7).

> . (11D

Theorem 1.5 We have
IXB—XBal* = (AB—-Db)'(AX'X)"'A") "' (AB D).

Proof 1.5 From the least squares normal equation and the first equation of (1.6)
we have

IXB-XBal? = (Ba—B)(XX)(Ba—B)
= (Ba—B)Alc
= (b—AB)c (1.12)

where the last equality follows from the second equation of (1.6). Next we solve ¢
from (1.6). From the first equation of (1.6) one gets

Ba = (X'X)N(X'Y+Ac) =8+ (X'X)'Alc. (1.13)
Substituting this into the second equation of (1.6), one solves
c=(AX'X)"'A) "L (b - AD). (1.14)

Substituting this into (1.12) gives the result of the theorem. |
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This proof provides an explicit formula of the constrained least squares esti-
mator ﬁA in (1.13) with ¢ given in (1.14). Tests (1.7) or (1.11) are often called the
(partial) F'-test for (1.5). From this theorem, we have an alternative expression for
the non-central parameter §:

5= (AB-b)(AX'X)"'A")"1(AB-Db)/c”.
An exact 1 — o confidence region for A3 is given by

{b' (AB—b)(AX'X)"'A) " AB-b)/r _ }
' Y —XB2/(n—p—1) <fh i

Any b that belongs to this region is a plausible value of A3. In particular, test
(1.11) is implied by this confidence region: the null hypothesis Hy : A3 = Db is
rejected if and only if b is judged by this confidence region not to be a plausible
value, that is, b is not in this confidence region.

Example 1.3 For Example 1.1, if one wants to test
Hy: B> =0 against H,: 3, #0 (1.15)
then A = (0,0, 1) and b = (0). If one wants to test

Hy : B1 = B, =0 against H, : not Hy

(30 ()

For the hypotheses in (1.15), if the null hypothesis Hj is true then the original
model which has dependent variables x; and x; is reduced to the simpler model

then

Y =B+ Bixi+e, (1.16)

which has just one dependent variable x;. So |[Y — XLA'}AH2 is simply the residual
sum of squares of the reduced model (1.16), and is calculated to be 348.5678.
Hence the test statistic in (1.7) is given by

(348.5678 — 24.1575) /1

24.1575/14 = 188.0056

which is much larger than the corresponding critical value I'ﬁf = 4.60. The p-

value is actually given by 1.66 x 10~°. So Hy is rejected at o = 5%. From the
alternative form (1.11) of this test, one can see that the test statistic is in fact the
square of the usual z-test statistic:

(0,0,1)3//(0.0. 1) (XX)~1(0,0,17
VIY=XBI2/(17—2-1)

=13.7115.
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The constrained least squares estimator in this case is given by Ba =
(72.4669,0.1433,0) where (72.4669,0.1433) is the least squares estimator of
(Bo, B1) of the reduced model (1.16).

1.4 Confidence and prediction intervals

A confidence interval may be constructed for the mean response of model (1.1) at
a specific x = (1,x1,---,x,)’, i.e. for x'3 . Clearly x'3 can be estimated by x'(3.
Since

X (B-B) ~ N(0,0’%(X'X)"'x)

and 3 is independent of & from Theorem 1.1,

x'(3-8)

has a ¢ distribution with n — p — 1 degrees of freedom. Hence a 1 — ¢ confidence
interval for x’(3 is given by

P{ X8 exXp + t,?f/ifléy/x’(X’X)—lx } =l-a (1.17)
/

where t:iifl is the upper o//2 point of the ¢ distribution with n — p — 1 degrees
of freedom.

One may predict the magnitude of a future observation Yy at a specific x by
constructing a prediction interval for Yy . Since Y; = x’3 + ¢y according to model
(1.1) where ey is the random error associated with Yy, a prediction for Yy is still
given by x’[3. However

Yf—X/B = Ef—X/(B—,@) ~ N(O,GZ—FGZX/(X/X)_IX)

since e; ~ N'(0,62) and is independent of 3. So

Yf—X/,@
6/ 1+x(X'X)~Tx

has a ¢ distribution with n — p — 1 degrees of freedom. Hence a 1 — & prediction
interval for Yy is given by

P{ Yy € XB + t,‘j‘_/f,_la 1+x/(X'X)~x } =1l-a. (1.18)

It is clear that the prediction interval (1.18) is wider than the confidence interval
(1.17). This is due to the extra source of random error ey associated with predic-
tion.
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Example 1.4 For Example 1.1, suppose one is interested in predicting the re-
sponse Y at x; = 110 and x, = 3. Then the 95% confidence interval for the mean
response E(Y) = o+ 1108, + 3, is calculated from (1.17) to be (82.38,84.43),
and the 95% prediction interval for a new observation Y corresponding to x; =110
and x, = 3 is calculated from (1.18) to be (80.41,86.41).

All the numerical results in this chapter were computed using MATLAB®
program exampleO1.m.



Confidence Bands for One Simple
Regression Model

One important inferential task in regression analysis is to assess where lies the
true model x’3 from which the observed data have been generated.

From Chapter 1, the unknown coefficients 3 can be estimated by B given in
(1.3). So the true regression model x’3 is somewhere about X’B. Furthermore, a
1 — a confidence region for 3 is given in Theorem 1.2 by

. (8- B) (X'X)(8—B) .
{ﬁ' (P+l)||Y_X,B||2/(n—p—1)§ v+1’n—n—1}~ 2.1

This provides information on where the true model x’3 can be: x’3 is a plausible
model if and only if 3 is contained in the confidence region (2.1). Equivalently
one can test

Hy: B=po against H,: B # Bo; (2.2)

(Bo—B)'(X'X)(Bo — B) a

202 > p+ln—p—1-
(=) Y=XBI? [n=p—1)
(2.3)
This test can also be deduced from the (partial) F" test (1.11) with A =1, ; and
b = 3. However these methods of inference do not provide information directly
on the possible range of the true regression model function x’3.

A simultaneous confidence band quantifies the plausible range of the true
model x’'3 directly. Any regression model x’3y that lies inside the simultane-
ous confidence band is deemed by this band as a plausible candidate of the true
model x’3. On the other hand, any regression model x’' 3 that does not lie com-
pletely inside the simultaneous confidence band is not a plausible candidate of
the true model x’(3. As a by-product, a confidence band can also be used to test
the hypotheses in (2.2): Hy is rejected if and only if x’3¢ does not lie completely
inside the simultaneous confidence band. Since the confidence band contains the
true regression model with probability 1 — «, the size of this test is o.

In this chapter we focus on a simple linear regression model, which has only
one predictor variable x;. For notation simplicity, in the rest of this chapter, the
subscript ‘1’ of x; is suppressed and let n — p — 1 = n — 2 be denoted by v. We
look at the construction of simultaneous confidence bands for a simple linear re-
gression model. Due to the simplicity of this special case, exact simultaneous

Hy is rejected if and only if

17
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confidence bands can be constructed. The expositions in Sections 2.1-2.4 follow
closely Liu, Lin and Piegorsch (2008). We also look at the two criteria in the sta-
tistical literature for the comparison of simultaneous confidence bands. Many of
the ideas introduced in this chapter are applicable to a multiple regression model
considered in Chapter 3. First, some preparations are necessary before presenting
the derivations.

2.1 Preliminaries

Let P be the unique square root matrix of (X'X)~! and so (X’X)~! = P2. The ma-
trix P is used only in the derivations but not the final formulas of the simultaneous
confidence level. Let

ed) = Var(le.d)p) /= (cayxx) (G )

/ 2
= (@) ()l ()
Since 3 ~ N>(8,062(X'X)~"), it is clear that

N:=P (B-B)/c ~ N2(0.1).

2.4)

Furthermore, since 6/6 ~ y/x2/v and B and & are independent random vari-
ables it follows immediately that

T:=N/(6/0)=P ' (B-8)/6 (2.5)

has a standard bivariate 75y, distribution with v degrees of freedom, which was
introduced by Dunnett and Sobel (1954a) (also see Tong, 1990, Kotz and Nadara-
jah, 2004, and Genz and Bretz, 2009) and has the probability density function

(pdf)

2
Define the polar coordinates of N = (N, N,)’, (RN, 6n), by

| | —(24v))2
fr(t) = — (1+;(f12+f22)> . (t1,n) €R2.

N; =RncosBy, N, =Rysinfy for Ry >0 and 6y € [0,27).

It is well known (see e.g., Ross, 1988) that Ry has the distribution 4/ xzz, O has

a uniform distribution on the interval [0,27), and Ry and Oy are independent
random variables. The polar coordinates of T, (R, 6r), can be represented in
terms of (RN, 6N) by

Ry =|T||=Rn/(6/0), 6r=6N.
So Rt has the distribution /2F, where Fy, r, denotes an F random variable
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with degrees of freedom k| and k;, 6y has a uniform distribution on the interval
[0,27), and Ry and Oy are independent random variables. From Ry = , /2Py,
direct calculation shows that the cumulative distribution function (cdf) of Ry is
given by

Fryp(x) =1— (14+22/v)"¥/2 x> 0. (2.6)
For a given vector v € %2 and a number r > 0, the set
L(v,r):={T: V'T/||v|| = r} C R?

is given by the straight line that is perpendicular to the vector v and r distance
away, in the direction of v, from the origin. This straight line divides the whole
2 plane into two half planes. The half plane that contains the origin is given by

{T: V'T/|v|] < r} C R (2.7)
The set
{T: V'T|/||v|]| <r} c R? (2.8)

can be expressed as {T : v'T/||v|]| <r}N{T: (—v)'T/||—v| < r} and so is
simply the stripe bounded by the parallel straight lines L(v,r) and L(—v,r).

2.2 Hyperbolic bands
2.2.1 Two-sided band

A two-sided hyperbolic confidence band over an interval x € (a,b) has the form

ﬁo—i—ﬁlxeﬁo—l—ﬁlx:l:cé\/v(l,x) YV x€ (a,b) 2.9)

where the critical constant ¢ is chosen so that the simultaneous confidence level
of this band is equal to 1 — ¢. Working and Hotelling (1929) considered this band
for the special case of (a,b) = (—o0,00).

Figure 2.1 illustrates the shape of this confidence band. The center of the band
at x is given by By + Bix whilst the width of the band is given by 2¢6+/v(1,x),

which is proportional to \/Var(fy + Bix). The width of the band is the smallest
at x = X, the mean of the observed covariate values, and increases as x moves
away from ¥ on either sides. Furthermore, the upper part of the band, By + B1x+
¢6+/v(1,x) for x € (a,b), is convex, whilst the lower part of the band is concave.

In order to determine the critical value c, it is necessary to find an expression
of the simultaneous confidence level of the band that is amenable to computation.
The simultaneous confidence level is given by

P{ﬁo—i—ﬁlx € Bo+ Pixtcé/v(1,x) forall x (mb)}
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upper part -

- lower part

Figure 2.1: The shape of a two-sided hyperbolic band

P{ sup |(1,x)(3—B)/6l/ V(l,x)<0}

O LT 0 P —

P< sup
x€(ab)

— P{TE€Ry2} (2.11)

where the equality in (2.10) follows from the definition of T in (2.5) and expres-
sion (2.4), and the set Rj,» C R%in (2.11)is given by

Rp2 = Nie(a,p)Rn2(x) (2.12)

()Y 1/l ()l <}

Note that set Rj, »(x) is of the form (2.8) and so given by the stripe bounded by

where
Rh‘z(x) = {T .

the two parallel lines that are perpendicular to the vector P ch and c distance

from the origin. Hence Ry, > in (2.12) is the intersection of all such stripes indexed
by x € (a,b) and given by the spindle region depicted in Figure 2.2. In particular
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the angle ¢ depicted in the picture is formed by the vectors P ( (11 ) and P ( ll) ),

and can be calculated from

cos ¢

(1,a)(X'X

(GG

_1(11))/\/m~

(2.13)

It is noteworthy that cos ¢ is simply the correlation coefficient between Bo + ﬁla
and By + B1b, and the matrix P is not required in the calculation of cos¢ from

(2.13).

[x]

Figure 2.2: The region Ry, »

Note that the probability of T in any region that results from rotating Rj, »
around the origin is equal to the probability of T in R, since the pdf of T is ro-
tational invariant. In particular, let R} , be the region that is resulted from rotating
Rj,» around the origin to the position so that the angle ¢ is divided into two equal
halves by the 1,-axis, as depicted in Figure 2.3. This region R}, , has the expression

R, ={T:

IV'T|/||v|| < c forallveV(¢)}
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where

V(@) ={v=(v1,1m)": v2>|v[cos(¢/2)} (2.14)

is a cone and illustrated in Figure 2.3. Hence the simultaneous confidence level is
equal to

P{T Ry} =P{TeR;,} =P sup [VT|/|v]|<cy. (2.15)
' vev(9)

Next three different methods are used to derive expressions of the confidence level
from expression (2.15).

A V()

Figure 2.3: The region R}, ,

2.2.1.1 The method of Wynn and Bloomfield (1971)

This method was given by Wynn and Bloomfield (1971) and calculates the proba-
bility P{T € R; , } directly. From Figure 2.3, R}, , can be partitioned into the whole
disc of radius ¢ and the remaining region. The probablhty of T in the disc is given
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by

P{IT|| < c} =P{Rr <c} =1— (1+c2/v)"* (2.16)

where the last equality follows immediately from the cdf of Ry in (2.6). Due to
symmetry, the probability of T in the remaining region is equal to four times the
probability of T in the shaded region in Figure 2.3 that has the expression:

{T: 6rel0,(r—9)/2], [[T|| >c, (cos((m—¢)/2),sin((1—9)/2))T <c}
and so the probability is further equal to

4P{0T€[ ,(m—=9)/2], ITl[ > ¢, (cos((m—¢)/2),sin((1—¢)/2))T <c}
= 4P{0<6br<(m—¢)/2, c<Ry<c/cos((r—¢)/2—06r1)} (2.17)

= 4/(7r ¢)/ZLP{C<RT<C/COS((7I' $)/2—0) }do (2.18)

_ _/ << C_)V/2_<1+W:¢/2)>m>de (2.19)

where equality (2.17) follows directly by representing T in its polar coordinates
T = Ry(cos Oy,sin Op)’, equality (2.18) follows immediately from the uniform
distribution of 6y on [0,27) and the independence of Oy and Ry, and equality
(2.19) follows directly from the cdf of Rt in (2.6). Combining the expressions
(2.16) and (2.19) gives the simultaneous confidence level equal to

9 2 ¢/2< c? >_V/2
1 ﬂ<1+ ) / toameTem) 1 @

2.2.1.2 An algebraic method

This method evaluates the confidence level

P{ sup |v'T|/||v||<c} {|T|| sup [v'I|/(IIv][|T])) < } (2.21)

vev(o) veVv(9)

by finding an explicit expression for the supremum.

Note that v'T/(||v||||T||) is equal to the cosine of the angle between T and v,
and cos 6 is monotone decreasing in 8 € [0, 7]. So the supremum is attained at the
veV(9)U—V(¢) that forms the smallest angle with T throughout this book set
—Ais defined to be {a: —a € A}. From this geometry it is clear that

IT| if6rec[(1—9)/2,(n+¢)/2]
vV'T| Ul(37—¢)/2,(3m+9)/2],
{ (m—9¢)/2|U[r, (37— ¢)/2],

vorb TV ) IIT[sin(Br+9/2)| if 6r €
IT[sin(6x — 6/2)| if 6y € [(x+ 6)/2. 7] U[(37 + 0)/2,27).
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The simultaneous confidence level in (2.21) is therefore equal to

P{Ore((n—¢)/2,(x+9)/2|U[B7—¢)/2,(3x+¢)/2], T <c}
+ P{6re(0,(r—¢)/2]Ulr,(37—9)/2], |T||sin(6r+¢/2)] <c}
+ P{bre((n+9¢)/2,7]U[37+¢)/2,27), |T|[sin(6r—¢/2)| <c}
29

= op{|Tl<c}

(m—¢)/2 1 .
w27 P Isin(6 +9/2)| <c a6 @22)

T 1
+ z/ —P{|T|||sin(6 — $/2)| < ¢ }db (2.23)
(n+¢)/2 270

_ %P{ Rr<c} (2.24)

2 [E-0)/2
n _/ P{ Ry < c/|sin(0 +¢/2)| }d®
T Jo

- (097

2 m—9)/2 2 —v/2
= - (14— de 225
<z ( ( +VSin2(9+¢/2)> o

where equality (2.24) follows by observing that the two integrals in (2.22) and
(2.23) are equal, and equality (2.25) follows directly from the cdf of Ry. It is clear
that expression (2.25) is equal to expression (2.20).

2.2.1.3 The method of Uusipaikka(1983)

This method was given by Uusipaikka (1983) and hinges on the volume of tubular
neighbourhoods of V(¢) and —V(¢). Due to the simplicity of the cones V(¢)
and —V(¢), the exact volume of tubular neighborhoods of V(¢) U —V(¢) can be
easily calculated. From (2.15), the simultaneous confidence level is given by

[v'T| c
1-P{ sup 1>
{ vev(g) IVIHITI— [T

oo [v'T| c

- 1- / Pl osup > L (w (2.26)
o {vem I = f )
oo [v'T| c

- 1- / P! osup > Ly (w (2.27)
: {VEW,) I = f )

where (2.26) is due to the independence of Rt and Oy and that the supremum
depends on T only through 61 (see (2.28) below), and (2.27) follows directly
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from the fact that the supremum is no larger than one. The probability in (2.27)
can be written as

P{br € [V|(¢,c/w)}
where, for0 < r <1,

V'T|
Vi(¢,r) = T: sup >r
M. { P TVITT
= Or: sup |cos(Br — 6y)| > cos(arccosr) p. (2.28)
vEV(9)

|[V|(¢,r) is called the tubular neighborhoods of V(¢) U —V(¢) of angular radius
arccosr, and depicted in Figure 2.4.

gICAY ArCeOs T

arccosr

Figure 2.4: The tubular neighborhoods |V|(¢,r)

It is clear from its definition and Figure 2.4 that |V|(¢,r) can further be ex-
pressed as

-+ arccosr

|V|(¢,r):{9r: Or c {%d)—arccosr, 7r
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3w — 3
U 7t2 ¢ — arccosr, n;¢+arccosr}}

when ¢ /2 + arccosr < m/2 and
[V|(¢,r) ={6r: 6r€[0,2n]}
when ¢ /2 + arccosr > 1/2. Note further that
¢/2 +arccos(c/w) < w/2 <= w < ¢/sin(¢/2)

and Oy has a uniform distribution on [0,27r). We therefore have, for c < w <

¢/sin(9/2),
P{6r € [V|(9,c/w)} = (arccos(c/w) +¢)/7 (2.29)

and, for w > ¢/sin(¢/2),
P{6r € [V|(9.c/w)} = L. (2.30)

Substituting (2.29) and (2.30) into (2.27) gives the confidence level equal to

</sin(9/2) 2 arccos(c/w) + @ -
/ - dFgy (w)— /C/sin(¢'/2> 1dFRT(W)

c

2 -v/2
= - (H VSin2(¢/2)>

_/.C/ sin(0/2) 2 arccos(c/w) + ¢
) T

dFgy (). (2.31)

It can be shown that expressions (2.31) and (2.25) are equal, as expected, af-
ter some calculus manipulations. Both expressions involve only one-dimensional
integration and can be used to compute the simultaneous confidence level via nu-
merical integrations.

For the special case of (a,b) = (—o00,00), the angle ¢ = 7. From expression
(2.15) or (2.25) or (2.31), the simultaneous confidence level becomes

P{Rr < c} =P{F, <c*/2}

and so ¢ = , /2 ,, where f7, is the upper a-point of the F; y distribution. The

critical value of a hyperbolic confidence band over the whole covariate region is
provided by Scheffé (1953) and Hoel (1951); see Section 3.1.1 below.

Example 2.1 Kleinbaum et al. (1998, pp.192) provided a data set on how systolic
blood pressure (Y) changes with age (x) for a group of forty males. The data set is
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Figure 2.5: The data points and fitted regression line

given in Table 2.1. The data points and the fitted regression line, ¥ = 110.034 4
0.961 x, are plotted in Figure 2.5. Also X = 46.92, the minimum age min(x;) = 18,
the maximum age max(x;) = 70, Sy, = Y. (x; — ¥)? = 8623.5591, and 6 = 8.479
with 38 degrees of freedom.

A two-sided hyperbolic simultaneous confidence band can be used to quantify
the plausible range of the true regression line. Since min(x;) = 18 and max(x;) =
70, it is sensible to construct a simultaneous confidence band over x € (18,70) =
(a,b). In this case the angle ¢ is calculated from (2.13) to be ¢ =2.105 =0.67x.
For ¢ = 0.05, one can calculate the critical value ¢ of the hyperbolic band (2.9)
over the interval (18,70), by using the expressions (2.20) or (2.25) or (2.31), to get
¢ = 2.514. For the pointwise two-sided ¢ confidence interval in (1.17), the critical
value 150%° = 2.024 is used instead of ¢ = 2.514. The simultaneous confidence

band over x € (—00,00) uses |/2f)9g = 2.548. It should be emphasized that

use of pointwsie ¢ confidence interval in (1.17) for the purpose of simultaneously
banding the regression line is incorrect; its simultaneous confidence level is less
than the nominal 1 — & = 95% level.

All the three bands are plotted in Figure 2.6. The pointwise band is given by
the two inner curves, the simultaneous band over (18,70) and the simultaneous
band over (—o0,00) almost overlap each other, shown by the two outer curves.
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Table 2.1: Data from Kleinbaum et al. (1998, page 192)
Person Age in Blood Pressure  Person Age in Blood Pressure

i years (x) (mm Hg) (Y) i years (x) (mm Hg) (Y)
1 41 158 21 38 150
2 60 185 22 52 156
3 41 152 23 41 134
4 47 159 24 18 134
5 66 176 25 51 174
6 47 156 26 55 174
7 68 184 27 65 158
8 43 138 28 33 144
9 68 172 29 23 139
10 57 168 30 70 180
11 65 176 31 56 165
12 57 164 32 62 172
13 61 154 33 51 160
14 36 124 34 48 157
15 44 142 35 59 170
16 50 144 36 40 153
17 47 149 37 35 148
18 19 128 38 33 140
19 22 130 39 26 132

20 21 138 40 61 169

As expected, the pointwise band is the narrowest, the simultaneous band over
(—00,00) is the widest, whilst the simultaneous band over (18,70) is in the mid-
dle. For this particular example, the simultaneous band over (—oo,00) is only
(2.548 —2.514)/2.514 = 0.16% wider than the simultaneous band over (18,70).
This is because the interval (18,70) is so wide that the angle ¢ is quite close to the
upper limit 7. This ratio can be close to (2.548 —2.105)/2.105 ~ 21% when the
interval (a,b) is narrow enough for ¢ to be close to the lower limit 0. The compu-
tations of this example are done using the MATLAB® program example0201.m.

2.2.2  One-sided band
A one-sided lower hyperbolic band has the form

Bo+ Bix > Po+ Bix— c6/v(1,x) forall x € (a,b) (2.32)

while a one-sided upper hyperbolic band has the form

Bo + Bix < Bo+ Bix+c6+/v(1,x) forall x € (a,b).

Note that the 1 — a level upper band uses the same critical constant as the 1 — o
level lower band, and so we will focus on the the lower confidence band below.
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Figure 2.6: The pointwise band and simultaneous bands over (18,70) and (—o0,00)

The lower hyperbolic band (2.32) has a similar shape as the lower part of the
two-sided hyperbolic band (2.9); see Figure 2.1.

The simultaneous confidence level of the lower one-sided hyperbolic band
(2.32) is given by

P{ﬁ0+ﬁ1x>Bo—l—le—c&\/v(l,x) forall x € (a,b)}
P{sup (Lx)(B-B)/8) /\/v(Lx) < }

x€(a,b)
= P{Te Rh,l} (2.33)

where the set R, | C 2 in (2.33) is given by

Ri1 = Nxe(ap)Ri1(x)

o (1)) 1/ ()]

Note that set Ry 1(x) is of the form (2.7), and so Ry, ;(x) is made up of all the

where
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points on the same side as the origin of the straight line that is perpendicular to
the vector P ( )16 ) and c¢ distance, in the direction of P )lc , from the origin.

Hence Ry, ; is given by the region depicted in Figure 2.7; it is bounded by the two
straight lines and part of the circle with angle ¢. In particular the angle ¢ is the
same as in the two-sided case and given by (2.13).

A

C P 1
il

Figure 2.7: The region Ry, 1

Let R}, | be the region that is resulted from rotating R, ; around the origin to
the position so that the angle ¢ is divided into two equal halves by the ,-axis, as
depicted in Figure 2.8. This region R}, | has the expression

R, ={T: V'T/||v| <c forallve V(¢)}
where V(¢) is the same as in the two-sided case and given by (2.14). Due to the ro-

tational invariance of the T probability distribution, the simultaneous confidence
level is further equal to

P{T€eR;,} =P< sup VT/|v]<cp. (2.34)
' veV(9)
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Figure 2.8: The region R}, |

We next derive three expressions for this simultaneous confidence level as in the
two-sided case.

2.2.2.1 The method of Bohrer and Francis (1972a)

This method was given by Bohrer and Francis (1972a) and calculates the prob-
ability P{T € RZ‘I} directly. Note that R; | can be partitioned into four parts as
depicted in Figure 2.8: the fan C; which is the intersection of the cone V(¢) and
the disc of radius ¢, the cone C, which is the dual cone of V(¢), and the two
half-stripes C3 and Cy4. The probability of T in the fan C; is equal to

P{bre((r—0)/2,(x+¢)/2], [T <c}

¢ _OLJITIP 2 _ ¢ c
EP{ [T <c}= EP{ 5 < > } = EFZ,V <?) (2.35)

since ||T||?/2 has an F distribution with degrees of freedom 2 and v. The proba-
bility of T in the cone C; is given by

¢

P{ore[Br—(r-¢))/2,06r+(r-9))/2]} = — (2.36)
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since By has a uniform distribution on [0,27). Again due to the rotational invari-
ance of the T probability distribution, the probability of T in C3 UCy is equal to
the probability of T in the stripe which is the union of C4 and the half-stripe that is
resulted from rotating C3 clockwise ¢ angle, and further equal to the probability
of T in the stripe that results from rotating the last stripe clockwise (7 — ¢)/2
angle:

1 1
P{O<Ti <c} =P T?<c?} = §F17V(CZ) (2.37)

since le has an F distribution with degrees of freedom 1 and v. Putting (2.35),
(2.36) and (2.37) together gives the simultaneous confidence level equal to

T—¢ 1 ) c?
—F — Py =]. 2.
o +2 l,v(C )+27'L' 27v<2 (2.38)

2.2.2.2 Analgebraic method

This method is similar to that for the two-sided case in Section 2.2.1.2; the key is
to find an explicit expression for the supremum in (2.34). Similar to the two-sided
case, we have

VT [T if Or € [(m—9)/2,(n+¢)/2],
sup — =1 ||T|cos((m—¢)/2—61) if O € [-7/2,(x—9)/2],
vevio) IV T cos (Br — (4 0)/2) it Or € [(m+ 0)/2,37/2].

So, under the assumption ¢ > 0, the simultaneous confidence level (2.34) is equal
to

P{6re((m—9)/2,(n+9)/2], |T] <c} (2.39)
+ P{6re[-m/2,(n—9)/2), [T cos((x—9)/2—0p) <c} (240
+ P{6re((n+9)/2,3m/2], |[T]cos(6r - (T+9)/2) <c}. (24D)

Now the probability in (2.39) is equal to %P{ IT|| < ¢} as in the two-sided case.
The probability in (2.40) is equal to

(7—9)/2 (t—¢)/2—-m/2) Pl IT - 46
+ — —9)/2—6) <
{ [ b 3P ITlcos(x0)/2-0) <)

(m—9)/2 1 (t—¢)/2
= —P{||T||cos[(x—¢)/2—0]<c }dO+ ——F—
Lo s e (ITleoslim—0)/2 6] < yao + 7
by noting that if 6 € (—n/2,(n — ¢)/2 — r/2) then ||T| cos((m — ¢)/2 — 0) is
negative and hence less than ¢ > 0 with probability one. Similarly, the probability
in (2.41) is equal to

(m+9)/2+m/2 3n/2 1
{/( _|_/( }—P{||T||cos(6—(717+(}5)/2)<C}d6

T+9)/2 n+¢)/24m/2) 2T

(m+9)/2+7/2 | (t—9)/2
/(n+¢)/2 77 LITllcos(8 —(n+9)/2) <c}dO+———
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by noting that if 6 € (7 + ¢)/2+ n/2,37w/2) then ||T| cos[0@ — (T + ¢)/2] is
negative and so less than ¢ with probability one. Substituting these into (2.39),
(2.40) and (2.41), respectively, the simultaneous confidence level is further equal
to

¢
zn.FRT( c)

-0 c (n—9)/2
T Jasya n/zzfrFRT(cos((n—w/z—e))d“ o

(m+9¢)/2+7/2 _
+ / LFRT ( < ) o+ T2
(n+9)/2 21 cos(60—(m+¢)/2) 21

717/2
0 ( 6)> de, (2.42)

= FRT (
where equality (2.42) follows from some simple change of variables.

21

2.2.2.3 The method of Pan, Piegorsch and West (2003)

Uusipaikka’s (1983) method was manipulated by Pan, Piegorsch and West (2003)
to calculate the confidence level of the one-sided hyperbolic band. From (2.34),
the simultaneous confidence level is given by

v'T c
1-P<¢ sup ——n > ——
{vev(q)) [vIHT] 11T }
o0 v'T c
_ 1_/ p X 4 Frp (w)
0 {vev((p HVHHTH w } !

o0 v'T c
- 1—/ p > S\ B (w). (2.43)
: {vev VI w} ()

The probability in the last expression can be written as

P{br € V(¢,c/w)}

where, forO < r <1,

v'T
V(9, = T: >
-1 { b TV = }

{ Or: sup cos(Bp — 6y) > cos(arccosr) } .

vEV(9)

V(¢,r) is the tubular neighborhoods of V(¢) of angular radius arccosr, and de-
picted in Figure 2.9. It is clear from its definition and Figure 2.9 that V(¢,r) can
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Figure 2.9: The tubular neighborhoods V(¢,r)

further be expressed as

n— b4
V(g,r) = {GF € {Tqb—arccosr7 ;—d) +arccosr]}.
It follows therefore from the uniform distribution of 6t that

P{GTGV((P’%)}:2arccos(c/w)+¢.

27
Substituting this into (2.43) gives the confidence level equal to
2
- / arccosz(;/ WD e (). (2.44)

Expressions (2.44), (2.42) and (2.38) can be shown to be equal, as expected,
by some calculus manipulations. But of course expression (2.38) is the simplest
to use as it involves only the cdf’s of F1 , and F, y.

When (a,b) = (—o00,00), the angle ¢ = 7. In this case expression (2.38) sim-

plifies to
1 1 c?
EFLV(CZ) + EFLV (3) )
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Figure 2.10: The one-sided pointwise and simultaneous confidence bands

which agrees with the result of Hochberg and Quade (1975; see Theorem 3.3 in
Chapter 3).

Example 2.2 Consider the data set in Example 2.1. An upper simultaneous confi-
dence band for the regression line provides information on plausible upper limits
on the mean SBP over a chosen age range. This information is of interest since
unduly high SBP is a health risk. To construct a 95% one-sided hyperbolic si-
multaneous confidence band over the age range (18,70), expression (2.38) can
be used to calculate the critical value c. First, the angle ¢ is already calculated
in the two-sided case in Example 2.1. Next, c is calculated to be 2.213. For the
one-sided simultaneous band over x € (—o0,0), the critical constant is given by
¢ = 2.350. The one-sided pointwise ¢ interval uses ¢ = tggos = 1.686. It should
be re-emphasized that use of the one-sided pointwise ¢ interval for the purpose
of simultaneously bounding the regression line is incorrect since its simultaneous
confidence level is less than the nominal level 1 — ot = 95%.

All three bands are plotted in Figure 2.10, with the simultaneous band over
(—00,00) being given by the highest curve, the simultaneous band over (18,70)
given by the middle curve, and the pointwise band given by the lowest curve.
All three upper bands are above the fitted regression line as expected. The two
simultaneous confidence bands are quite close to each other for the same reason
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as pointed out in the two-sided case: the interval (18,70) is so wide that ¢ is quite
close to the upper limit 7. But the simultaneous band over (—oo,00) can be as
much as nearly (2.350 — 1.686)/1.686 ~ 39% wider than a simultaneous band
over (a,b) when the interval (a, b) is narrow enough for ¢ to be close to the lower
limit zero.

Also, the upper one-sided hyperbolic band over (18,70) is below the upper
part of the two-sided hyperbolic band over (18,70) which uses critical value
¢ = 2.514. So the one-sided upper band is more precise than the upper part of
the two-sided band for the purpose of bounding the regression line from above.
The computations of this example are done using the MATLAB program exam-
ple0202.m.

2.3 Three-segment bands
2.3.1 Two-sided band

A two-sided three-segment band has the form

Bo + Bix € o+ Pix+ 6H;(x) forall x € (a,b) (2.45)

1

Hi(x) = b—a

((x—a)cl v(1,0)+ (b—x)c2 v(l,a)), x € (a,b). (2.46)

The two critical constants ¢ and ¢, are chosen so that the confidence level is equal
to 1 — a. This band was proposed by Bowden and Graybill (1966). Its shape is
illustrated in Figure 2.11. The center of the band at x is given by ﬁo + le. Both
the upper and lower parts of the band are straight line segments over x € (a,b).
The width of the band is 2¢;+/v(1,a) at x = a and 2¢1+/v(1,b) at x = b. When
c2y/v(1,a) = c1/v(1,b), the three-segment band becomes a constant width band
over x € (a,b) which was considered by Gafarian (1964). See Section 2.6.2 and
Figure 2.26 below for why this band is called a three-segment band.

Note that the two-sided three-segment band (2.45) is constructed by putting
the following two-sided bounds on the regression line at both x =a and x = b

Bo+Bia € fo+ Brat 6Hs(a), Bo+Pibe o+ Pib+GHs(b).  (2.47)

For x € (a,b), the upper and lower parts of the band are formed of the two line
segments that connect the two upper limits and the two lower limits of the two
bounds in (2.47) respectively. Therefore the simultaneous confidence level of the
band is given by

P{ﬁo+ﬁla € Po+Pia+ 6Hs(a), o+ Pib e Bo+31bi61‘13(b)}
= P{|(1,a)(B—B)/6|/H3(a) < 1, [(1,b)(B—B)/6]/H3(b) < 1}. (2.48)
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X

Figure 2.11: The shape of a two-sided three-segment band

Alternatively, the simultaneous confidence level of the band is given by

P{ﬁo+ﬁ1x€ Bo+ Bix+ 6Hs(x) forallx e (a,b)}
- P{ s?pb)|<1,x>(ﬁ—ﬁ>/6|/H3<x><1}. (2.49)

Note that 5
Z(((1,0(8-8)/6) /H3()

has a fixed sign, either positive or negative, over x € (—00,00). The supremum in
(2.49) is therefore attained at either x = a or x = b, and so the confidence level
can further be expressed as

P{ maxh|(1,x)(ﬁ—ﬂ)/6|/H3(x)< l}zP{TeR&Q} (2.50)

x=a or
where

R32 =R32(a)NR32(b) (2.51)
with

Rizla) = {T:|(1,a)(B—PB)/6]/Hs(a) <1}
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{T: {P(i)}/T/(Q v(l,a>)<1}
IR SO0

R3,2(b) = {T ﬁ/0'|/H3 <l}

1 1
v {P(b>}T/HP<b)H<q}-
It is clear that expressions (2.48) and (2.50) are equal.

Note that both R3 2 (a) and R32(b) are of the form (2.8). Hence R3 ; is given
by the parallelogram depicted in Figure 2.12. In particular the angle ¢ depicted

in the picture is formed by the vectors P ( clz ) and P ( ll) ) as in the hyperbolic

bands and so given by (2.13).
Let RS, be the region that is resulted from rotating R3 > around the origin

to the position so that P ( is in the direction of the f;-axis, as depicted in

b
Figure 2.13. Due to the rotational invariance of the probability distribution of T,
the confidence level is equal to the probability of T in R3 , and further equal to
twice of the probability of T in the top-right half of R3 , which has the expression

{T: 6re[—(r—m),&],Rrcosbr <ci}
U {T GFE[él,nl],RTCOS(GT—(P)SCZ}

where the angles & and 7y are depicted in Figure 2.13 and given by

& = arcsin €2~ C1008¢ , (2.52)

2, 2
¢5 +c]—2cac1cos ¢

np = arccos —cising . (2.53)

\/cg + ¢} +2cc1 cos @

These two expressions can be found by first writing down the (¢1,#,)-equations
of the four straight lines that form the parallelogram R3,, then solving the
(t1,12)-coordinates of the four vertices of Rj , and finally converting the (¢1,2)-
coordinates into polar coordinates.

Hence the simultaneous confidence level is equal to

2P{9T S [—(ﬂ—nl),gl],RTCOSQT < Cl}
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Figure 2.12: The region R3 5

+2P{6r € [&1,m],Rycos(6r — @) < 2}

& 1 m
= 2/ —P{RTcosegcl}d6+2/ —P{Rycos(0 —¢) <c}dO
—(m—ny) 27 & 2m

1 ré c 1 m—9¢ ¢
B E/,(n,m)FRT (cose)de+E/gl,¢ Fry (cose)de' 2:54)

Expression (2.54) involves only one-dimensional integration since Fg,(-) is
given explicitly in (2.6). Bowden and Graybill (1966) expressed the simultaneous
confidence level as a two-dimensional integral of a bivariate ¢ density function. In
the special case of constant width band, Gafarian (1964) expressed the simultane-
ous confidence level as a one-dimensional integral similar to (2.54) by using the
polar coordinates.

Example 2.3 For the data set considered in Example 2.1, it is interesting to con-
struct a 95% simultaneous two-sided three-segment band for the regression line
over x € (18,70) and compare it with the two-sided hyperbolic band. Using ex-
pression (2.54), one can calculate the critical constants ¢; and c¢;. Note, however,
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Figure 2.13: The region Rj »

there are infinitely many pairs of (cy,c,) that satisfy the 95% simultaneous confi-
dence level constraint. If we impose one more constraint on (cy,c), then (c1,¢2)
can be determined uniquely. We impose specifically the constraint ¢; = ¢, so that
the resultant three-segment band is optimal among all the three-segment band
under the minimum area confidence set optimality criterion (see Section 2.7.2
below). In this case, we have ¢; = ¢, = 2.296. This three-segment band and the
two-sided hyperbolic band are plotted in Figure 2.14.

It is clear from Figure 2.14 that the three-segment band tends to be narrower
than the hyperbolic band for x near the two ends x = a and x = b, but much wider
than the hyperbolic band for x near the center of the interval [a, b]. This example
is calculated using MATLAB program example0203.m.

2.3.2 One-sided band

The lower one-sided three-segment band has the form

Bo+ Bix > Po+ Bix— 6Hs(x) forall x € (a,b) (2.55)
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Figure 2.14: The two-sided three-segment and hyperbolic bands

and the upper one-sided three-segment band has the form
Bo + Bix < Po+ PBix+ 6Hs(x) forall x € (a,b), (2.56)

where Hz(x) is given in (2.46). It is clear that a one-sided three-segment band is
simply a line segment over x € (a,b). The upper and lower confidence bands have
equal simultaneous confidence levels, and so we evaluate only the simultaneous
confidence level of the lower confidence band below.

Similar to the two-sided case, the lower three-segment band (2.55) is con-
structed by putting the following lower bounds on the regression line at bothx = a
andx=»b

Bo+ Bia > Po+ Pra— 6Hs(a), Po+Bib> Po+Pib—GHs(b).  (2.57)
The confidence level of the band is therefore given by
P{ﬁo +Bra > o+ Pra— 6Hs(a), fo-+Pib > Po+ Pib — 5H3(b)}
= P{(1.a)(B-P)/6/H(a) <1, (1,0)(B~B)/6/H3(b) <1}. (2.58)
Alternatively, the simultaneous confidence level is given by

P{ﬁo+ﬁ1x> Bo+ Bix— 6Hs(x) forall x e (mb)}
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P{ sup ((1,%)(B—B)/6) /H(x) < 1}

x€(a,b)
= P{anggh (1Lx)(B=B)/6) [Ha(x) < 1} (2.59)
— P{T€Rs,} (2.60)

where the equality in (2.59) follows from a similar argument as in the two-sided
case, and
R31 = Rs1(a)NR3,1(D)

with
Ryi(a) = {T: ((1,a)(B—PB)/6)/H3(a) <1}
= e e ()Y /I ()l <o)
and
Ryi(b) = {T: ((1,b)(B-PB)/6) /H3(b) <1}

) {’“{ ()Y /I (3)] <)

It is clear that the expressions (2.60) and (2.58) are the same.

Note that both R3  (a) and R3 () are of the form (2.7). Hence R3 | is given
by the region depicted in Figure 2.15. In particular the angle ¢ depicted in the
picture is the same as in the two-sided case.

Let R} ; be the region that results from rotating R3 1 around the origin to the

position so that P b ) is in the direction of the f-axis, as depicted in Figure

2.16. It has the expression

{T: 6r €&, ¢+ m/2],Rrcos(6r — ¢) <}
U {T: 9'['6[—7'5/2,52],RTC089T§C1}
U {T: 6relp+n/2,3n/2]}

where the angle &, corresponds to the angle &; in the two-sided case and is given
by

¢y —c1cosd

2,2
\/c2 +c7—2cacicos @

& = arcsin
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Due to the rotational invariance of the probability distribution of T, the simul-
taneous confidence level is equal to

P{TcR;,}
= P{6re[&,¢+m/2], Rrcos(6r— @) < c2}
+P{9T S [—717/2,52], Rycosbr < Cl}
+P{6r € [¢p+m/2,3m/2]}
P+m/2 ]
= / EP{RTCOS(G—(P)SCQ}CZQ

2

SIS | T—¢
—PI{R 0< do+ ——
—|—/_”/2 o {Rtcos0 < c}dO + 7

1 /2 e 1 &2 c1 7'[,'—¢
= — Fry (—=)d6+— F de . (261
27:/52,¢ R (cos@) +2n/,n/2 R (cos@) g 20D

If one chooses a and b so that 30 + Bla and 30 + 31b are independent random
variables following the idea of Hayter ef al. (2007), then ¢ = 7 /2 from (2.13). In
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Figure 2.16: The region R}

this case the expressions of simultaneous confidence level in Sections 2.2 and 2.3
may be simplified to a certain degree.

Example 2.4 We construct a 95% simultaneous one-sided three-segment band
for the regression model over x € (18,70) using the data set in Example 2.1.
Again we need to impose one more constraint on (c¢y,cz) so that (¢y,c;) can be
determined uniquely. Under the restriction ¢; = ¢, we have calculated ¢; = ¢, =
2.0243 whilst the two-sided three-segment band uses ¢; = ¢, = 2.296. The upper
three-segment band and the two-sided three segment band are plotted in Figure
2.17. It is clear that the upper three-segment band is lower than the upper part of
the two-sided three-segment band. The curve in the picture is the upper hyperbolic
band. All the computations are done using example0204.m.
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Figure 2.17: Several simultaneous confidence bands

2.4 Two-segment bands
2.4.1 Two-sided band

A two-segment band is defined on the whole range x € (—o0,00), which is in-
trinsically different from the hyperbolic and three-segment bands. A two-sided
two-segment band has the form

Bo+ Bix € 30 + le:I: 6H;(x) forall x € (—o00,00) (2.62)

where

Hy(x) = c1\/v(1,%) 4+ cp|x — %7/ v(0,1), x € (—00,00) (2.63)

where the critical constants ¢; and ¢; are chosen so that the simultaneous con-
fidence level is equal to 1 — . The special case ¢; = ¢ of this band was first
considered by Graybill and Bowden (1967).

Note that this two-sided two-segment band is constructed by putting the fol-
lowing two-sided bounds on the regression line at x = X and on the gradient f3; of
the regression line

Bo+ Bix € Po+ P+ 6ci/v(1,%), Bi € Bi+6ca\/v(0,1). (2.64)
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Figure 2.18: The shape of a two-segment confidence band

The shape of a two-sided two-segment band is illustrated in Figure 2.18. The
center of the band at x is BO + ﬁlx. Both the upper and lower parts of the band
consist of two line segments. The band is the narrowest at x = X at which point
the band is given by the two bounds on fy+ B;% in (2.64). The gradients of the
four line segments are either f§; — 6¢21/v(0,1) or B + 6¢2+/v(0,1), which are
the two bounds on 3 in (2.64).

From (2.64), the simultaneous confidence level is given by

P{ﬁo—kﬁl)EeBo—kﬁlfj:é'cl\/v(l,f), B € Bi+60cs v(O,l)}
P{|(1,%)(8—B)/6|/Ha(%) <1, |(1,00)(B—B)/6|/Ha(c0) < 1}. (2.65)

Alternatively, the simultaneous confidence level is given by

P{Bo+ Bix € o+ Bix=+ 6H,(x) forall x € (—o0,00)}
= P{ (EUP )|(1ax)([3—ﬁ)/6|/Hz(x)<1}- (2.66)

Note that 5
= (1B 8)/8) /Ha()

has a fixed sign, either positive or negative, over x > X and over x < X. The supreme
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in (2.66) is therefore attained at either x = X or limits x — —o0 or x — 00. So the
confidence level can further be expressed as

P{ s 00(B-)/8l ) <1} =P(TE R} 267

X=—00 OrI X Or 0o

where
Ryp =Ry 2(—00) MRy 2(X) MRy (00) (2.68)
with
Rup(®) = {T:|(LH(B-B)/6|/H(%) <1}
- o (| <
N/}
and
Roa(oc) = {T: lim [(1,0)(B~B)/6]/Hax) <1}

(e [ ) o) om

It is clear that expressions (2.67) and (2.65) are equal.
Note that Ry (%) and Ry »(£00) are of the form (2.8). Hence R, is given
by the parallelogram depicted in Figure 2.19. In particular the angle ¢* € (0, 7)

depicted in the picture is formed by the vectors P ( (1) ) and P < )IE ) and can be

calculated from

cos¢* = (0,1)(X’ ( )/\/ﬁ 0, (2.69)

that is, ¢* = /2 and so R; » is a rectangle.

By comparing the ‘parallelogram’ R > in Figure 2.19 with the parallelogram
R3 5 for the two-sided three-segment band in Figure 2.12, the confidence level
P{T € Ry} is given by expression (2.54) but with ¢ replaced with ¢* = /2,
ie.,

1 /s Cc1 1 ni—e” (&)
P{T € Ry} = E/ Fro (g )d0+— [ Fry (w)de(z.m)

—(n—ny) cos 0 T JEr—¢

where

& = arcsin (cz/\/c% —I—C%) and 7} = arccos (—cl/\/c% +C%) .
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Figure 2.19: The region R; 5

Note that the angles & and n;° correspond to the angles &; in (2.52) and 7n; in
(2.53) respectively.

For the special case of ¢; = ¢, Graybill and Bowden (1967) expressed the si-
multaneous confidence level as a two-dimensional integral of a bivariate ¢ density
function. Expression (2.70) involves only one-dimensional integration however.

Example 2.5 We construct the 95% simultaneous two-sided two-segment band
for the regression model using the data set in Example 2.1. Again we need to
impose one more constraint on (c1,¢z) so that (¢;, ;) can be determined uniquely.
The two-segment band with ¢; = ¢; is optimal among all the two-segment bands
under certain criterion (see Section 2.7.2 below). Under the restriction ¢| = ¢3,
we have calculated ¢; = ¢; = 2.326. The two-sided hyperbolic, three-segment and
two-segment bands are plotted in Figure 2.20. It is clear that the two-segment band
is the narrowest at x = X compared with the other two bands. All the computations
are done using example0205.m.
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Figure 2.20: Several simultaneous confidence bands

2.4.2 One-sided band

A lower two-segment band has the form

Bo+ Bix > fo+ PBix— 6Hs(x) for all x € (—00,00) 2.71)
and an upper two-segment band has the form

Bo+ Bix < Po+ Bix+ 6Ha(x) forall x € (—o0,0), (2.72)

where H;(x) is given in (2.63). The lower and upper confidence bands have the
same simultaneous confidence level, and so we evaluate the simultaneous confi-
dence level of the lower band below.

Note that the lower two-segment band is constructed by putting the following
lower bound on the regression line at x = ¥ and two-sided bounds on the gradient
P1 of the regression line

Bo+ Bix > fo+ Bix— 6c1/v(1,%), Bi € Pi+6c2y/v(0,1). (2.73)

The shape of the lower two-segment band is the same as the lower part of the
two-sided two-segment band. The gradients of the two line segments are ; —

6¢y4/v(0,1) and fB; + G¢2+/v(0,1), respectively.
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From (2.73), the simultaneous confidence level is given by
P{ﬁo+ﬁ1f>[§o+31)f—6clx/v (1,%), ﬁleﬁliécz v(0, 1)}

= P{(1,¥)(B-B)/6/H:(x) <1, |(1,00)(B—B)/6|/Ha(c0) < 1}.(2.74)

Alternatively, the simultaneous confidence level is given by

P{Bo+ Bix > Po+ Bix — 6Hy(x) forall x € (—oo,00)}

P{ e (10(B-9)/6) /) < 1}

—00,00)

P{ sup ((1,x)(B—B)/6) /Ha(x) < 1} (2.75)

X=—00 Or X Or co

= P{T €R271}

where the equality in (2.75) follows from a similar argument as in the two-sided
case, and

Ry 1 =Ry 1(—00) MRy 1(X) N Ry 1 (00)

. Ryi(®) = {T: ((1,x)(B—RB)/6) /Ha(¥) <1}
e (/2] <)
Raa(oo) = {T: lim ((1.5)(B-9)/6) /Hax) <1}
= {e () /()] <o)

s = o/ ()]

Hence expressions (2.75) and (2.74) are the same.

Note that R; | (¥) is of the form (2.7) and R; 1 (00) N Ry, 1(—00) is of the form
(2.8). Hence R, 1 is given by the region depicted in Figure 2.21 in which the angle
¢* = /2 as in the two-sided case.

Let R; | be the region that results from rotating R; ; around the origin to the

position so that P ( 3 ) is in the direction of the #-axis, as depicted in Figure
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Figure 2.21: The region R;

2.22. Due to the rotational invariance of the probability distribution of T, the
confidence level is equal to the probability of T in R7 |, and R7 | has the expression

{T: Ore[—(m—n3),5],Rrcosbr <ci}
U {T: 6r€e[&,a],Rrcos(6r —/2) < ¢}
U {T: 6r€[r,n; + n],Rrcos(6r —w/2) > —c2}

where the angles & and 13, depicted in Figure 22, are given by

&; = arcsin (cz/\/c%—c%) and 13 = arccos <—c1/\/c%+c%> =n-§&;.

Hence the required simultaneous confidence level is equal to

P{GT € [—(”—nz*)aéz*]aRTCOSeT < Cl}
+P{6r € [&,@],Rrcos(6r —/2) <2}
+P{6r € [7,n5 + 7],Rrcos(6r — /2) > —c2}

& 1
= /2 —P{RycosO <c}db
—(n—n3) 27
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Figure 2.22: The region R}

T 1
+2/52* S-P{Rrcos(6—7/2) < c2}d0

1 =l Cl 1 [m/2 .
R Frr\Gose P Fry (—)d6. 2.
2”/—(7:—11;) Fr (cose)d6+n - Ry (C0s9>d6 (2.76)

This last expression involves only one-dimensional integration and can be used to

compute the critical constants.

Example 2.6 We construct the 95% simultaneous upper two-segment band for
the regression model using the data set in Example 2.1. Again we need to impose
one more constraint on (cy,c¢;) so that (¢1,¢) can be determined uniquely. Under
the restriction ¢ = ¢, we have calculated ¢; = ¢, = 2.201. The upper hyperbolic,
upper three-segment and upper two-segment bands are all plotted in Figure 2.23.
It is clear that the two-segment band is the lowest at x = X compared with the other
two bands. All the computations are done using example0206.m.
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Figure 2.23: Several one-sided simultaneous confidence bands

2.5 Other confidence bands

Bowden (1970) showed how to use Holder’s inequality to derive the hyperbolic
band over the whole range, three-segment bands, two-segment bands, and a gen-
eral p-family of confidence bands. Assuming that the explanatory variable x is
centered at the mean of the observed values of the explanatory variable, i.e., x =0,
the p-family of confidence bands has the form

Bo + Bix € o+ Bix£c6(14Tx|P)!/P forall x € (a,b) 2.77)

where 7 > 0 and p > 1 are given constants, and c is a critical constant. Hyperbolic
band corresponds to p = 2. Piegorsch et al. (2000) used both polar coordinates as
in Sections 2.2-2.4 of this chapter and double integrations of a bivariate ¢ distri-
bution to compute the simultaneous confidence level of the p-family confidence
bands. Dunn (1968) constructed a confidence band for a regression straight line by
bounding it at more than two covariate values, which generalizes the idea of the
three-segment band. Dalal (1990) provided conservative and approximate confi-
dence bands when the error variances at different x-values may be different. Other
published confidence bands include those given by Naiman (1984a, 1987b) and
Piegorsch (1985b) which are optimal under average width related criteria. Hayter
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et al. (2006a) considered how to modify a confidence band if it is used only when
a preliminary test of the slope of the regression line is significant.

From Sections 2.2-2.4, it is clear that the simultaneous confidence level of any
confidence band can be expressed as the probability of T in a region R C R?. Note
further that the region R can always be represented using the polar coordinates
(Rt, 61) in the form of

R={T: 6y € (61,6:),Rr <G(6r1)}

for some given constants 0 < 6; < 8, <27 and given function G. So the simulta-
neous confidence level is equal to

6 1
6 2ﬂFRT [G(6)]d6
since Ot is uniformly distributed on the interval [0,27) and independent of Ry
whose cdf Fg,(-) is given in (2.6). Therefore the simultaneous confidence level
can always be expressed as a one-dimensional integral, even though this one-
dimensional integral may further be simplified in some special cases as for the
one-sided hyperbolic band. Hayter et al. (2008) used this idea to compute the si-
multaneous confidence intervals for pairwise comparison of three normal means.
The key distributional assumption to the construction of simultaneous confi-
dence bands is that (3 — (3)/6 has a bivariate  distribution. This distributional
assumption holds asymptotically for models other than the standard linear regres-
sion models considered here and, in particular, the linear mixed-effects models,
generalized linear models and generalized linear mixed-effects models (see e.g.,
Pinheiro and Bates, 2000, and McCulloch and Searle, 2001). Construction of si-
multaneous confidence bands for linear mixed-effects models has been considered
by Rao (1959), Elston and Grizzle (1962), Dawson et al. (1980), Stewart (1991a)
and Sun et al. (1999) among others.

2.6 Extensions and restrictions of a confidence band
2.6.1 Confidence band for x' 3 and confidence set for (3

Before we start the discussion, recall the following conventional notations. For a
given vector (or point) a € i*? and a given set (or region) S C R?, let

at+S:={a+s:seS},

which is the set resulting from shifting S by an amount of a. For a given 2 x 2
non-singular matrix M and a given region S C 2, let

MS:={Ms: s €S},

which is a set resulting from linearly transforming S. It is clear that M~ 'MS = S.
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Every simultaneous confidence band for x’3 induces a confidence set for the
regression coefficients 3. For the two-sided hyperbolic band (2.9), the induced
confidence set is given by

Ci2(B,6):={B: P~ (B—B)/6 € Ry} (2.78)

where Ry, » C 2 is given in (2.12). This confidence set can further be expressed
as

Ch,z(B, 6)=p+ 6PRy, 5.

For the special case of (a,b) = (—00,00), Ry is a disc centered at the origin.
Region 6PRy,» is a linear transformation of the disc and given by an ellipse cen-
tered at the origin. Region 3 + 6PRy, ; is the ellipse of same size but centered at
B. This is the usual ellipsoidal confidence region for 3 given in (2.1).

For a general (a,b), Ry, is a spindle centered at the origin as depicted in
Figure 2.2. The region 6PR), » is a linear transformation of this spindle and given
by another spindle which is centered at the origin and may not be reflectionally
symmetric. Finally the confidence region B+ 6PR;, » is generated by shifting the
latter spindle to be centered at 3.

For the two-sided three-segment band (2.45), the induced confidence set is
given by

C32(B,6):={B: P 1 (B-PB)/6 €Rs,} (2.79)

where R3 > C 2 is given in (2.51). This confidence set can further be expressed
as

C32(B,6) = 3+ 6PRs .

Region Rj3 is a parallelogram centered at the origin as depicted in Figure
2.12. The region 6PRy, » is a linear transformation of this parallelogram and given
by another parallelogram which is also centered at the origin. Finally the confi-
dence region B+ 6PR;; is generated by shifting the latter parallelogram to be
centered at B

For the two-sided two-segment band (2.62), the induced confidence set is
given by

C2(B,6):={B: P 1 (B-PB)/6 R} (2.80)

where Ry > C 2 is given in (2.68). This confidence set can further be expressed
as

C22(B,6) = B+ 6PRy .

Region R; > is a rectangle centered at the origin as depicted in Figure 2.19.
The region 6PRy,, is a linear transformation of this rectangle and given by a
parallelogram which is also centered at the origin. Finally the confidence region
B+ 6PR; , is generated by shifting the parallelogram to be centered at B.
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In a similar way, one can write the confidence sets that are induced by the one-
sided hyperbolic, three-segment and two-segment bands. Indeed any simultaneous
confidence band for the regression model x’3 induces a confidence set for 3.

One interesting question is whether any confidence set for 3 induces a simul-
taneous confidence band for the regression model x’3. The answer is positive if a
confidence set is convex. The correspondence between confidence bands for x’3
and confidence sets for 3 has been studied by Folks and Antle (1967), Haplerin
(1963a, 1963b), Khorasani and Milliken (1979), Kanoh and Kusunoki (1984), and
Piegorsch (1985a, 1987a), to which the reader is referred.

One general method for constructing a simultaneous confidence band for x'(3
is from a given confidence set for 3 in the following way. Let C (B, 6) be a con-
fidence set for 3. Then for each given x, the possible range of the regression
model By + Bix at x, when 3 varies in the confidence set 3 € C(3, &), is given by
(I(x),u(x)) where

I(x)= i”f,BeC(B 6>[30—|—[31x, and u(x) = supﬁec(lé’&)ﬁo—i—ﬁlx.

= () /] COlIC)

and the quantity inside the braces is just the projection of 3 on the vector (1,x)".
The maximum of the projection of 3 when 3 varies over C (,@, 6) is clearly at-
tained at 3" where 3" is depicted in Figure 2.24 and so u(x) = (1,x)3". Similarly
the minimum of the projection of 3 when (3 varies over C(ﬁ, 6) is attained at
B' where B is depicted in Figure 2.24 and I(x) = (1,x)3'. Consequently, the
confidence band is given by

Note that

Bo+ Bix € (I(x), u(x)) forall x € (—oo, c0).

This is indeed the method used by Working and Hotelling (1929) to derive the
hyperbolic confidence band over x € (—oo, o) from the confidence ellipse for 3.
This idea has been used by Hoel (1951, 1954) and Gafarian (1978) to derive con-
servative confidence bands for multiple linear regression models. It has also been
used for non-linear regressions by Haplerin (1963a, 1963b), Khorasani (1982) and
Cheng (1987) among others. Note, however, a confidence band derived in this way
is often conservative. A different method of construction of simultaneous confi-
dence bands for a general parametric regression model is given in Gsteiger et al.
(2010).

2.6.2 Extension and restriction of a confidence band

Note that the hyperbolic and three-segment bands over a finite interval x € (a,b)
can be extended to any interval (a*,b*) that contains interval (a,b). Specifically,
the extension of the hyperbolic band is illustrated in Figure 2.25, in which the
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Figure 2.24: Construction of confidence band from confidence set

extension overlaps with the original hyperbolic band over x € (a,b), and over
x € (a*,a) U (b,b") the extension is made up of line segments of the straight line
that passes through the lower bound at x = a and upper bound at x = b and of
the straight line that passes through the upper bound at x = a and lower bound at
x = b. The extension of the three-segment band can be constructed in a similar
way and is illustrated in Figure 2.26. Note that both the upper and lower parts of
this extension are made up of three line segments, hence the name three-segment
band.

The construction of an extension utilizes the shape of the regression model,
which is a straight line in this case. The original confidence band on x € (a,b) and
the straight line shape of the regression model stipulate that the regression straight
line cannot go beyond the extended band over any interval x € (a*,b*) D (a,b).
So the constraints of the extended band on the regression model over x € (a*,a) U
(b,b*) are implicitly implied by the original confidence band. The simultaneous
confidence level of the extended band is therefore equal to that of the original
band. Indeed the confidence set induced by the original band is the same as that
induced by the extended band.

On the other hand, note that the two-segment band is defined over x €
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Figure 2.25: Extension of the hyperbolic band

(—00,00) intrinsically. If we restrict the two-segment band to a finite interval
x € (a,b), by which we mean that only the constraints of the two-segment band
over x € (a,b) are used while the constraints of the two-segment outside the inter-
val (a,b) are deleted, then this restriction to the interval x € (a,b) of the original
band has a simultaneous confidence level larger than the simultaneous confidence
level of the original two-segment band. In fact, the restriction of the two-segment
band to a finite interval x € (a,b) becomes a four-segment band whose exact si-
multaneous confidence level can be computed involving one-dimensional integra-
tion by using the formula in Section 2.5.

2.7 Comparison of confidence bands

By using the expressions of simultaneous confidence level derived in Sections
2.2-2.4, one can calculate the critical constants to achieve a required confi-
dence level. Note, however, there are two critical constants in either the three-
segment band or the two-segment band. So a constraint on the two critical con-
stants in addition to the 1 — & confidence level requirement is necessary in or-
der to determine the two critical constants uniquely. Gafarian (1964) imposed
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Figure 2.26: Extension of the three-segment band

c1y/v(1,b) = c21/v(1,a) and Graybill and Bowden (1967) imposed ¢| = c;.
There is also the question ‘which confidence band among the hyperbolic, three-
segment and two-segment bands is the best?’ In this section we look at the average
width and minimum area confidence set criteria for comparing confidence bands.
Naiman (1987b) considered minimax regret simultaneous confidence bands.

2.7.1 Average width criterion

The average width of a given confidence band can be written straightforwardly.
For example, the average width of the hyperbolic band in (2.9) is given by

/bZC(AS\/v(l,x)dx/(b—a) (2.81)

since the width of the band at x is 2¢6+/v(1,x), while the average width of the
three-segment band in (2.45) is given by

/ 26 H () (b a). (2.82)
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The average width of a confidence band can be generalized to weighted average
width

b
/ w(x)du(x) (2.83)
a
where w(x) denotes the width of the confidence band at x, and u(-) denotes a spec-
ified probability measure over the interval (a,b) on which the confidence band is
defined. The average width of a confidence band corresponds to the uniform prob-
ability measure over (a,b). The weighted average width of a confidence band over
an infinite interval is well defined by choosing a suitable u(-).

The width of a one-sided confidence band is often taken as the distance be-
tween the band and the estimated regression line. Hence the average width of the
one-sided hyperbolic band in (2.32) is given, for example, by

/bcéx/v(l,x)dx/(b—a). (2.84)

Intuitively, a narrower confidence band provides more accurate information
about the unknown regression line. The average width of a confidence band indi-
cates its narrowness. Hence the smaller is the average width, the narrower and bet-
ter is the confidence band. Average width was used explicitly in Gafarian (1964)
as an optimality criterion for the first time. Various authors discussed the mo-
tivations behind the average width optimality; see for example Naiman (1983).
Naiman (1983) compared the hyperbolic and constant width bands for a multi-
ple linear regression model over a particular ellipsoidal region of the covariates
under the average width criterion. Naiman (1984a) provided a probability mea-
sure u(-) with respect to which the hyperbolic band over the finite interval (a,b)
has the smallest weighted average width. Piegorsch (1985b) found the probability
measures u(+) for which the hyperbolic band and the two-segment band have the
smallest weighted average width over the whole line (a,b) = (—00,00). Kanoh
(1988) considered how to reduce the average width of the band in (2.77) by choos-
ing a suitable value of T which determines the curvature of the band.

Next we present some numerical comparisons of the hyperbolic band and the
constant width band on a finite interval under the average width criterion. Specif-
ically, we consider only the case that a = x— 6 and b = X+ 8, i.e., the interval
(a,b) is symmetric about . In this case, the constant width band is given by the
three-segment band in (2.45) but with ¢; = ¢, which is denoted as c. to indicate
it is the critical value of the constant width band. Furthermore, the ratio of the
average width of the hyperbolic band and the average width of the constant width
band is given by

b b
e = /2c6'\/v(l,x)dx// 26H;3(x)dx
\/ 182 /Sy
< \/w2+1dw/ (\/n52/Sxx\/n52/Sxx+l> (2.85)

Cc JO
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Figure 2.27: A plot of the function e(¢)

where c is the critical value of the hyperbolic band, and Sy, = ¥ (x; — ).
Note that the cos ¢ in (2.13) is calculated to be

cos¢ = (1—n8?/Sw)/(1+n8%/Sx)

and so n82 /S, is determined by ¢. Furthermore, the critical value ¢ of the hyper-
bolic band is determined by ¢, degrees of freedom v and « from (2.20), and the
critical value ¢, of the constant width band is determined also by ¢, v and o from
(2.54) by noting that & = ¢ /2 and 7y = (7 + ¢)/2 in this case. Hence the ratio e
given by (2.85) depends on ¢, v and ¢ only.

Figure 2.27 presents how e changes with ¢ for given values of o = 0.05 and
v = 10. This picture is typical for all the combinations of & = 0.01,0.05,0.10 and
v =6,10,20, cc that I have tried. As a function of ¢, e first decreases from 1 as ¢
increases from 0, and then increases as ¢ increases from about 3.0 to 7 = 3.1415.
The value of e is always smaller than 1 for ¢ € (0,7), which indicates that the
constant width band is less efficient than the hyperbolic band under the average
width criterion. The smallest value of e over ¢ € (0,7) is somewhere about 0.65
and so the constant width band can be considerably less efficient than the hyper-
bolic band under the average width criterion. But the shape of the constant width
band may be more desirable than that of the hyperbolic band in some applications.
For example, in Piegorsch et al. (2005) where confidence bands are used in risk
analysis, it is crucial that a confidence band should be narrower especially near
the lower end x = a. Hence a constant width or three segment bands should do
better than the hyperbolic band that was considered by Piegorsch et al. (2005).
Figure 2.27 is produced by MATLAB program example020701.m.

Naiman (1983) generalized this to the comparisons of hyperbolic and constant
width bands for a multiple linear regression model over a special ellipsoidal co-
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Figure 2.28: A plot of the function E(¢)

variate region centered at the mean vector of the observed covariate values given
in (3.17) in Chapter 3.

2.7.2  Minimum area confidence set criterion

Note that each regression line that is completely inside the confidence band is
deemed by the confidence band as a plausible candidate of the true but unknown
regression line, and so a better confidence band should contain less regression
lines. From Section 2.6.1, each confidence band corresponds to a confidence set
for 3, that is, each regression line that is contained inside the confidence band
corresponds to a point inside the confidence set for 3. It is therefore desirable
that a confidence band has its corresponding confidence set as small as possible in
area. This motivates the minimum area confidence set (MACS) criterion proposed
in Liu and Hayter (2007). With the confidence level fixed at 1 — o, a confidence
band that has a smaller confidence set area is better, and the confidence band with
minimum confidence set area will be optimal under this MACS criterion. This
criterion is closely related to the classical D-optimality in experiment design in
that D-optimal designs minimize the area of the ellipsoidal confidence set for 3
in (2.1); see e.g., Atkinson and Donev (1992).

Under the MACS criterion, it is shown in Liu and Hayter (2007) that among all
the 1 — a level two-sided three-segment confidence bands, the one that has ¢; =
¢ is optimal, that among all the 1 — & level two-sided two-segment confidence
bands, the one that has c¢; = ¢; is optimal, and that the optimal two-segment band
is better than the optimal three-segment band unless ¢ = 7 /2.
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To compare the optimal three-segment band with the hyperbolic band over
an interval (a,b), we can compare the ratio of the areas of the corresponding
confidence sets

__area of confidence set corresponding to the optimal three — segment band
N area of confidence set corresponding to the hyperbolic band

E(9)

which turns out to be dependent on ¢, v and « only. Figure 2.28 depicts the
function E(¢) for & = 0.05 and v = 10, which is typical for all combinations of
o =0.01,0.05,0.10 and v = 6, 10,20, co. The function E(¢) first decreases from
1 as ¢ increases from 0. The minimum of E(¢) is attained near ¢ = 1 and the min-
imum value of E(¢) is no less than 0.98. The function E(¢) then increases as ¢
increases from the minimum point, is equal to 1 at about ¢ = 1.5, and approaches
oo as ¢ approaches 7. So under the MACS criterion the best three-segment band
is just slightly more efficient than the hyperbolic band when ¢ is no larger than
about 7 /2. But the best three-segment band is less efficient than the hyperbolic
band when ¢ is larger than about 7 /2, and dramatically less efficient than the
hyperbolic band when ¢ is close to 7. Figure 2.28 is produced by the MATLAB
program example020702.m.

Comparison of the hyperbolic and constant width bands for a multiple linear
regression model over a special ellipsoidal covariate region (see Chapter 3) un-
der the minimum volume confidence set criterion is considered in Liu, Hayter,
Piegorsch and Ah-Kine (2009), and results similar to the case of p = 1 above are
observed. Searching for the optimal confidence band under the MACS criterion
within certain family of 1 — « level simultaneous confidence bands is considered
in Liu and Ah-Kine (2010). One can further consider how to choose a suitable
design (matrix X) to produce a better confidence band under a given criterion.
Gafarian (1964) considered the optimal design for the constant width band under
the average width criterion and is the only work available on optimal designs for
confidence bands.

2.8 Confidence bands for percentiles and tolerance bands

The regression function x’(3 is a special case of the regression percentile function
x' 3+ z"o, where z¥ denotes the upper ¥ point of the standard normal distribution.
Construction of simultaneous confidence bands for x’3+zYc has been considered
by Steinhorst and Bowden (1971), Kabe (1976), Turner and Bowden (1977, 1979)
and Thomas and Thomas (1986) among others.

Lieberman and Miller (1963) considered the construction of simultaneous
confidence bands for the central (1 — 27y)-content of the normal distribution
N(x'B,02):

(xX'B-z7'0, X'B+770).

Simultaneous (1 — 2y)-content (not necessarily central) tolerance bands are fur-
ther studied in Scheffé (1973), Jones et al. (1985), Limam and Thomas (1988),



64 CONFIDENCE BANDS FOR ONE SIMPLE REGRESSION MODEL

Odeh and Mee (1990), and Mee et al. (1991). Many ideas presented in this and the
next chapters are useful in the construction of these types of simultaneous bands.

2.9 Bayesian simultaneous credible bands

One may consider the construction of 1 — & level Bayesian simultaneous credible
bands for x' 3, such as

P{x’,@ eX'E(B) tcy/Var(x’'B) Vxe (a,b)} =1-a.

Here 3 is a random vector, and P{-}, E(3) and Var(x’3) are with respect to the
posterior distribution of 3 given Y. The critical constant ¢ is chosen so that the
posterior probability of x’3 being contained in the given interval simultaneously
forallx € (a,b) is equal to 1 — a. For this, one needs to postulate prior distribution
on (B,0) (cf. Broemeling, 1985) and evaluate the posterior distribution of 3.
Ultimately, one needs to evaluate the posterior distribution of
/
p X BEB) .56
x€(a,b) VaI(X//@)

in order to determine the critical constant c. If the prior distribution is such that
the posterior distribution of 3 can be determined analytically, then the posterior
distribution of the random variable in (2.86) can be evaluated by using the ideas
presented in this chapter. Otherwise, Markov Chain Monte Carlo simulation meth-
ods (cf. Gamerman and Lopes, 2006) are necessary. To the best of my knowledge,
there is no published work on Bayesian simultaneous credible bands.



Confidence Bands for One
Multiple Regression Model

As pointed out at the beginning of Chapter 2, a simultaneous confidence band for
x' 3 quantifies the plausible range of the true model x’3 directly. Any regression
model function x’ 3y that lies inside the simultaneous confidence band is deemed
by this band as a plausible candidate of the true model x’3. On the other hand, any
regression model x’ 3y that does not lie inside the simultaneous confidence band
is not a plausible candidate of the true model x’3. As a by-product, a confidence
band can also be used to test the hypotheses in (2.2).

In this chapter we focus on the construction of simultaneous confidence
bands for a linear regression model that has p > 1 explanatory variables. All
the results except those in Sections 3.4 and 3.5 are for a general p > 1. Let
X() = (X1, +,%p) € RP.

3.1 Hyperbolic bands over the whole space
3.1.1 Two-sided band

The most well-known simultaneous confidence band of level 1 — « for the regres-
sion model x'3 is for all the xg) € R” and given by

x'Bex'B+ \/(p—i— Df i p 6/X' (X'X)"Ix Vx) € RP. (3.1)

This confidence band was given by Hoel (1951) and Scheffé (1953, 1959),
and generalizes the band for a simple linear regression model of Working and
Hotelling (1929). The lower and upper parts of the band are symmetric about
the fitted model x’ B, and the width of the band at each x is proportional to
\/ Var(x'3) = 6+/x'(X’X)~Tx. This particular shape of the confidence band is
often called hyperbolic or Scheffé type in the statistical literature. The critical
value \/(p—|—1)f"‘ a/2

et ln—p—1 in (3.1) is larger than the critical value b lp_i used

in the pointwise confidence band or interval in (1.17). This is to ensure that the
confidence band (3.1) has a simultaneous coverage probability of 1 — ¢ for all
X(0) = (x1,"--xp)" € RN” as given by the following result.

65
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Theorem 3.1 For any 3 € RPH and 6 > 0, we have

P{ XBex'B+ \/(p—kl)fl‘,"“mfpfl 64/X' (X'X)~!x Vx(g) € NP } =l-a

Proof 3.1 Let P be the unique square root matrix of (X’X)~! and so satisfying
(X’X)~! =P?, and let N=P~!(3— 3)/0. Then N has the multivariate normal
distribution N, 11(0,1). Now we have

xﬁexﬁi\/p—i—l el p— L 64/X(X'X)~Ix VX(O)E%I’}

= P

BB B \/ D p
O)GFRP 6/x' (X'X)~ prnepe

x)'N
< | . = R

([IN]] |(Px)'N|

- e ( ew|Px||||N||> VO DR, 1}

- ’ ”N” <\/p—|—1 p+ln—p— 1} (3.2)
3 X'X)(B —

_ { o BN ﬁ)<f,?‘+1,n_,,_1}:1_a .

where the equality in (3.2) follows from the Cauchy-Schwarz inequality:
|(Px)'N| < ||Px][[[N]| forall x5y € R”

and the equality holds when Px = AN for some constant A, and the first equality in
(3.3) follows from the definition of N. Note that the probablllty Statement in (3 3)
gives just the confidence region (2.1) for B since 6> = ||Y —XB|?/(n—p—1).
The proof is thus complete. |

It is clear from the proof that the simultaneous confidence band (3.1) is just
an alternative representation of the confidence region (2.1). This of course agrees
with the observations made in Section 2.6.1. The advantage of the confidence
band (3.1) is that it provides information on the regression model x’3 directly,
while the confidence region (2.1) provides information on the unknown coeffi-
cients 3 only. Bohrer (1973a) showed that the confidence band (3.1) is optimal
under the average width criterion when certain conditions are satisfied.

Any regression hyper-plane x’ 3y that lies between the upper and lower parts
of the band is a plausible candidate of the true model x’3. In particular, the
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confidence band (3.1) can be used to test the hypotheses Hy : 3 = (B¢ against
H, : B # (B by rejecting Hy

if and only if x'@y is outside the band (3.1) for at least one xg) € R”.  (3.4)

This test is of size ¢ since the confidence band has simultaneous confidence level
1 — o. In fact, this test is the same as the test in (2.3) as given by the following.

Theorem 3.2 Tests (2.3) and (3.4) reject and accept Hy at the same time.

Proof 3.2 Using the definition of N in the proof of Theorem 3.1 except replacing
B with By, it is clear that test (3.4) rejects Hy if and only if

X'(8— o)l

1) f@ < sup —— = PO
\/(P )prrl,n—p—l x(o)eg%l’ 6/x (X'X)~Tx
|(Px)'N|
= sup -

(
xperr (6/0)/(Px)(Px)
_ N, leoN
(6/0) \xq e [IPx]|[IN]|

N

6/0)
- \/ (B~ Bo)P~'P~1 (B Bo)
_ I

)

B V@—%ﬂy@@—m)
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which is clearly the same as the test (2.3). This completes the proof. |

To apply test (3.4), one checks whether or not x’3y is inside the confidence
band for all x) € 7 in order to accept or reject Hy accordingly. To apply the test
(2.3), one checks whether or not 3 is in the confidence region (2.1) for 3. They
are the same test in different appearances according to Theorem 3.2.

However, viewing test (2.3) from the standpoint of confidence band via (3.4)
exposes a problem with this test. Let us consider Example 1.1. It is clear that, for
this example, the linear regression model cannot be true for a negative x; (which
is the birth weight of an infant) or for a negative x, (which is the age of an infant).
When we apply the test (2.3) or its equivalent test (3.4), however, Hy will be
rejected if X3y is outside the confidence band (3.1) for some x; < 0 or x; < 0
even though x’'3 lies completely inside the confidence band for all x; > 0 and
xp > 0. In other words, the test (2.3) requires implicitly that the linear regression
model x’3 holds over the whole range (—o0, c0) of each predictor variable, which
is seldom true in any real problems. So the F' test (2.3) or (3.4) might reject the
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null hypothesis Hy for a wrong reason when the regression model doesn’t hold
over the whole range (—o0, 00) of each predictor variable!

An obvious remedy for this problem is to use only the part of the confidence
band (3.1) over the region x; > 0 and x, > 0, while the part of the confidence
band over the remaining region is ignored. So Hj is rejected if and only if x'3y is
outside the confidence band for some x; > 0 or x, > 0. However, since only the
part of the confidence band over the region x; > 0 and x, > 0 is used in making
this statistical inference, to guarantee 1 — ¢ simultaneous coverage probability of
the confidence band over the entire region x o) € R is clearly a waste of resource.
One should therefore construct a 1 — o simultaneous confidence band only over
the region x; > 0 and x > 0. This confidence band is narrower and hence allows
sharper inferences than the part of confidence band (3.1) over the region x; > 0
and x, > 0. Of course, for this example, it is also sensible to put some upper
bounds on x; and x,. This leads to the construction of simultaneous confidence
bands over restricted regions of the predictor variables, the focus of this Chap-
ter. Stewart (1991b) discussed potential pitfalls in plotting/visualizing confidence
bands over an infinite covariate region. For the special situation that model (1.1)
has no intercept term, i.e. Sy = 0, Bohrer (1967) considered how to construct two-
sided hyperbolic confidence bands over the covariate region {x; >0, i=1,---,p}.

3.1.2 One-sided band

Sometimes the purpose of inference is to bound the regression model x’'3 from
one side only, either from below or from above. In this case, it is not efficient
to use a two-sided simultaneous confidence band, as given in the last subsection,
which bounds the regression model x’(3 from both sides. One-sided simultaneous
confidence bands are pertinent for one-sided inferences.

A lower hyperbolic simultaneous confidence band over the whole space of the
covariates is given by

X'B>x'B—c6y\/x'(XX)"!x forall X(o) € R (3.5)

where the critical constant ¢ is chosen so that the simultaneous confidence level
of this one-sided band is equal to 1 — . The determination of ¢ is given by the
following result of Hochberg and Quade (1975).

Theorem 3.3 The confidence band (3.5) has an exact confidence level 1 — o if
the critical constant c is the solution to the equation

1 2 1 c?
s (p5) 2 () =1

where F,, y (+) is the cumulative distribution function of the F distribution with m
and v =n— p — 1 degrees of freedom.
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This result is a special case of a more general result given in Subsection 3.4.2.
From this result, the value of ¢ can be found easily by using any software that is
able to calculate the F distribution function, even though a table of c is provided
in Hochberg and Quade (1975).

An upper hyperbolic simultaneous confidence band over the whole space of
the covariates has the form

X'B <x'B+c6y/x'(X’X)"!x forall X(g) € RP. (3.6)

It is straightforward to show that the critical constant ¢ required for this exact
1 — o level upper confidence band is equal to the critical constant of the exact
1 — & level lower confidence band (3.5). This observation is true for all the cor-
responding upper and lower confidence bands in this book, and so it is necessary
to consider only the lower confidence band for the purpose of computing the crit-
ical constant. For the special case that regression model (1.1) has no intercept
term, i.e., By = 0, Bohrer (1969) pointed out that the exact 1 — o level one-sided
hyperbolic band over x(g) € $t” uses the same critical constant as the exact 1 — a
level two-sided hyperbolic band over x ) € %", while Bohrer and Francis (1972b)
considered how to construct exact one-sided hyperbolic confidence bands over the
covariate region {x; >0, i=1,---,p}.

Example 3.1 For Example 1.1, the 95% simultaneous confidence band is given

by
X'Bex'B+3.1676/x/(X'X)~!x forall X(0) = (x1,x2)" € R2,

while the 95% pointwise confidence interval is given by

X'BexXB+2.1456/x/(X'X)~!x  foreach x(g) = (x1,x2)' € R*.

Clearly the simultaneous confidence band is wider than the pointwise confidence
interval at each x(g) € R?.

The critical value of the 95% one-sided lower band (3.5) is given by ¢ =2.984,
which is smaller than the ¢ = 3.167 of the two-sided band. All these results are
computed by using the MATLAB® program example0301.m.

3.2 Hyperbolic bands over a rectangular region

A great deal of research efforts have gone into the construction of simultaneous
confidence bands over restricted regions of the predictor variables. It has been
argued by several researchers (cf. Casella and Strawderman, 1980, and Naiman,
1987a) that a simultaneous confidence band over a rectangular region of the pre-
dictor variables of the form

Xe={(x1,-,xp) 1 ai <x; <bji=1,---,p}, 3.7
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where —oo < a; < b; < 00,i=1,---, p are given constants, is often most useful for
practical purposes. In many applications involving a linear regression model the
experimenter can specify constraints on a predictor variable in terms of a lower
and an upper bounds for each of the predictor variables, which results in the region
X. The central topic of this section is the construction of hyperbolic confidence
bands over X,.

3.2.1 Two-sided band

A two-sided hyperbolic confidence band over the rectangular region & in (3.7)

has the form
X' Bex'B+cby /x'(X'X)~1x forall X() € Xr (3.8)

where c is a critical constant chosen suitably so that the simultaneous confidence
level is 1 — a. It is clear that the confidence level of this simultaneous confidence
band is given by P{S < c}, where

oo wp  XB-B)ol
xgex, (6/0)/X (X'X)~Ix

The distribution of S does not depend on the unknown parameters 3 and o, and
so S is a pivotal random quantity. However, it depends on the bounds [a;, ;] and
the design matrix X in a complicated way in this general setting.

Let P and N be as defined in the proof of Theorem 3.1. Denote T=N/(6/0)
which has the 7,11 y distribution. Now S can be expressed as

|(Px) (P~'(B-)/5)|

S = sup
X(0)EXr (Px)'(Px)
|(Px)'T]|
= sup ————
X(O)G-Xr ||PXH
/!
T
~ ap MU 3.9)

veC(P,X;) [[v]]
where

C(P,&,) = {APx: X 2>0, xq) €X;}
= {l(po—i—xlpl —|—---—|—xppp) tA>0,x € [a,',b,'] Vi= 1,---,[7}

with P = (po,p1,---,pp)- For a general p > 1, it is difficult to derive a useful

formula for the distribution of S in order to determine the critical constant c.
Now we give the simulation-based method of Liu, Jamshidian, Zhang and

Donnelly (2005) to calculate the critical constant c¢. This method is ‘exact’ in the
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sense that if the simulation can be replicated for a sufficiently large number of
times than the critical constant calculated can be as close to the exact value as
one requires. In this book we emphasize simulation-based methods for comput-
ing the critical constants of simultaneous confidence bands when no exact method
is available. These simulation-based methods are preferable to conservative or ap-
proximate methods since they are exact in the sense pointed out above and practi-
cal with the available software and the computation power of modern computers.

Pyt mpy + bapy
emEemm s Py + py + bapy

Py + Py + azpy

Figure 3.1: The cone C(P, X;) for p =2

Note that C(P, X} ) is a cone spanned by the vectors
po+cip1 +---+cppp Where ¢; is either a; or b; fori=1,---,p.

The cone C(P, &) for the special case of p = 2 is depicted in Figure 3.1.
Let 7(t,P, X,) denote the projection of t € RP*! to the cone C(P,X,), i.e.,
n(t,P,X,) is the v € RP*! that solves the problem

min_||v—t|?. (3.10)
veC(P,X)

Now it follows from Naiman (1987a, Theorem 2.1) that S in (3.9) is further equal
to

S = max{||z(T,P,X,)|, |=(—T,P,X)| }. (3.11)
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Also note that the solution of the problem (3.10), z(t,P, X;), can be found accu-
rately and efficiently in a finite number of steps for any given t, P and &, by using
quadratic programming under linear constraints; more details on this are provided
in Appendix B.

The random variable S can therefore be simulated exactly and efficiently in
the following way. First, independent N and 6/ are generated from N,,1(0,1)
and \/xZ/v respectively. Then (T, P, X,) and 7 (—T,P, X,) are computed sepa-
rately. Finally, S is calculated by using (3.11).

Repeat the process for R times to simulate R independent replicates Sy, ---,Sg
of S. The exact critical constant ¢ we are looking for is the 100(1 — a) percentile
of the population distribution of S. It can be approximated by the 100(1 — a)
sample percentile of the sample Sy, ---,Sg, ¢, which is the (R(1 — a))-th largest
S;’s. Here (a) denotes the integer part of a.

The accuracy of ¢ can be assessed in several ways. One is to estimate its
standard error since ¢ is a random quantity. This can be estimated by using the
large sample result (see e.g., Serfling, 1980) or bootstrap methods (e.g., Efron
and Tibshirani, 1993). Another method, due to Edwards and Berry (1987), looks
at the difference between the conditional probability G(¢) = P{S > ¢é|¢}, which
is a random quantity, and the target tail probability G(c) = P{S > ¢} = a. More
details on these are provided in Appendix A.

As R becomes larger, ¢ becomes more accurate as an estimator of c. The
accuracy measurements above provide guidance on how large R should be set,
depending on the accuracy measurement used and accuracy required. From our
experience, if R = 50,000 then ¢ varies only at the second decimal place, and if
R = 100,000 then ¢ is often accurate to the second decimal place.

Liu, Jamshidian, Zhang and Donnelly (LJZD, 2005) provided a specific
quadratic-programming-based method to compute the S in (3.9); this method
is slightly more efficient than the built-in quadratic programming function
quadprog in MATLAB that is used in this book. Jamshidian et al. (2005) pro-
vided a MATLAB program which implements LJZD’s (2005) simulation proce-
dure to compute ¢ and its standard error.

Example 3.2 Consider the infant data set given in Table 1.1. The response vari-
able (Y) is systolic blood pressure. The two predictor variables are birth weight
in oz (x;) and age in days (x;). There are seventeen data points. So p = 2,
n=17 and v =n— p — 1 = 14. The fitted linear regression model is given by
Y =47.58340.181x; +5.313x2, 6 = 1.314, and R? = 0.95. The observed values
of x; range from 92 to 149, and the observed values of x, range from 2 to 5. If the
95% confidence band over the region

X ={(x1,x2)": 92 <x; <149,2<x, <5}

is required then the critical constant ¢ is computed to be 3.116 (s.e. 0.0081) by
using our MATLAB program example0302.m based on 100,000 simulations. This
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critical value is marginally smaller than the critical value ¢ = 3.167 of the band
over the whole range of the two explanatory variables. LJZD (2005) also provided
one example with p = 6 explanatory variables.

Naiman (1987a) proposed a simulation-based method to compute a conser-
vative critical constant ¢, which can be substantially larger than the exact critical
constant as shown by Donnelly (2003). Naiman (1990) considered an approach
based on the volume of tubular neighborhoods to provide a conservative critical
constant. The method of Sun and Loader (1994) can be used to compute an ap-
proximate critical constant for p < 2. In particular, their Proposition 2 (Sun and
Loader, 1994, pp.1330) gives the following approximation to the simultaneous
confidence level when p = 2:

N Ko T((v+1)/2) ¢ 2\ ~vHD/2
Psse) = 1 S (149)

- <1+C—2)_V/2—P{|tv| >}

2n \%

where kp is the area of M and & is the length of the boundary of M where

C X(X'X) "X
M= {0 <

is a manifold. Calculation of xy requires two-dimensional numerical integration;
formulae for computing ky and & are given in Sun and Loader (1994, pp.1334-
1335); also see Loader (2004).

3.2.2 One-sided band

An upper hyperbolic simultaneous confidence band over the rectangular region
X, of the covariates is given by

XB<xXB+c6\/x(XX)"'x forallx) € X, (3.12)

where the critical constant ¢ is chosen so that the simultaneous confidence level of
this one-sided band is equal to 1 — . A lower hyperbolic simultaneous confidence
band over the rectangular region X can be defined in an obvious way and requires
the same critical constant as the upper band.
Note that the simultaneous confidence level of the band (3.12) is given by
P{S < ¢} where
!/ /
s PICED VD)
oo TP edmay IV

where T and C(P, X are defined in Section 3.2.1. Even though the last expression
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of S may have a negative value and so is not equal to | z(—T,P, X,)]|, it follows
from Naiman (1987a, Theorem 2.1) that, for ¢ > 0,

P{S < ¢} = P{||n(~T,P,,)|| < c}.

An estimator ¢ of ¢ can therefore be computed by simulating a sample of R inde-
pendent replicates of || w(—T,P, ;)| as in the two-sided case.

Example 3.3 For the infant data set considered in Example 1.1, the 95% upper
confidence band over the rectangular region &, in Example 3.2 has its critical
constant ¢ computed to be 2.767 (s.e. 0.0079) by our MATLAB program exam-
ple0303.m based on 100,000 simulations. This critical value is smaller than the
critical value ¢ = 3.116 of the two-sided band over the region X, given in Exam-
ple 3.2 and the critical value ¢ = 2.984 of the one-sided band over the whole space
X() € 2 in Example 3.1 as expected.

3.3 Constant width bands over a rectangular region

The hyperbolic band discussed in the last section has a width at x(g) propor-

tional to the standard error o+/x/(X’X)~'x of x’ B. This means that the width
of the band is smaller when X(g) is nearer the center of the covariates Xy =
(%.1,---,%.p)" and becomes larger when X (o) is further away from the center, where

X = %):,'»‘:lx,- j is the mean of the observations on the jth predictor variable
(1 £ j < p). Sometimes one may want to have a band that has the same width
for all x(g) € X A confidence band that has the same width throughout the co-
variate region X, is called a constant width band. This is the generalization of the
constant width bands considered first by Gafarian (1964) for the case of p =1,
which is a special case of the three-segment band given in Chapter 2.

For a general p, the calculation of the simultaneous confidence level of a con-
stant width confidence band involves a multivariate ¢ probability. While it is diffi-
cult to evaluate a multivariate ¢ probability in general, especially when p is large,
methods are available for computing multivariate ¢ probabilities; see e.g., Genz
and Bretz (1999, 2002), Bretz et al. (2001), Somerville (1997, 1998, 1999) and
Somerville and Bretz (2001). All these methods involve Monte Carlo simulations.
Genz and Bretz (2009) provided an excellent review on the topic of computa-
tion of multivariate normal and ¢ probabilities. Liu, Jamshidian, Zhang and Bretz
(2005) used a simulation method as in the last section to compute the critical
constant ¢ of a constant width band for a general p, which is discussed below.

3.3.1 Two-sided band

A two-sided constant width confidence band has the form

x'Bex'B+cé forall X(0) € &y (3.13)
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where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — a. It is clear that the width of the band is given by 2¢&
throughout the covariate region &

The confidence level of the two-sided constant width band in (3.13) is given
by P{S < ¢} where

S= sup [x'(B-B)/0l/(6/0). (3.14)

X(O) cXx,

The distribution of S depends on the design matrix X and the covariate re-
gion X,, but not on the unknown parameters 3 and . Let N = (3 — 3)/c6 ~
Ny41(0,(X’X)~ ") and T = N/(6/0) which has the multivariate ¢ distribution
Tp+1v(0,(X’X)~1) (cf. Dunnett and Sobel, 1954b, and Genz and Bretz, 2009).
Then S in (3.14) can be expressed as

S= sup |X'T|.
X(o) ceX,
Since x'T is a linear function of x(g) = (x,---,x,)’, it must attain both its max-

imum and minimum over X() € X, at some vertices of X,. Obviously X, has 27
vertices given by

V={(v1,---,vp)": eachv;iseithera;orb;for1 <i<p}CR’.  (3.15)

So
S= sup [X'T|. (3.16)
X €V
To simulate one realization of S, one N ~ A}, (0, (X'X)~!) and one indepen-
dent 6 /0 ~ \/x2/V are simulated. Then S is easily calculated from (3.16) since
the maximization is only over 27 points. Now that we know how to simulate one
S, the critical constant ¢ can be determined in a similar way as in the last section:
simulate R replicates of the random variable S, and set the ((1 — o)R)th largest
simulated value, ¢, as the critical constant c.

Example 3.4 For the infant data set, the critical constant ¢ of the two-sided con-
stant width band is found from example0304.m to be 1.850 (with s.e. 0.0052)
based on 100,000 simulations when [a,b;] X [az,b2] = [92,149] X [2,5] and
o = .05. Figure 3.2 plots the 95% two-sided hyperbolic and constant width bands
over the given rectangular covariate region. Similar to the case of p = 1, the hy-
perbolic band tends to be narrower than the constant width band when (x,x;)’
is near (%.1,%.2)" = (113.7,3.9)’, and wider than the constant width band when
(x1,x2)" is far away from (%.;,%,) = (113.7,3.9)".

It is noteworthy from (3.16) that if any one of the bounds a;’s or b;’s is infinite
then S = oo with probability one. So constant width confidence bands can be
constructed only over a finite rectangular region X.. But hyperbolic bands can be
constructed over the whole space xg) € R?.
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Figure 3.2: The two-sided hyperbolic and constant width bands

3.3.2 One-sided band

An upper constant width confidence band is given by

~

X'B<x'B+c6 forallxg) € &,

where c is a critical constant chosen so that the simultaneous confidence level of

a. A lower constant width confidence band can be defined

in a similar way and uses the same critical constant as an upper constant width

the band is equal to 1 —
band.

The confidence level of this one-sided constant width band is given by P{S <

c} where

sided case. For a general

p one can use a simulation method to find the critical constant as in the two-sided

case.

~

where T = (3 —3)/6 and V are the same as in the two-

Example 3.5 For the infant data set, the critical constant ¢ of the one-sided con-

stant width band is found from program example0305.m to be 1.639 (with s.e.
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0.0051) based on 100,000 simulations when [ay,b;] X [a2,b2] = [92,149] X [2,5]
and a = .05. Figure 3.3 plots the 95% one-sided hyperbolic and constant width
bands over the given rectangular covariate region. The hyperbolic band tends
to be lower than the constant width band when (x;,x;)" is near (x.;,%.;) =
(113.7,3.9)', and higher than the constant width band when (x;,x;)’ is far away
from (%.1,%.2)" = (113.7,3.9)".

105 .
100-.‘,,_”?
954. .

> 90...
85 ..

80+ ..

Figure 3.3: The one-sided hyperbolic and constant width bands

3.4 Hyperbolic bands over an ellipsoidal region

Another finite predictor variable region, over which construction of confidence
bands is of interest when p > 2, is an ellipsoidal region defined in the following
way. Let X o) be the n x p matrix produced from the design matrix X by deleting
the first column of 1’s from X. Define a p X p matrix

1 IR - 1 R
V- (x(o) - 1x20)) (x(o) - 1xgo)) - (xgo)x(o) —nx(o)xgo))
where 1 is an n-vector of 1’s, and X(g) = (¥.1,---,%.p)". Note that V is just the
sample variance-covariance matrix of the p predictor variables. Matrix V is non-
singular since X is assumed to be of full column-rank. Now the ellipsoidal region
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is defined to be

%= {x0): (x0~%0) V' (x0)~%0) <’} (3.17)

where a > 0 is a given constant. It is clear that this region is centered at X o) and
has an ellipsoidal shape. See Figure 3.9 below for some examples of X, when

p=2.
Note that
n nx/
XX = ( °>>and
rllX(O)’ —/XEO)—XI(—O) | =Y —1
(X/X)71 _ (g(l +X(0 V X(O))? _%X(O)V )
=V %), A

Direct calculation shows that the variance of the fitted regression model at X g) is

given by
2

ya O -
Var(x'(3) = - [1 + (X(()) —x(()))

/

V! (x0)— %)) (3.18)

So, for all the x o) on the surface of the ellipsoidal region X, Var(x’ B) are equal

and given by "72 [1-+ a?]; the minimum value of Var(x'B) is attained at X(0) =X(0)-
All the x(g) on the surface of X, can therefore be regarded as of equal “distance’,
in terms of Var(x'3), from X(0)- Hence it is of interest to learn via a simultaneous
confidence band about the regression model over X, for a pre-specified a” value.
It is clear that the size of X, increases with the value of a. If the axes of X,
coincide with the axes of the coordinates then the design is called orthogonal and,
in particular, if A, is a sphere then the design is called rotatable; see e.g., Atkinson
and Donev (1992, page 48).

Halperin and Gurian (1968) constructed a conservative two-sided hyperbolic
confidence band over X, by using a result of Halperin et al. (1967). Casella and
Strawderman (1980) were able to construct an exact two-sided hyperbolic confi-
dence band over a region that is more general than &,. Bohrer (1973b) constructed
an exact one-sided hyperbolic confidence band over X,. The exposition of this
section follows largely Liu and Lin (2009).

The problems are to construct a two-sided confidence band of the form

X'BexBEcéy/x/(X'X)~Ix forall X(0) = (x1,-,%p) € A, (3.19)

and to construct a one-sided lower confidence band of the form

X'B>x'B—c64/x(X'X)"!x forall X(0) = (x1,+,xp) € Xp. (3.20)

In order to determine the critical constants ¢ in (3.19) and (3.20) so that each
confidence band has a confidence level equal to pre-specified 1 — «, the key is to



HYPERBOLIC BANDS OVER AN ELLIPSOIDAL REGION 79

calculate the confidence level of the band for a given constant ¢ > 0: P{S; < ¢}
and P{S, < ¢}, where

1a_ "a_

Gy X8 WGB-
xgexe 6/X/(X'X)~Ix xpeXe 6/X(X'X)~Ix
Letz= \/ﬁ(l,igo))’. Note that z’(X’X) 'z = 1 and hence z is of length one
in the (p + 1)-dimensional vector space with inner product defined by (z;,2;) =
(X X)~!z,. One can find another p vectors of this space which, together with z,
form an orthonormal basis of this space. Denoting the (p + 1) x p matrix formed
by these p vector by Z, then (z,Z) (X'X) ! (z,Z) =1,,11. It follows therefore that
N=(z,2)"' (X'X)(B~B)/0 ~ Np1(0.1).

Also note that z'(X'X)~'x = 1/y/n. Denote w = (z,Z)'(X'X)"'x =
(1//n,wig))" where () = (wi,-++,wp) = Z/(X'X)~'x. Then x'(X'X)"'x =
w'w = ||w||?. From this and the fact that the region X, in (3.17) can also be ex-
pressed as

(3.21)

2
X, = {X(O); X (X'X)"Ix < 1:“ } (3.22)

by using (3.18), all the possible values of w(q), determined from the relationship
w = (z,Z)'(X'X)~'x, when X(g) varies over the region X, form the set

1 2
W, = {W«» s wl? < %} (3.23)
The random variable S; in (3.21) can now be expressed as
6 ((z.2)(XX) %) (2. 2) " (X'X)(B-B)/0)
1 = sup
X0 (6/0)y/((2.2) (XX) %) ((2,2) (XX)~'x)

sup w'N
up .
oy, @70

(3.24)

Furthermore, note that w'N/||w|| is invariant if w is replaced with v = uw for any
u > 0, and that

V, = {V:uW:(VO,"'7Vp)/: u>0,W(0)€We}
= {v=00m) IV < voVTHa |
= {v:v>r|v|]} cRPH! (3.25)

where r = 1/v/1+a2. Note that the set V, is a circular cone in R7"! with its
vertex at the origin and its central direction given by the vy-axis. The half angle
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Figure 3.4: The circular cone V,

of this circular cone, i.e., the angle between any ray on the boundary of the cone
and the vp-axis, is 0* = arccos(r). This cone is depicted in Figure 3.4.
We therefore have from (3.24) and (3.25) that

v'N
P{S; <c¢} = P{ supAi<c} (3.26)
vev, (6/0)]lv]|
— pdv (D) <opvvvey (3.27)
- (6/0)) ‘ '
where V, is given in (3.25). Three methods are given in Section 3.4.2 for comput-
ing this probability.

Similarly, we have

VN }
P{S, < = P — < 3.28
e} {%2 @)V =° (3:28)
P{

N
v’( - >‘<C|V|VVEV } (3.29)
(6/0) ‘
Three methods are given in Section 3.4.1 for computing this probability.
Polar coordinates of (p + 1)-dimension are used in several places below and




HYPERBOLIC BANDS OVER AN ELLIPSOIDAL REGION 81

so reviewed briefly here. For a (p + 1)-dimensional vector v = (vo,---,v,)’, define
its polar coordinates (Ry, 6y1,...,6y )" by

Vg = Ry cos By
V1 = Ry sin OBy cos Oy»
vy = Ry sin By sin By, cos Oy3

Vp—1 = RysinBy; sin Oy - - -sin Oy ,_1 cos Oy p,
Vp = Rysin 6y sin Oy - --sin By ,_1sinby

where
0 < evl <n

OSQVZSTC

0 < ev,p—l <n
0<6,,<2n
Ry > 0.

The Jacobian of the transformation is given by
|J| = REsin”~! By sin” "2 @y, - -sin By ;.

Polar coordinates were used by Tamhankar (1967) to characterize a multivariate
normal distribution.

For T =N/(6/0), which is a standard (p + 1)-dimensional ¢ random vector,
one can directly find the joint density function of (R, 6r1,...,6r )’ by using the
Jacobian above. In particular, all the polar coordinates are independent random
variables, the marginal density of Ot is given by

f(0)=ksin”"'o, 0<O<nm (3.30)

where k = 1/( ' sin” ~164d6) is the normalizing constant, and the marginal dis-
tribution of Ry is given by

Ry =|IN/(6/0)| ~ \/(p+1)Fpi1y (3.31)

where F},1 1y denotes an F random variable that has p + 1 and v degrees of free-
dom.

3.4.1 Two-sided band
3.4.1.1 A method based on Bohrer’s (1973b) approach

This method can be regarded as the generalization of the method of Wynn and
Bloomfield (1971) given in Chapter 2 and is similar to Bohrer’s (1973b) method
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for the one-sided band given in Section 3.4.2 below. From (3.29), the confidence
level is given by
P{N/(é/c) € Ar,2} = P{T € Ar,2} (3.32)

where
A =Ana(c) ={t=(t0,--,1p) : [V't| <c|[v|| Vvin),}, (3.33)

where V, is the circular cone given in (3.25).

In the definition of A,, in (3.33), each |v't| < c||v|| restricts t to the origin-
containing stripe that is bounded by the two hyper-planes which are perpendicular
to the vector v and c-distance away from the origin. So when v varies over V, the
resultant set A,» has the shape given in Figure 3.5. The set A,.» can be partitioned
into four sets, also depicted in Figure 3.5, which can be expressed easily using the
polar coordinates, as given by the following lemma.

T

Figure 3.5: The set A,» and its partition A;p = C1 +Cr +C3+Cy

Lemma 3.4 We have A, = Ci + Cy + C3 + C4 where

Ci = {t:0<6y <6 R <c},
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G = {t:0°<6y< g Recos(6y — 6%) < c},
C; = {t:g<9ﬂgn—e*,thos(n—e*—eﬂ)gc},
Cy, = {t:ﬂ—6*<6ﬂ§7‘€,Rt§C}.

The lemma is clear from Figure 3.5 and can be proved using basic calculus,
the details of which is omitted here. Now the four probabilities can be calculated
in the following way. Firstly,

P{TcC ) =P{T€Cy) / ksin”~' 046 - P{Ry < ¢}
0

9*
/ ksin”~'0d0 -P{(p+1)Fpi1y < c*}

2
1 C
/ ksin”~1 046 - Fp+1v< +1)

i3

* ksin”~19 - P{Rycos(6 — 6%) < c}d6
9*

Z_g*
ksin” "' (0 +6%)-P{Rp < do
/o s ( + ) { T= cosG}

.%_* | C2
/ ksin”~' (0 + 67)- ,,Hv((i)de.
0

p+1)cos?

Secondly,

P{T S Cz} = P{T S C3}

The confidence level is therefore given by

C2
/ ksin®~! 046 F,,+1V< +1)

T/2—0* 2
+ / 2ksin”~1(6 4+ 6*)-F, ,,Hv(
0

C
m) do. (3.34)

3.4.1.2 The method of Casella and Strawderman (1980)

The key idea of this method is to find the supreme in (3.28) explicitly, as given in
Lemma 3.5 below, from which the confidence level can be evaluated.

Lemma 3.5 We have

N [N i eNe,
= q1Nol+11N(g) .
veve [V Jen 7 EN¢Ve

where N.= (No,---,Np)" = (No,N{))', and q = r2/(1—-r?)=1/a.
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This can be proved by using basic calculus and the detail is available in Casella
and Strawderman (1980). From this lemma and by denoting s = 6/0, the confi-
dence level of the band is given by

'N
P{sup |V | gcs}
vev, |[vll

P{+NeV, |IN| < cs}+P{iN ¢ V.,

Nol|+ |IN
q|No| + || (0)||<cs

et}

P{|No| > q|[Nig)l, [No|* + [Ny I* < c*s*}
No|+ |IN
q|No| + || (0)||<cs}.

NS

+ P{|No| <q|INll,

0 o Nllﬁ] 1

Figure 3.6: The two regions and the new partition

The two regions
{INo| = qlIN()l, [Nol? + [N || < %%}

aINo |+ [N

and {|N0| <4q|[Nll, Ve < CS}
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are depicted in Figure 3.6 in the (||Ng)||,|No|)-coordinate system. The union of
these two regions can be re-partitioned into two regions. The first region is the
quarter disc

{R* < s®} where R? = |No|* + ||N(0>||2.

The second region is the remaining part which can be expressed as

|No| <qcs—\/R2—c2s2
[Nyl = es+qVRZ—c2s% |

This expression comes from the fact that, when the pomt (/N H |No|) varies on
the segment of the circle |Np|? + IN(o) I> =R?* € (c52,(¢* + 1)c?s?) that is within
the second region, [No|/||N(q) || attains its minimum value 0 at the right end of the
circle-segment (||Ng) ||, |No|) = (R,0) and attains its maximum value

(ges — V R2—c%s%) [ (es + gV R2 — ¢252)

at the left end of the circle-segment whose coordinates can be solved from the
simultaneous equations [No|* + ||N(g)[|* = R* and (¢|No| + [[N(o)[|) / /4> + 1 =cs.
From this new partition, the confidence level is further equal to

{czs2 <R <(F41)3%0<

P{R? < ¢%s*}

Nol gcs — VR2 — 252
+ PLAP?<RP< (P41, 0< | < . (3.35)
{ 4 ) INol ~ es+gvVRZ — 252

Now note that R* = |Ng|* + [|[N(g)[|* and No/||N(g, | are independent random
variables by considering the polar coordinates of N, and both are independent of
5. So the first probability in (3.35) is equal to F, 1 y{c?/(p+ 1)}, and the second
probability in (3.35) is equal to

P{c2<f—§<(q2+1) ;0 < il < = (R/)—c }

Nl = c+ay/(R2/s2)—

(G +1)c? 1 c— Hw—c2
jc(;]/(—;ﬁl)/(ﬁ )Fl,p (p <%> ) dFyi1v(W).

ct+qr/ (p+1)w—c?

The simultaneous confidence level is therefore given by

6‘2
F +
p+1v (P+ 1)

(@+1)¢/ (p+1) o \/m :
/ Fip p<q dFpi1.v(w). (3.36)

2/(p+1) c+qv/(p —c?



86  CONFIDENCE BANDS FOR ONE MULTIPLE REGRESSION MODEL

In fact, Casella and Strawderman (1980) considered the construction of an ex-
act two-sided hyperbolic confidence band over a region of the predictor variables
whose simultaneous confidence level can be reduced to the form

P sup ﬂ<c where V*(m)=q v: iv2> a Zp: v
veve(m) (6/0) | V]~ = R A

where 0 < m < p is a given integer. Note that V, = V*(0). Seppanen and Uusi-
paikka (1992) provided an explicit form of the predictor variable region over
which the two-sided hyperbolic confidence band has its simultaneous confidence
level given by this form. For 1 <m < p, the predictor variable region correspond-
ing to V*(m) is not bounded however, and so a confidence band over such a pre-
dictor variable region is of less interest considering that a regression model holds
most likely only over a finite region of the predictor variables in real problems.
The main purpose of studying V*(m) for 1 < m < p in Casella and Strawderman
(1980) is to find a conservative two-sided hyperbolic band over the rectangular
predictor variable region X;: use the predictor variable regions corresponding to
V*(m) for 0 < m < p to bound the given X}, calculate the critical values for these
V*(m)’s, and use the smallest calculated critical values as a conservative critical
value for the confidence band over X,.

3.4.1.3 A method based on the volume of tubular neighborhoods

This method is based on the volume of tubular neighborhoods of the circular cone
V, and similar to those used by Naiman (1986, 1990), Sun (1993) and Sun and
Loader (1994), among others. Due to the special form of the cone V,, the exact
volume of its tubular neighborhoods can be calculated easily. From (3.28), the
confidence level is given by

[V'N| (6/0) }
PJ sup <c . (3.37)
{veve IR [ N]

Note that N/||N|| depends only on the 8y ;’s and that |[N|| = Ry. Hence N/||N||
is independent of ||N|| and so (6/0)/|| N ||. Furthermore, the supreme in (3.37)
is no larger than one, and ¢/+/(p + 1)w < 1 if and only if w > ¢?/(p+1). So the
confidence level is equal to

oo [v'N] c
1—/ P< sup > dFpi1v(w)
0 {Vewwum (piw [0

o0 v'N c
_ 1_/c )P{ sup ||v|||||1|\1|| > — }dF,,H,V(w). (3.38)

2/(p+1 veEVe (p+1)

The key to this method is to find the probability in (3.38). This hinges on the
following result, which is a generalization of the result in Section 2.2.1.3.
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Lemma3.6 Let 0 < h = ¢/\/(p+1)w < 1, a = arccos(h) € (0,7/2),
(RN, ON1,...,0N ) be the polar coordinates of N, and 0* = arccos(r). We have

V'N| }
N: h
{ e TVITINT ~
B {N: 6n1 €0, 0*+a]U[r—0*—a, n]} if 8*+a<
~ 1 {N: 6n €0, 7]} if 0% +oa>

The proof involves only basic calculus and the detail is omitted here. From this
lemma, the fact that 8* +arccos(c/+/(p + 1)w) < /2 if and only if w < (¢ +
1)c?/(p+ 1), and that the pdf of 6y is given in (3.30), we have, for ¢?/(p+1) <
w< (¢ + 1)/ (p+1),

P{ sup VN > < }

veve [IVIIN] (p+Dw

= P{ On1 € [0, 0% +arccos(c//(p+ 1)w)] U [x — 8 —arccos(c/+/(p+ 1)w), 71:]}
) /6*+arccos(c/\/m)

0

[SIEISE]

ksin”~' 646

and, forw > (¢ + 1)?/(p+1),

[V'N| ¢
{vs£5e|v||N| (pH)W} { oni € [0, 7]}

Substituting these two expressions into (3.38), the confidence level is equal to

(GP+1)2/(p+1) 8% +arccos(c/+/(p+1)w) |
1 / / 2ksin”~ ! 0dOdF,,1.y(w)

2/(p+1) 0
- /<q2+1>c2/<p+1> 19 v () (3.39)

It is straightforward to show by changing the order of integrations that the double
integral above is equal to

* 2 2 2
s +1)c c
2ksin”~'0d0 - F (617 —F —
/0 Sin < p+1,v( 1 p+1,v P+ 1)

S (@ + 1) c?
2ksin”~ '@ (F, < )-F de.
+ - sin < p+1,v< Pl p+1,v (p+ 1)cos2(6 — 6%

By substituting this into (3.39), it is clear that the confidence level expression
(3.39) is equal to the expression given in (3.34).

Numerical results have been computed from expressions (3.34) and (3.36) and
these agree with the entries of Seppanen and Uusipaikka (1992, Table 1 for r = 1).
Expression (3.34) is slightly easier to use than the expression (3.36) for numerical
computation.
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3.4.2  One-sided band

3.4.2.1 The method of Bohrer (1973b)

This method was given by Bohrer (1973b). From (3.27), we have

P{S; <c}=P{N/(6/0) €A, 1} =P{T€A,,} (3.40)
where
A =Ani(c)={t=(t0,--,1p) : Vt<c|v|| Vvin),}, (341

where V, is the circular cone given in (3.25).

Figure 3.7: The set A1 and its partition A, = C; +C +C3

Assume ¢ > 0. Note that each v't < ¢||v|| in the definition of A, restricts t
to the origin-containing side of the plane that is perpendicular to the vector v and
c-distance away from the origin in the direction of v. So when v varies over V, the
resultant set A, has the shape given in Figure 3.7. The set A, can be partitioned
into three sets which can be expressed easily using the polar coordinates.

Lemma 3.7 We have A,.| = C| 4 C, + C5 where
Cl = {t:0§9t1§9*,Rt§c},

C, = {t:6y—06"€(0,m/2], Recos(6y —0”) <c},
G = {t:9*+717/2<9t1§717}.
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The lemma is clear from Figure 3.7 and can be proved by introducing the
notation f; for j =1,...,p as in Bohrer (1973b); the detail is omitted here. Note
that C) is the intersection of the circular cone V, and the (p + 1)-dimension ball
centered at the origin with radius ¢, Cs is the dual cone of V,, and C; = C; & (3.
These three sets are also depicted in Figure 3.7. Wynn (1975) generalized this
partition to the situation where V, may not be a circular cone; but the computation
of the probabilities involved is not trivial at all.

Now the three probabilities can be calculated as follows. Firstly,

P{TEC]}

/ ksin”~' 06 -P{Ry < c}
0

/ ksin”~' 040 - P{(p+ 1)Fpi1y < 2}
A ,

0*
/ ksin”~' 046 - Fpi1y (2 (p+1)).
0

Secondly,
bie Z-6"
P{T€C3}=/ ksinpfledez/ ksin”~' 0d6.
0*+3% 0

Thirdly,

0*+Z
P{T € G} /  ksin?~1 8- P{Rycos(6 — 6%) < c}d6
9*

-z I . < c
/0 ksin”~'(6 + 6% P{RL—COSe}de

& c?
ksin?~' (6 +6%)-F — \de.
/0 sin”” (0+0%) - Fpp1,y ((p+1)cos29)

The confidence level can therefore be calculated from
P{S; <r}=P{TeC}+P{T € G} +P{T e C3}. (3.42)

One can express P{T € C,} as a linear combination of several F probabilities
by following the idea of Bohrer (1973b). While this is interesting mathematically,
expression (3.42) is easier for numerical calculation.

When a = oo it is clear that r = 0 and 6* = 7 /2. In this special case, C) is a
half ball in R?*! and so

1
PAT € Ci} = 5Fpr1y {/(p+ 1)},
C; is a half cylinder that has the expression

Cy={t: 1p<0, Ht(O)” <c}, where to) = (t1,-+,tp)
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and so

PITE G} = 1 Fp (/).
and C3 is empty. Hence the confidence level is given by

% priv{/(p+ 1)+ %pr(cz/p),

which agrees with the result of Hochberg and Quade (1975, expression (2.4)) as
given in Theorem 3.3.

3.4.2.2 An algebraic method

This approach is similar to that of Casella and Strawderman (1980) for the two-
sided case given in Section 3.4.1 above. The key idea is to find the supreme in
(3.26) explicitly, as given in Lemma 3.8 below, from which the confidence level
can be evaluated.

Lemma 3.8 We have

vN [ INI] N if NeV,
sup —- qNo+(INg) .
vev VI | = 7 N¢Ve
where Ny is the first element of N, Nig) = (N1,--+,N,)', and g = \/r* /(1 —r?) =

1/a.

This can be proved by using basic calculus and the detail is omitted here. From
this lemma and by denoting s = 6 /0, the confidence level of the band is given by

'N
P{ sup — Y cs}
veve VI~

P{NeV,, |N| < cs}+P{N ¢ V.,

No+ ||N
gNo + || <0)H<cs .
Vg +1
= P{Ny>q|Ng)ll, INo|*+ [Ng)||* < ¢*s*}
gNo + [Nl
+ PNy < [Ny, e < s b
VvV +1
The two regions

{No > qlIN)ll, [Noll* + [INg)I* < c*s*}

gNo+|INg l
<
and {No<f]|N(0)|’ Nz _cs}
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No
A

[

”Nlillll

Figure 3.8: The two regions and the new partition

are depicted in Figure 3.8 in the (||Ng ||, No)-coordinate system. The union of
these two regions can be re-partitioned into two regions. The first region is the
half disc

{R? < *s*} where R* =N} + ||N(0)||2.

The second region is the remaining part which has the expression
No o 965 = R? — %52
[Nyl ~ es+qvVRZ—=3282 |
This expression comes from the fact that, when the point (||Ng||,No) varies on
the segment of the circle N3 + IN(o) |I> = R? (> ¢%s?) that is within the second

region, No/|[N(q)| attains its minimum value —oc at the lower-left end of the
circle-segment (||N(g)[[,No) = (0, —R) and attains its maximum value

(ges — V' R? —25%) /(es + gV R? — ¢252)

at the upper-right end of the circle-segment whose coordinates can be solved from
the simultaneous equations N§ + [|[N(q)||* = R* and (¢No + [[N(o)|1)/v/q> + 1 = cs

{czs2 <R’< 00, —00 <
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as in the two-sided case. From this new partition, the confidence level is further
equal to

P{R?> < *5°}

+ P{c2s2<R2<oo, —00 <

No < qcs — VR? — 252 (3.43)
INo)ll = cs+gVR2 — 252 )
similar to the two-sided case.

Now the first probability in (3.43) is equal to F,, y(c*/(p+ 1)) as in the two-
sided case, and the second probability in (3.43) is equal to

No _ge=V(R/s?)—¢
Nyl = ¢+ g/ (R2/s%) — 2

RZ
Pc< <00, —00 <

_ / T Wty (w)

2/(p+1)

_pl o No gc—/(p+1)w—c2
&) ‘P{ <Nl } |
(w)

where

ctqgy/(p+1)w—c?

Next we express g(w) in term of the cdf of an F distribution. Note that

ge—/(p+Dw—c2<0<=w> (@ +1)?/(p+1).
Hence for w > (¢* 4 1)c?/(p+ 1) we have

(gc—+/(p+1)w—c2)/(c+qr/(p+1)w—c?) <0

and so
1 N§ gc— —|—1)w—c2 ’
gw) = P 22 >
2| [Nl ct+q/(p+w—c
11 w2\
c— +1)w—c
= ——2F,|p[Z P : (3.44)
2 2 ct+qv/(p+1w—c?

and for ¢?/(p+1) <w < (¢>+1)c?/(p+1) we have

(ge—+/(p+1)w=c?)/(c+q\/(p+1)w—c?) >0

and so
_ — 2
o) = P{No<0}4+PJ0O< No L (p+Dw—c
INoll = c+gy/(p+1w—¢?

2

11 - Dw—c2

- Il (% (ptw—c . (3.45)
22 c+q/(p+1Hw—c?
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Finally, the confidence level is given by

r2 00
F L +/ dF. 3.46
prby <p+ 1) cz/(n+1>g(w) priv(v) (340

with the function g(w) being given by (3.44) and (3.45).

3.4.2.3 A method based on the volume of tubular neighborhoods

This method is similar to the two-sided case given in Section 3.4.1. From (3.26),
the confidence level is given by

P{ sup N (6/0) } (3.47)

<c
veve [IVIHINGE = [IN]i

1 / T bl ap YN © dF, 1y (w). (3.48)
= — 1‘ . .
/(1) | veve IVIHIN (p+ 1w Py

Now the probability in (3.48) can be easily evaluated by using the following result,
which is the generalization of the result in Section 2.2.2.3.

Lemma 3.9 Let 0 < h < 1, o = arccos(h) € (0,7/2), 6* = arccos(r) as before,
and (RN, ON1, - - -, GN,p) be the polar coordinates of N. We have

{N' sup YN >h} (N: 6n; < 0"+l
: — = : 1 .
vev. |[VIIIN]|

Again the proof involves only calculus and the detail is omitted here. From this
lemma and the fact that the pdf of Oy is given in (3.30), we have for 0 < h < 1
v'N 0 +arccos(h)
P{sup s >h}:P{9N1 <6*+arccos(h)}:/ ksin”~' 0d6.
veve [IVI[IN] 0
Substituting this expression for the probability in (3.48) with 2 =¢/+/(p+ 1)w
and changing the order of the double integration give the confidence level equal
to

00 6" +arccos(h) |
- / / ksin?~! 0dOdF, 1 y(w
/(p+1) Jo prv(¥)

0* oo
1—/0 /Cz/(PH)ksin”_l 0dF,, 1.,(w)d6

B ksin”~" 0dF,, 1y (w)d@
/* /02/{(p+1)cos2(69*)} I’Jfla\’( )

0* bl CZ
1—/ ksin” ' 0d0-PLF, . |, > ——
0 1 { p+1,v P+1}

0" +3% pel c2
— ksin”” 0 -P<F, do.
/* - { Py > (p—i—l)cosz(G—G*)}
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Now by replacing the 1 in the last expression above by

T T_9

T 6 6" +3 50"
/ ksin”’ledez/ ksinP*16d9+/ ksinl’*ledeJr/ ksin”~' 646
0 0 0* 0

and straightforward manipulation, the confidence level is finally given by

/0 ksin?~10d6 - Fpi1y (2/(p+1))

z 2 507
+ /0 ksin”_l(6+9*)-Fp+17v<m> d9+/0 ksin”~' 040,
which is the same as the expression in (3.42).

Numerical computations for various parameter values of a, r, p and v do con-
firm that the two expressions (3.42) and (3.46) are equal. For example, both ex-
pressions are equal to 0.77887 fora =2.0, r = 2.5, p =6 and v = 00, and equal
to 0.95620 for a = 1.5, r = 3.0, p = 4 and v = 20. For numerical computation,
expression (3.42) is easier to use than expression (3.46).

Example 3.6 For the infant data set , the observed values of x| range from 92 to
149 with average X.; = 113.71, and the observed values of x; range from 2 to 5
with average %, = 3.88. So the ellipsoidal region X, is centered at (%.;,%.2) =
(113.71,3.88)’. The size of X, increases with the value of a. Figure 3.9 gives four
X,’s corresponding to various a-values indicated in the picture. The rectangular
region indicates the observed range [92,149] x [2,5] of the predictor variables
(x 1 ,XQ)/.

For a chosen X,, one can use a confidence band to quantify the plausible range
of the unknown regression model over X,. Suppose a = 1.3 and so &, is given by
the second largest ellipse in Figure 3.9, and simultaneous confidence level is 1 —
ot = 95%. Then the critical constants of the two-sided and one-sided hyperbolic
bands are given by ¢ = 3.044 and ¢ = 2.670, respectively. These confidence bands
are plotted in Figure 3.10: the bands are given only by the parts that are inside
the cylinder which is in the y-direction and has the &, as the cross-section in
the (x1,x2)’-plane. The upper one-sided confidence band is slightly below the
upper part of the two-sided band. Note from the discussion immediately below
expression (3.18) that the width of the two-sided confidence band on the boundary
of the A&, is a constant and given by

2¢64/xT (XTX)"Ix =2¢64/(1+d2)/n
— 243.044% 13145 /(1+1.32)/17 = 3.187.

Of course the upper confidence band quantifies how high the unknown regres-
sion model can go over X,. All the computations in this example are done using
MATLAB program example0306.m.
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Figure 3.9: Several ellipsoidal region X.’s

3.5 Constant-width bands over an ellipsoidal region

Now we consider the construction of constant width bands over the ellipsoidal
region X,.

3.5.1 Two-sided band

A two-sided constant width band has the form
XBexBLe\/(1+a>)/né forallxg = (x1,,xp) € X, (3.49)

where c is chosen so that the simultaneous confidence level of the band is equal
to 1 — . The confidence level is given by

P{ sup [X'(B-B)|/6<c (1+az)/n}

X(0) € Xe
= P{ Supx ’{(Z,Z)/(X/X)_IX}IT‘SC\/(l—FaZ)/H}
X(O)G e

where T = (z,Z) ' (X'X)(8 — 8)/6 is a standard (p 4 1)-dimensional 7 random
vector as in the last section. Now note that, similar to (3.24) in the hyperbolic
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Figure 3.10: The two-sided and upper hyperbolic bands over the Xe witha= 1.3

band case,

sup
X(0)EXe

((z,Z)’(X’X)_lx)IT‘= sup |w'T|
W) EWe

where W, is given in (3.23). Hence the confidence level is further equal to
P{ sup |[WT|<cy/(14+a?)/n}. (3.50)
{“'(O)EWe

LetT = (To,TEO))’. Note that

sup |W'T|= sup
W)€ We W)€ We

To/v/n+ Wi To)| < [Tol/Vii++/a2/n [T

and the upper bound above is attained at w gy = sign(To)+/a*/n T(g)/||T (o)l €
W,.. Hence the confidence level in (3.50) can further be expressed as

P{ /v /a2 T < (1 +@)/n}
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Now, using the polar coordinates of T, this probability is equal to

P{|RTCOSGT1|/\/E+ a?/n |Rrsin by | < c (1+a2)/n}

= P{0<6r; <m/2, Rrcos(6r; —0") <c}
+P{ /2 <61 <7, Rycos(m— 6p; — 0%) <}
= 2P{0<6r <7m/2, Rycos(6r; — 0*) <c}

2

/2
2ksin” ' OF do
/o i e (<p+1>cos2<e—e*>)

where 6* = arccos(1/v/1+a?) = arccos(r) as before.

3.5.2 One-sided band

A one-sided lower constant width band has the form
XB>xB—c\/(1+a?)/né forallxg = (x1,--,x,) €Xe,  (3.51)

where c is the critical constant. Similar to the two-sided case, the confidence level
is given by

P{ sup X' (B-B)/6<c (1+a2)/n}

X(O) cX,

P{ sup ((z,Z)'(X’X)’lx)/TSC (1+a2)/n}

X(O)GX(»
= P sup WT<c\/(1+a?)/ny. (3.52)
{Wm)ewf

Now note that

sup W= sup {To/v/n+wio)To)} = To/Vin+/a/n [Tig)|l,
W(O)EWg wm)eWg

where the supreme above is attained at w) = \/a?/n T(g) /| T(g)|| € W.. Hence
the confidence level in (3.52) is further equal to

P{ B/ T < e/t

P{RTCOSGH/\/E—H/az/nRTsinGTI<c (l+a2)/n}
= P{ Rycos(6r —06%) <c}
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= P{0<0n <0%"+m/2, Rrcos(6r) —0%) <c}

+P{6"+7m/2< 61 <m}
2

0" +m/2 . p—1 ¢
=/0 ksin 9Fp+l,V((p+1)cosz(9—9‘)>de

b

+ ksin”~'940.
6*+m/2

Figure 3.11: The two-sided and upper constant width bands over the Xe witha=1.3

Example 3.7 For the infant data set, we can construct constant width two-sided
and one-sided confidence bands over a given covariate region X,. Suppose that
a = 1.3 and simultaneous confidence level is 1 — oc = 95%. Then the critical con-
stants of the two-sided and one-sided constant width bands are given by ¢ =2.963
and ¢ = 2.603, respectively. These confidence bands are plotted in Figure 3.11:
again the bands are given only by the parts that are inside the cylinder which is
in the y-direction and has the A, as the cross-section in the (x;,x;)’-plane. The
upper one-sided confidence band is slightly lower than the upper part of the two-
sided band. For this example, there is little difference between the hyperbolic
confidence bands in Figure 3.10 and constant width bands in Figure 3.11. All the
computations in this example are done using MATLAB program example0307.m.
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Liu, Hayter, Piegorsch and Ah-kine (2009) compared the hyperbolic and con-
stant width bands over X, under the minimum volume confidence set criterion, a
generalization of the minimum area confidence set criterion proposed in Liu and
Hayter (2007), and results similar to the case of p = 1 given in Section 2.7.2 were
observed.

3.6 Other confidence bands

In this chapter, we have focused on the hyperbolic and constant width bands. They
are direct generalizations of the hyperbolic and constant width bands for a sim-
ple regression line considered in Chapter 2. The three-segment and two-segment
bands of Chapter 2 can also be generalized to a multiple linear regression model.
The key idea in the construction of a three-segment confidence band is to bound
the simple linear regression model at two covariate points. For a multiple linear
regression model, one needs to bound the regression model at several points of the
covariates X g). Hayter, Wynn and Liu (2006b) considered how to choose several

points of X(g) suitably so that the estimators X'(3 at these X()-points are indepen-
dent random variables. Hence the determination of critical constants for bounding
the multiple linear regression model at these points involves just one-dimensional
numerical integration. The key idea in the construction of a two-segment band
for a simple regression line is to bound the regression line at the mean of the ob-
served values of the only covariate and to bound the gradient of the regression
line. For a multiple linear regression model, one can bound the regression model
at X(9) = X(g) and bound the gradients of the regression model in p directions.
Hayter et al. (2009) considered how to choose the p directions suitably so that the
estimators of the gradients in these directions and the estimator of the regression
model at X(g) = X(g) are independent random variables. Hence the computation of
the critical constants requires only one-dimensional numerical integration. Dalal
(1983) constructed a simultaneous confidence band for the population regression
function when the intercept of the linear regression model is assumed to be ran-
dom by converting a confidence set for the regression coefficients. For a special
linear regression model, see Spurrier (1983) who showed that the hyperbolic and
constant width bands are actually identical. Naiman (1984b) considered confi-
dence bands that guarantee the expected coverage measure instead of the simul-
taneous confidence level.






Assessing Part of a Regression
Model

One important inferential problem for the model
Y=X3+e “4.1

is to assess whether some of the coefficients f3;’s are equal to zero and so
the corresponding covariates x;’s have no effect on the response variable Y.
The model can therefore be simplified. To be specific, let 3 = (31,35)" where

6{ = (ﬁ07"'7ﬁp—k) and Igé = (ﬁﬂ—k+17"'7ﬁp) with 1 S k S p being a given
integer, and the corresponding partitions of x are x; = (1,x1,---,x,_¢)" and
Xy = (Xp_it1,-+,Xp)". If By is a zero vector then the covariates x,_g41, -, X
have no effect on the response variable Y and so model (4.1) reduces to

Y= Xlﬂl +e 4.2)

where X is formed by the first p — k+ 1 columns of the matrix X.

4.1 Partial F test approach

One commonly used statistical approach to assessing whether 3, is a zero vector,
found in most text books on multiple linear regression (see e.g., Kleinbaum et al.,
1998, Draper and Smith, 1998, and Dielman, 2001), is to test the hypotheses

Hy: B, =0 against H,: 3, #0. 4.3)
Applying the partial F test (1.7), Hy is rejected if and only if

(SSg of model (4.1) — SSg of model (4.2)) /k
MS residual of model (4.1)

> [y 4.4)

where £, is the upper o point of the F distribution with k and v =n— (p+1)
degrees of freedom. Equivalently, from (1.11), Hy is rejected if and only if
(AB) (AX'X)"'A") "' (AB) /k
MS residual of model (4.1)

> i

101
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where A is a k X (p+ 1) matrix given by A = (0,I). In fact, we have

SSgr of model (4.1) — SSg of model (4.2)
= (AB)(AX'X)"'A")1(AB)

from Theorems 1.3 and 1.5.

The inferences that can be drawn from this partial F test are that if Hyp is
rejected then 3, is deemed to be a non-zero vector and so at least some of the
covariates x,_x1,---,X, affect the response variable Y, and that if Hy is not re-
jected then there is not enough statistical evidence to conclude that 3, is not equal
to zero. Unfortunately, this latter case is often falsely interpreted as 3; is equal to
zero and so model (4.2) is accepted as more appropriate than model (4.1). Whether
B5x; can be deleted from model (4.1) is better judged based on the magnitude of
B5x%5. The partial F test above provides no information on the magnitude of 35x,
irrespective whether Hj is rejected or not. On the other hand, a confidence band
on 35X, provides useful information on the magnitude of 3/x,.

4.2 Hyperbolic confidence bands

The next theorem provides a hyperbolic confidence band for 3,x, over the whole
space of x, € ¥, Let B> = A3 denote the estimator of 3, which is made of the
last k components of ,fi' Clearly ,fi'z has the distribution NV (32,6%V), where V is
the k x k partition matrix formed from the last k rows and the last k columns of
(X'X)" !, ie. V=AX'X)"'A".

Theorem 4.1 We have

P{ XoBs €xbBa £\ [hf%_ 61 /X VR Vxp € R } —l-a (45

This theorem can be proved similarly to Theorem 3.1. The 1 — & simultaneous
confidence band given in this theorem provides the plausible range of the true
model x5/3,. In particular, if 3, is a zero vector then x5 3, is the zero hyper-plane
x50 in the REH space and it is contained in the confidence band (4.5) for all
x, € RF with probability 1 — o. So an exact size « test of the hypotheses in (4.3)
implied by the confidence band (4.5) is to

reject Hy < the band (4.5) does not contain x50 for some x, € R, (4.6)

In fact, this test is just the partial F test (4.4) as asserted by the next theorem,
which can be proved in a similar way as Theorem 3.2.

Theorem 4.2 Tests (4.4) and (4.6) reject and accept Hy at the same time and so
are the same.
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So the partial F test (4.4) will not reject Hy so long as the confidence band
(4.5) contains x50 even though the confidence band may be very wide and so
the true model x53, can potentially be very different from x50. Hence the non-
rejection of the null hypothesis Hy can mean anything but that x}(3, is equal to
zero. But the confidence band provides information on the magnitude of x/,3, for
every X, € R¥, which is suitable for judging whether x(3; is small enough to be
deleted from the original model (4.1) and hence to conclude that model (4.2) is
more appropriate.

As argued in Chapter 3, in most real problems, the model (4.1) holds only over
a certain region of the covariates. Hence it does not make sense that the partial F
may reject Hy due to the behavior of the fitted model X’ZBZ outside this covariate
region. Also the model (4.1) is often established to make inferences only in a
certain range of the covariates. Hence it is only necessary to assess whether the
true model X3, is small enough over a given region of interest of the covariates
X, to be deleted from the overall model (4.1) when used over this particular region
of x,. For this purpose, a confidence band for x5/3, over a restricted region of x,
is useful and discussed next following largely Jamshidian, Jenrich and Liu (JIL,
2007).

We focus on the rectangular region

X ={x2: x; €a;,bi], i=p—k+1,---,p}

where —oo0 < a; <b; <o0,i=p—k+1,---, pare given constants. A hyperbolic
confidence band over &} is given by

x,3, € xb3, +c6 x,Vx, forall x; € X» 4.7)

where the critical constant ¢ is determined so that the simultaneous confidence
level of this band is equal to 1 — «. A
Let W be the square-root matrix of V and so V= W2 . Denote N, = W~ (3, —
B2)/0 ~ Ni(0,I) and Tr = N, /(6/0) ~ Ty Then the confidence level of the
band (4.7) is given by P{S < ¢} where
/ A J—

S — Sup M

xex, 64/X5Vxo

[(Wxo) W (B, — B2) /5
X EX, (Wx2)" (Wx2)

= sup 4.8)

where

C(W, X)) = {AWxy = A(xp_jy1Wi+ - +x,W) : A >0andx, € X5}
(4.9)
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with W = (wy,---,wy). The distribution of S does not depend on the unknown pa-
rameters 3 and o, but it does depend on the region X, and W through C(W, X5).

Note that for the special case of k = 1, which corresponds to assessing whether
the coefficient of one particular covariate of the model (4.1) is equal to zero, S in
(4.8) is clearly equal to ||T2|| and so the critical constant c is given by the usual

t-value 1 /% and the confidence band is just the usual two-sided ¢ confidence in-
terval for one coefficient ;. Also, for the special case that the set C(W, X,) C R,
which is a polyhedral cone, contains the origin 0 as an inner point, S in (4.8) is
clearly equal to || T, || (by choosing a v e C(W,X,) to be in the same or opposite

directions of T>) and so the critical constant ¢ is given by  /kf*, as in confi-

dence band (4.5). That is, no improvement over the confidence band (4.5) can be
achieved by restricting the covariates X, to such a region &5. It is clear that the
set C(W, ;) contains the origin 0 as an inner point if and only if X, contains the
origin 0 as an inner point, that is, zero is an inner point of the interval [a;, b;] for
eachi=p—k+1,---,p.

In the general setting considered, the critical constant ¢ can be approximated
by simulation as before. To simulate one S, a pair of independent N, ~ N (0,1)
and 6/0 ~ \/x%/v are simulated first, and the value of S is then calculated from
(4.8). Repeat this to generate R replicates of S: Sy, -+, Sg, and then use the ((1 —
o)R)th largest S;’s as an approximation of the critical constant c.

The key in the simulation of each S is to evaluate the supreme in (4.8). Real-
izing that |[v'tp|/ || v || is the length of the projection of t, on v, it can be shown
that

S= maX{Hﬂ*(Tz,W,Xz)H, ||7'C*(—T2,W,X2)H}

similar to the result of Naiman (1987, Theorem 2.1) as given in Section 3.2.1.
Here * (ty, W, &,) is the projection of t, € R¥ to the polyhedral cone C(W, A3),
i.e., % (ty, W, A3) is the v € R* that solves the problem

min  ||v—ty°.
VEC(W,Xz)

Hence n*(t,, W, X>) can be solved from a quadratic programming problem in a
finite number of steps; see Appendix C for more details on this.

Similar to the test (4.4) implied by the confidence band (4.5) over the whole
space x, € R, a size « test of the hypotheses (4.3) is also induced by the confi-
dence band (4.7): it rejects Hy if and only if the zero hyper-plane x,0 is excluded
from the band at one x; € X) at least, that is,

%53

Hj is rejected & sup ————— > c. (4.10)

XX, 61/X5 VX

This test is an improvement to the partial F test (4.4) in the sense that the partial
F test may reject Hy because the zero hyper-plane x50 is excluded from the band
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(4.5) at some x; outside A, where the assumed model (4.1) is false and hence the
consequential inferences may be invalid.

The p-value of this new test (4.10) can be defined in the usual manner. Let ,6'2
and & be the respective estimates of (3, and ¢ based on the observed data, and so
the observed statistic is given by

X3
S* = sup 7| 20|

x€X, 61/X5 VX

= max {7 (W 'B,/6,W, )|, ||z (—W ' B3,/6,W, 25|} .
The observed p-value is then given by
P{max{[[7" (T2, W, X3) |, [ " (= T2, W, &) [|} > $*}

where T, ~ 7 ,, the standard multivariate ¢ distribution with parameters k and v.
This p-value can be approximated by simulation: simulate R replicates Sy, --,Sg
of the random variable

§ = max{||z* (T2, W, ) |, | 7*(=T2, W, X3) [ };

the proportion of the S;’s that are larger than S* is used as an approximation to the
p-value. An extensive numerical study of the power of test (4.10) is given in JJL
(2007).

Example 4.1 In this example we use the aerobic fitness data from the SAS/STAT
User’s Guide (1990, page 1443) to illustrate our methodology. In particular we
will show that at significance level @ = 5% the test (4.10) with bounds on the
covariates rejects the Hy in (4.3), whereas the partial F test (4.4) does not reject
the Hy. The data set is given in Table 4.1.

The aerobic fitness data set consists of measurements on men involved in a
physical fitness course at North Carolina State University. The variables mea-
sured are age (years), weight (kg), oxygen intake rate (ml per kg body weight per
minute), time to run 1.5 miles (minutes), heart rate while resting, heart rate while
running (same time oxygen rate measured), and maximum heart rate recorded
while running. In a regression analysis of the data, the effect of age, weight, time
to run 1.5 miles, heart rate while running and maximum heart rate on the oxygen
intake rate was of interest. The SAS output for fitting the corresponding model

0XY = fo+ P age+ B> weight+ B3 runtime+ P4 runpulse+ s maxpulse+é€
(4.11)

is given in Table 4.2.
The coefficients of weight (f3;) and maxpulse (f3s) are the two least signif-
icant parameters. If no restriction is imposed on the covariates, then the critical
value for the confidence band of 3, weight + 35 maxpulse with 95% confidence
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Table 4.1: Aerobic data from SAS/STAT User’s Guide (1990, page 1443)
Age Weight Oxygen RunTime RestPulse RunPulse MaxPulse

i

1 44 89.47  44.609 11.37 62 178 182
2 44 85.84  54.297 8.65 45 156 168
3 38 89.02  49.874 9.22 55 178 180
4 40 7598  45.681 11.95 70 176 180
5 44 81.42  39.442 13.08 63 174 176
6 44 73.03  50.541 10.13 45 168 168
7 45 66.45  44.754 11.12 51 176 176
8 54 83.12  51.855 10.33 50 166 170
9 51 69.63  40.836 10.95 57 168 172
10 48 91.63  46.774 10.25 48 162 164
11 57 73.37  39.407 12.63 58 174 176
12 52 76.32  45.441 9.63 48 164 166
13 51 67.25 45.118 11.08 48 172 172
14 51 73.71  45.790 10.47 59 186 188
15 49 7632  48.673 9.40 56 186 188
16 52 82.78  47.467 10.50 53 170 172
17 40 75.07  45.313 10.07 62 185 185
18 42 68.15  59.571 8.17 40 166 172
19 47 7745 44811 11.63 58 176 176
20 43 81.19  49.091 10.85 64 162 170
21 38 81.87  60.055 8.63 48 170 186
22 45 87.66  37.388 14.03 56 186 192
23 47 79.15  47.273 10.60 47 162 164
24 49 81.42  49.156 8.95 44 180 185
25 51 7791  46.672 10.00 48 162 168
26 49 73.37  50.388 10.08 67 168 168
27 54 79.38  46.080 11.17 62 156 165
28 50 70.87  54.625 8.92 48 146 155
29 54 91.63  39.203 12.88 44 168 172
30 57 59.08  50.545 9.93 49 148 155
31 48 61.24  47.920 11.50 52 170 176

level is ¢ = | /2992 = 2.602, with the upper and lower bands given by

—.0723 x weight + .3049 X maxpulse +2.6026 x (4.12)

\/V(L 1) x weight? +V(2,2) x maxpulse? +2 % V(1,2) x weight X maxpulse.

This band along with the zero plane are depicted in Figure 4.1. From Figure 4.1,
the band contains the zero plane, and so the corresponding partial F test (4.4) does
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Table 4.2: SAS output for Model (4.11)

Dependent Variable: Oxygen consumption

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Pr > F
Model 5 721.97309 144.39462 27.90 <.0001
Error 25 129.40845 5.17634
Corrected Total 30 851.38154
Root MSE 2.27516 R-Square 0.8480
Dependent Mean 47.37581 Adj R-Sq 0.8176
Coeff Var 4.80236

Parameter Estimates

Parameter Standard
Variable Label DF Estimate Error t Value Pr > |t]
Intercept Intercept 1 102.20428 11.97929 8.53 <.0001
age Age in years 1 -0.21962 0.09550 -2.30 0.0301
weight Weight in kg 1 -0.07230 0.05331 -1.36 0.1871
runtime Min. to run 1.5 miles 1 -2.68252 0.34099 -7.87 <.0001
runpulse Heart rate while running 1 -0.37340 0.11714 -3.19 0.0038
maxpulse Maximum heart rate 1 0.30491 0.13394 2.28 0.0316

not reject the null hypothesis Hy : B, = Bs = 0 against H, : not Hy. Obviously,
negative values for weight and maxpulse have no physical meaning, and there is
no reason to consider them in the analysis. In fact, the observed values for weight
are in the interval [59, 91.6] and those for maxpulse are in the interval [155,192].
Figure 4.2 shows the portion of Figure 4.1 restricted to this range of the observed
values. Clearly the zero plane sits between the lower and the upper parts of the
band without intersecting them.

Now we restrict the covariates to their reasonable range, and calculate the
confidence band for , weight + 5 maxpulse, using the simulation-based pro-
cedure outlined above. More specifically, we restricted the covariates weight and
maxpulse to their respective observed intervals mentioned above. The required
critical value with 95% confidence, using 100,000 simulations, is ¢ = 2.105. Thus
the lower and upper parts of the confidence band are the same as those in (4.12)
except that the critical value 2.602 is replaced by 2.105 and that the covariates
are restricted to their observed range. Figure 4.3 depicts this band along with the
zero plane. Interestingly, the lower part of the confidence band intersects the zero
plane at values of weight ranging from about 59 to 72, and values of maxpulse
ranging from about 157 to 192. So the restricted confidence band rejects the null
hypothesis Hy : B, = Bs = 0, whereas the partial F test (4.4) and equivalently the
unrestricted bands do not reject Hy at 5% level.

It is noteworthy that one may obtain the p-values corresponding to the partial
F test and the test induced by the restricted band. In fact, when k& > 3, plots of
confidence bands are not available even though we may plot 2-dimensional slices
of a band by fixing the values of certain covariates. The p-value provides a way
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Figure 4.1: Band (4.12) and the zero plane

to determine the result of the hypotheses tests. For this example, the p-value cor-
responding to the partial F test is 0.066 and that for the restricted band is 0.047.
These of course agree with our observations from the confidence bands plotted.

The restricted confidence band in Figure 4.3 provides a plausible range of
B> weight + fBs maxpulse over X>: any f3, weight + 35 maxpulse that falls
completely inside the band is a plausible candidate. The largest (vertical) distance
from this confidence band to the zero plane is calculated to be 107.6 (attained at
weight =59 and maxpulse = 192. Hence 3, weight + s maxpulse over A
can be as large as 107.6 and is unlikely to be negligible from the overall model
(4.11).

The largest (vertical) distance from the band (4.5) to the zero plane over X,
is calculated to be 120.1 (attained also at weight = 59 and maxpulse = 192),
which is even larger than 107.6 calculated from the restricted confidence band
(4.7), even though the F test does not reject the null hypothesis Hy : B, = 5 = 0.
All the computations in this example are done using the MATLAB® program
example0401.m.

The hyperbolic shape of the confidence band (4.7) implies that the band may
be unduely wide for those x; on the boundary of X). This is a disadvantage if one
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Figure 4.2: Part of the band and zero plane in Figure 4.1

hopes to show, by using the confidence band (4.7), that the model x’zﬁg is close to
the zero hyper-plane x50 over the region x, € &,. On the other hand, a constant
width confidence band has the same width throughout x; € A, and therefore may
be advantageous for showing that the model x} (3 is close to the zero hyper-plane
x50 over the region x; € X5.

A two-sided constant width confidence band over &} is given by

x53; € x’zf)'g +c¢6 forallx; € X, (4.13)

where the critical constant ¢ can be determined by using simulation as in Section
3.3 so that the simultaneous confidence level of the band is equal to 1 — . Instead
of pursuing this further, in the next section, a hypotheses testing approach is pro-
vided if one’s only interest is to show that x5 3, is sufficiently close to the zero
function over x; € &,. Note, however, that the simultaneous confidence band ap-
proach discussed above allows quite versatile inferences in addition to assessing
whether x5 3, is sufficiently close to zero over &,. For example, the plot in Figure
4.3 of the confidence band tells that 8, weight + 5 maxpulse is positive when
(weight,maxpulse) € A; is near the point (59, 192).
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4.3 Assessing equivalence to the zero function

As discussed above, whether the part x’zﬁg can be deleted from the overall model
(4.1) over a given region of interest X, € A} is better based on the magnitude of
x,3, over X, € &), rather than the non-rejection of the null hypothesis in (4.3).
Let us assume that 6 > 0 is a pre-specified threshold so that if |x}/3,| is strictly
less than 0 for all x, € A5 then x5 3, is deemed to be practically equivalent to zero
and hence can be deleted from the overall model (4.1) over x; € X5.

Since one hopes to demonstrate that X'Zﬁz over X, € X) is equivalent to zero,
one may use a hypotheses testing approach by setting up the hypotheses as

HE . max [xjB2| > 8 against HE: max [xjB:] < 8. (4.14)
Xy EX, Xo€X)

The equivalence of x5(3, to zero over X, € X} is claimed if and only if the null
hypothesis H(f is rejected. As a hypotheses test guarantees the size at @, it is
necessary to set up the null and alternative hypotheses as in (4.14) in order to
guarantee that the chance of falsely claiming equivalence is no more than o.
Equivalence problems started largely in the pharmaceutical industries for the
problem of assessing bio-equivalence of a new generic version and the primary
formulation of a drug, as discussed in Chow and Liu (1992) for example. In a re-
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cent book, Wellek (2003) demonstrated that equivalence problems can potentially
come from many scientific areas. The key in determining which setup should be
used in a given problem depends upon the purpose of the study. If one wishes
to establish a difference between x)3, and the zero function, then the traditional
setup such as (4.3) can be used. On the other hand, if one hopes to demonstrate the
equivalence of x(3, to the zero function by using a hypotheses testing approach,
then the hypotheses should be set up as in (4.14).

To judge whether maxy, c.x, |x53] is less than & or not, one possibility is to
use a confidence band over &) to bound the highest and the lowest values of X’zﬁg
over X and hence maxy,ex, |X332|. For example, if the hyperbolic confidence
band (4.7) is used then one may deduce that

5B < 582+ 64 /x4V 582 — 64 /x4Vxo| ¢ .
xrzneagéz |x582| < max {xrzneag)éz X503, 4 c64/X) x2|,xrznea2){(2 X583, — c64/X) x2|}
(4.15)

If and only if this upper bound is less than the threshold & then Hés is rejected
and equivalence is claimed. The size of this test is & since it is derived from the
1 — o level simultaneous confidence band (4.7). One may also construct an upper
confidence bound on maxy, ¢ x, [X53>|/0 by using the method of Liu, Hayter and
Wynn (2007). Tseng (2002) provided an upper confidence bound on |ut|/c for a
normal distribution N(u,c?).

Next we give a size ¢ test of the equivalence hypotheses in (4.14) which has
a greater chance than the test based on the upper bound in (4.15) in establishing
equivalence. This test is an intersection-union (IU) test which is reviewed very
briefly in Appendix D. An IU test is particularly suitable for testing equivalence
hypotheses as those in (4.14).

Now we construct an IU test for the hypotheses in (4.14). Note that the hy-
potheses can be expressed as

E E E—
Hy = Ux,ex, {HOXJ; UH,, }
and
Hy = Mxye {Haxy NHig, }
where the individual hypotheses are given by
Hg;:zr X508, > 6, H&; D X3 < -8
Hzﬁj : Xlzﬁz <9, H{g; : Xlzﬂz >—0

for each x, € &,. The individual hypotheses

Hil: X8> 8 <= Hyl: X6, <6

axp

can be tested with rejection region

X B + 186, /x4Vxy < 8.



112 ASSESSING PART OF A REGRESSION MODEL

The size of this individual test is & since, when HOEXJ; is true,

P{ rejection of HOEXJ;

= P{x)B+1%6,/x,Vxy < & }
= P{xB—x3Ba+1{6/X,Vxs < 8 — X33, }

< P{xBr X8 +186 [x5Vxr <0} (since 8~ x,8 < O under HE)

- p{ (X481 — X532) /(61 /%, Vxa) < 18 } —a

Similarly, the individual hypotheses

E— _
H0x2 : Xlzﬁzg -0 = Hg‘z : Xlzﬁ2> -0

can be tested with rejection region

XpB — 136 /x,Vxy > —8,

and the size of this individual test is . Hence an IU test of Hg against HE rejects
Hg if and only if

—0< x%i?gz{xéﬁz —1)64/x,Vx,} and szneaj(iz{x’z,ﬁz +1764/x5Vxo} < 0.
(4.16)
The only difference between this rejection region and the rejection region
based on the upper bound in (4.15) is that the critical constant c in (4.15) is based
on the two-sided simultaneous confidence band (4.7), while the critical constant
1 in (4.16) is based on the one-sided pointwise confidence band. Since ¢ > ¢,
whenever Hg is rejected by using the upper bound in (4.15) Hés is always rejected
by the IU test in (4.16), but not vise versa. So the IU test is more efficient than the
simultaneous confidence (4.7) for establishing equivalence in terms of testing the
hypotheses in (4.14).

Example 4.2 For the aerobic data set given in Example 4.1, one can easily com-
pute the 95% pointwise confidence band with £9:°5 = 1.708 to find that

min {x}3, —136/x,Vxy} =5.82 and max {x5B32 +1%6,/x,Vxp} = 97.51.
Xy EAX) Xy EXH

Hence H(‘)E is rejected and equivalence established by the size 5% IU test, based on
the observed data, if and only if the pre-specified threshold J is larger than 97.51.



Comparison of Two Regression
Models

One frequently encountered problem in scientific research is to assess whether
two regression models, which describe the relationship of a same response vari-
able Y on a same set of predict variables x1,---,x,, for two groups or two treat-
ments, etc., are the same or not. For example, the relationship between human
systolic blood pressure (¥') and age (x1) can be well described by a linear regres-
sion model for a certain range of age. Suppose that a linear regression model of Y
on x is set up for each of the two gender groups, male and female. It is interest-
ing to assess whether the two models are different and so two separate models are
necessary for the two gender groups, or the two models are similar and therefore
only one model is required to describe how blood pressure changes with age for
both gender groups.
In general, suppose the two linear regression models are given by

Yi=XiBi+e, i=12 (.1

where Y; = (Y 1,---,Y,)" is a vector of random observations, X; is ann; x (p+1)
full column-rank design matrix with the first column given by (1,---,1)" and the
Ith (2 <1< p+1)column givenby (x; 11, ,Xini—1)", Bi = (Bio, -, Bip) is
a vector of unknown regression coefficients, and e; = (e,~71 oo ,e,',nl.)' is a vector of
random errors with all the {e; j: j=1,---,n;,i = 1,2} being iid N(0, 0%) random
variables, where 62 is an unknown parameter. Here Y| and Y, are two groups
of observations on a response variable Y that depends on the same p covariates
X1,--+,Xp via the classical linear regression models. The two groups may be two
gender groups or two treatments, etc.

An important question is whether the two models in (5.1) are similar or dif-
ferent. If the two models are similar then only one model is necessary to describe
the relationship between the response variable Y and the p covariates xy,---,x,
for both groups. On the other hand, if the two models are different then one may
want to assess the differences between the two models.

113
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5.1 Partial F test approach

One frequently used approach to this problem of comparing two linear regression
models is to test the hypotheses

Hoy: B1 =32 against H,: B1 # [Ba. (5.2)

The partial F test (1.7) can be implemented in the following way. Define a dummy

predictor variable
_ { 1 if Y is from the model 1

0 if Y is from the model 2
and set up an overall model for the aggregated data from the two individual mod-
els as

Y =xX'¢;+zx'cs+e= (X, zx’)(?)—ke (5.3)
2
where x = (1,xy,---,x,)" as before, ¢; = 3, and ¢, = B — B». This overall model

implies the two original individual models in (5.1):
Y=X(c;+¢)+e=xB1+e
for a Y from the individual model 1, and
Y=xci+e=x'Br+e (5.4)

for a Y from the individual model 2. In terms of the overall model (5.3), the
hypotheses in (5.2) of the coincidence of the two individual models become

Hy:c;=031—08,=0 against H,:c; #0.
Under Hy, the overall model (5.3) is reduced to the model
Y =x¢c;te (5.5)

for the aggregated data. The hypotheses can therefore be tested by using the partial
F test (1.7): Hy is rejected if and only if

(SSg of model (5.3) — SSg of model (5.5)) /(p+ 1)
MS residual of model (5.3)

> friy (5.6)

where fl‘,"JrLv is the upper o point of an F distribution with p+ 1 and v =n; +

ny —2(p+ 1) degrees of freedom.
The alternative form (1.11) of the test (1.7) in this case is given by
(Bi=B)A (B -B2)/(p+1) _ 4

ject Hy if and only if 3.7
reject Ho 1hand oniy 1 MS residual of model (5.3) > Jpriy GD
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where ,@]1 = (XfX,')*IX;Y,' is the least squares estimator of 3; from the ith indi-
vidual model (i = 1,2), and A = (X} X;) ™! + (X},X;) 1. To see this, note that the
design matrix of the overall model (5.3) is given by

(X X (Y
X—<X2 0), and Y_(Y2>'

So direct manipulation shows that

X)X, X)X,
(x'x)"! :< (KXol XXy )
—(X5Xo) 7! (XXy) T (XEXp) ! )
. - X,X,) " 'X4Y B>
¢ =(X'X)"'XY= —(22 - ):<A A
&%) ((X;xo XY~ (X0x) ' X5Ys ) T\ - s

Xo3;

Furthermore, note that in this case the matrix A in test (1.11) is given by the
(p+1)x2(p+1) matrix (0,I,,) and the vector b in test (1.11) is given by the
zero-vector. So the numerator of the test statistic in (1.11) is given by

(Ae—b) (AX'X)'A) (A& —b)/r = (B1—B2)A (B —B2)/(p+1)

~ X N R
Y- Xe 2= Y- ( 1@1) = Y1~ XuB1 [P+ [ Yo Xaa |

as given in (5.7), and the denominator of the test statistic in (1.11), i.e., the mean
square residual of the model (5.3), is given by

62— | Y —Xe|? :||Y1—X1f31H2+||Y2—X252||2
n+n—2(p+1) ni+ny—2(p+1)
B m—p—1 [|Y X3 |? m-—p—1 [|[Y,-Xp53, |
 omAm=2(p+1) (m—-p—1)  m+m-2(p+1) (na—p—1)
n—p—1 ., m—p—1 5

O O-
n+n—2(p+1) ! n+n—2(p+1) 2

where 612 and 622 are the respective mean square residuals of the two individual
models in (5.1).

The inferences that can be drawn from the partial F test (5.6) or the equivalent
form (5.7) are that if Hj is rejected then the two regression models are deemed
to be different, and that if Hy is not rejected then there is not sufficient statistical
evidence to conclude that the two regression models are different. This latter case
is often falsely taken to mean the two regression models are the same. Regardless
whether Hy is rejected or not, however, no information on the magnitude of differ-
ence between the two models is provided directly by this approach of hypotheses
testing.
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Table 5.1: Data adapted from Kleinbaum et al. (1998, pages 49 and 192)

Obs Y X1 z  Obs Y X z  Obs Y X1 z
1 144 39 1 24 160 44 1 47 128 19 0
2 138 45 1 25 158 53 1 48 130 22 O
3 145 47 1 26 144 63 1 49 138 21 O
4 162 65 1 27 130 29 1 50 150 38 0
5 142 46 1 28 125 25 1 51 156 52 0
6 170 67 1 29 175 69 1 52 134 41 O
7 124 42 1 30 158 41 0 53 134 18 0
8 158 67 1 31 185 60 O 54 174 51 O
9 154 56 1 32 152 41 0 55 174 55 0
10 162 64 1 33 159 47 0 56 158 65 0
11 150 56 1 34 176 66 0 57 144 33 0
12 140 59 1 35 156 47 0 58 139 23 0
13 110 34 1 36 184 68 O 59 180 70 O
14 128 42 1 37 138 43 0 60 165 56 0
15 130 48 1 38 172 68 0 61 172 62 0
16 135 45 1 39 168 57 0 62 160 51 O
17 114 17 1 40 176 65 0 63 157 48 0
18 116 20 1 41 164 57 0 64 170 59 0
19 124 19 1 42 154 61 O 65 153 40 O
20 136 36 1 43 124 36 0 66 148 35 0O
21 142 50 1 44 142 44 0 67 140 33 0
22 120 39 1 45 144 50 O 68 132 26 O
23 120 21 1 46 1499 47 0 69 169 61 O

Example 5.1 The data set given in Table 5.1, adapted from Kleinbaum et al.
(1998), describes how systolic blood pressure (Y) changes with age (x;) for the
two gender groups, male (z = 0) and female (z = 1). The data points, circle for
female and plus sign for male, are plotted in Figure 5.1. It is clear from the plots
that a simple linear regression of Y on x| provides a sensible approximation to how
Y changes with x| for each of the two gender groups. The fitted straight lines are
calculated to be Y = 97.08 +0.95x; for female and Y = 110.04 4 0.96x, for male,
0.6144, —0.0121

—0.0121,  0.0003 >
and R? value is given by 0.776. The two fitted lines are also plotted in Figure 5.1.
The statistic of the partial F test in (5.6) or (5.7) is 19.114 and so the p-value of the
test is equal to 3 x 10~7. Hence it is very unlikely that the true regression line for
female coincides with that for male. But this is all we can say with the partial F
test; in particular, no information is provided by the partial F test on how different
these two regression lines are.

As another example, the data set in Table 5.2, also adapted from Kleinbaum e?

6 is equal to 8.95 with v = 65 degrees of freedom, A = (
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Figure 5.1: The two fitted regression lines and the data points

Table 5.2: Data adapted from Kleinbaum et al. (1998, page 356)

House Y 101 10*2 z House Y 104 10*2 z
1 84.0 7 10 1 16 88.5 7 11 0
2 93.0 7 22 1 17 40.6 5 5 0
3 83.1 7 15 1 18 81.6 7 8 1
4 85.2 7 12 1 19 86.7 7 9 1
5 85.2 7 8 1 20 89.7 7 12 0
6 85.2 7 12 1 21 86.7 7 9 1
7 85.2 7 8 1 22 89.7 7 12 0
8 63.3 6 2 1 23 75.9 6 6 1
9 84.3 7 11 1 24 78.9 6 11 1
10 84.3 7 11 1 25 87.9 7 15 1
11 77.4 7 5 1 26 91.0 7 8 1
12 92.4 7 18 0 27 92.0 8 13 1
13 92.4 7 18 0 28 87.9 7 15 1
14 61.5 5 8 0 29 90.9 7 8 1
15 88.5 7 11 0 30 91.9 8 13 1

al. (1998), indicates how the sale price of a residential house (Y)) changes with x
and x; for either an in-town house (z = 0) or a suburb house (z = 1). In the table
10" is the number of bedrooms in the house and 10”2 is the age (in years) of the
house. In Kleinbaum et al. (1998), regression of ¥ is on 10*! and 10*2. Here we
consider the regression of Y on x; and x, which results in better fit to the data.
The two fitted regression planes are given by ¥ = —105.00+ 175.56x; +41.62x;
for an in-town house and ¥ = —18.70 4 102.95x; 4+ 17.04x, for a suburb house,
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6 is equal to 3.526 with v =24 d.f,,

69.918, —101.003, 13.252
A= | —101.003, 167.788, —35.676 |,
13.252,  —35.676, 15.188

and the R?-value of the fit is given by 0.916. The two fitted regression planes are
plotted in Figure 5.2 over the observed covariate region which is indicated in the
Y =0 plane. The statistic of the partial F test in (5.6) or (5.7) is 6.550 and so the
p-value of the test is equal to 0.00216. Hence it is unlikely that the true regression
plane for an in-town house coincides with that for a suburb house. Again this is
all we can say with the partial F test. All the computations in this example are
done using MATLAB® program example0501.m.
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Figure 5.2: The two fitted regression planes and the zero plane

5.2 Hyperbolic bands over the whole space

To assess the magnitude of difference between the two models, it is natural to use
a simultaneous confidence band to bound the difference between the two models

X' By —x'B1=(1,x1,--,xp) B2 — (1,x1,--+,xp) 31



HYPERBOLIC BANDS OVER THE WHOLE SPACE 119

over a covariate region of interest.

Let 3 =3, — B and B8 = 3, — B1. Then it is clear that 3 ~ Npt1(B,0°A)
where A= (X|X) !+ (X5X5) !, 6 /0 ~ \/x2/v where v=n| +n,—2(p+1),
and 3 and 6 are independent random variables. Applying Theorem 3.1 we have
the following exact 1 — ¢ simultaneous confidence band for x’3, — x’ 31 over the
whole covariate space

X'B,—xBexBh—xB+,/(p+1) Ty OVXAX VX €RP. (5.8)

Confidence band (5.8) quantifies the magnitude of differences between the
two regression models at all the points X o) € RP. In particular, if Hy : B; = B>
is true, that is, the two models are the same, then the difference between the two
models is the zero hyper-plane x’0 which is included inside the confidence band
(5.8) with probability 1 — o. So a size « test of the hypotheses in (5.2) by using
the confidence band (5.8) is to reject Hy

if and only if x'0 is outside the band (5.8) for at least one x(g) € R”. (5.9

Similar to Theorem 3.2, one can easily show that this size o test is just the partial
F test (5.6) or (5.7), that is, the two tests (5.9) and (5.6) always reject and accept
Hj at the same time.

So, as long as the confidence band (5.8) contains the zero hyper-plane the null
hypothesis Hy will not be rejected. On the one hand, this is not surprising since
the inclusion of the zero hyper-plane in the confidence band (5.8) implies that
the difference between the two regression models is possibly zero and so Hy is
true. On the other hand, any x’dg included in the band (5.8) is possibly the true
difference between the two regression models which can be very different from
the zero hyper-plane if the band (5.8) is wide. So the non-rejection of Hy from the
partial F test (5.6) cannot be taken as Hy being true. The confidence band (5.8)
provides the extra information on the magnitude of the difference between the
two models. If the difference between the two models from the confidence band
is small then one may draw the inference that the two models are nearly the same,
even if Hy is rejected by the test. This inference is not available from the partial
F test, however, for the reasons given above, even if Hy is not rejected. So the
confidence band is more informative than the partial F test.

Confidence band (5.8) is two-sided and so suitable for two-sided comparison
of the two regression models. If one is only interested in assessing whether one
regression model has a mean response lower than the other regression model,
such as whether the females tend to have lower blood pressure than the same-age
males, one-sided confidence bands are more pertinent. Following directly from
the band (3.5) and Theorem 3.3, an exact 1 — & level lower confidence band is
given by

X' By —xX'B) >x'3 —X'B) — c6Vx'Ax V x(0) € W, (5.10)
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where the critical constant c is the solution to the equation

1 1
SFpean( @ (p+ 1)+ 3 Fr(/p) =1 -t

While the two-sided confidence band (5.8) induces the partial F test (5.6), the
one-sided confidence band (5.10) induces a test for testing

Hy:X'By = x'B1 Vx(g) € R’ <= H, : X' B2 > X3, for at least one x(g) € R”;
the test rejects Hy if and only if

x'B, —x'B) — c6Vx'Ax > 0 for at least one Xy €R? (5.11)

a2
< S:= sup M >c. (5.12)
Y x/Ax

To see that the size of this test is exactly ¢, note from the band (5.10) that, when
H, is true (i.e. 31 = 3»), we have

l-o = P{0>X[B—X[B —c6Vx'Ax VX € NP }
= 1-P{x'B,— X3 —c6Vx'Ax >0 for at least one x() €N’ }
= 1—P{ Reject Hy by the testin (5.11) }.

Although this test is easy to implement via (5.11) when p is equal to 1 or 2 by
plotting the confidence band, it is best implemented for a general p via its p-value
using the test statistic in (5.12) in the following way. First, from the observed data,
one calculates the observed value of the test statistic S, denoted as S*, from the
expression in (5.12); see Section 5.4.2 below for details on how to calculate S*.
Then one calculates the p-value from

PS>} = 1= 2 Fypur 8/ (0 1)~ 5Fon(S/p).

The null hypothesis Hy is rejected at significant level « if and only if the p-value
is less than .

Example 5.2 For the blood pressure data set in Example 5.1, the critical values ¢
are given by 2.505 for the two-sided band (5.8) and 2.315 for the one-sided band
(5.10) respectively, and the confidence bands are plotted in Figure 5.3. As the two-
sided confidence band, given by the two outer curves, does not contain the zero
line completely, the two regression lines for female and male do not coincide, i.e.,
H is rejected. This agrees with the observed very small p-value 3 x 10~/ of the
partial F-test. One can make more inferences from this confidence band however.
For example, one can infer that females tend to have lower blood pressure than
males for the age range [13, 81] and one can also get some information on the
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Figure 5.3: The two-sided and one-sided confidence bands for x' By —x' Br

magnitude of mean blood pressure difference between females and males at any
specific age. If one is interested only in assessing whether males tend to have
higher blood pressure than females then the one-sided confidence band should be
the focus of attention. From the one-sided band, one can infer that males tend to
have higher blood pressure than females for the age range [10,85]. The p-value of
the one-sided test (5.12) in this example is given by 1.7 x 10~7 which is smaller
than the p-value of the two-sided partial F test as expected.

For the house sale price data set, the two-sided and one-sided confidence
bands are plotted in Figure 5.4 with the critical constants given by 3.004 and
2.840 respectively. Because the two critical values are quite close to each other,
the lower part of the two-sided band almost overlaps with the lower confidence
band in the plot. From the plots, it is clear that a suburb area is more expensive
than an in-town area for smaller (fewer bedrooms) and newer houses, and the
opposite is true for bigger and older houses. The p-value of the two-sided par-
tial F test is 0.00216 while the p-value of the one-sided test is 0.00146. All the
computations in this example are done using MATLAB program example0502.m.

5.3 Confidence bands over a rectangular region

Often we are interested in the difference between the two regression models only
over a restricted region of the covariates. Furthermore the regression models rarely
hold over the whole space of the covariates. So a confidence band over the whole
space of covariates is likely to be neither efficient if only the differences over
a restricted region are of interest, nor appropriate if the models hold only over
certain restricted region. A confidence band for the difference between the models
over a restricted region is therefore useful. In this section we consider hyperbolic
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Figure 5.4: The two-sided and one-sided confidence bands for x' 3s —x' 3y

and constant-width simultaneous confidence bands for x'3, — x’(3; over a given
rectangular region of the covariates of the form

X={(x1,-.xp) s ai <xi < bji=1,---,p}, (5.13)

where —oo < a; < b; < 00,i=1,---, p are given constants.

Simulation methods are used to find the critical values and observed p-values,
which work for a general p > 1. Note, however, for the special case of p = 1, one
can use the methods provided in Chapter 2 to compute the critical values ¢ and
observed p-values exactly by using one-dimensional numerical integration. This
section is based on the work of Liu et al. (2007a).

5.3.1 Two-sided hyperbolic band

A two-sided hyperbolic simultaneous confidence band for x’3, — x’(3; over the
covariate region X, in (5.13) has the form

X3, —x'B1 ex'Br—x'B1 £ c6VXAX ¥ X(0) € X, (5.14)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .

Let P be the unique square root matrix of A = (X}X;)~! + (X;X»)~!, and
define T = P~'(3, — B2 — B1 + B1)/6 which has Tp+1,v distribution. It follows
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from similar lines as in Section 3.2.1 that the simultaneous confidence level of the
band (5.14) is given by P{S < ¢} where

X' (B2~ B2 — B+ B1)]

S = sup k
X(0)EXr VX' Ax
_ o LB (PTNB BB+ B)/6)]
X(0) EXr (Px)'(Px)
|(Px)"T|

= sup ——21. (5.15)
o, TPx|

Hence the critical constant ¢ can be calculated by using simulation as in Section
3.2.1. The only difference is that the matrix P here is the square root matrix of A
while the matrix P in Section 3.2.1 is the square root matrix of (X'X)~!.

Over the covariate region &, of interest, confidence band (5.14) is narrower
and so provides more accurate information on the magnitude of difference be-
tween the two regression models than does confidence band (5.8).

Confidence band (5.14) can also be used to test the hypotheses in (5.2):

PP
reject Hy <= sup M >c (5.16)
xp X  OVXAX

<= x'0is outside the band (5.14) for at least one X(0) € &

It is clear that the size of this test is equal to ¢ if the simultaneous confidence level
of the band (5.14) is equal to 1 — o. It is also noteworthy that this test requires
only that the two regression models hold over the region &,. On the other hand,
the partial F test (5.6) requires that the two regression models hold over the whole
covariate space ¥ since its rejection of Hy may be due to the exclusion of the zero
plane from the band (5.8) at any xg) € R”.

The p-value of the test (5.16) can be calculated in the following way. Let 3,
3> and & be the estimates of 3, 3, and o respectively calculated based on the
observed data, and so the observed value of the test statistic in (5.16) is given by

- - Px)'T*
oy XGB L e0T
X(O)GXr () X/AX X(())eXr HPXH

where T* = P~!(3, — 3)/6. The quadratic-programming method discussed in
Section 3.2.1 can be used to compute S*. The observed p-value is then given by

P{S>S*}:P{ sup M>S*}

X(O)G-Xr ||PXH

where T ~ 7,,1y. This p-value can be approximated by simulation: simulate
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a large number of independent replicates of the random variable S and use the
proportion of the replicates that are larger than S* as an approximation to the
p-value.

5.3.2  One-sided hyperbolic band

For one-sided inferences, one requires one-sided confidence bands. A lower hy-
perbolic confidence band for x’(3; — x'31 over the covariate region X, is given
by

X3, —x'B1 >x B —xX B —c6Vx'Ax V X(0) € Xr (5.17)

where the critical constant ¢ is chosen so that the simultaneous confidence level
of this band is equal to 1 — .

Let P and T be as defined in Section 5.3.1. Then the simultaneous confidence
level of the band (5.17) is given by P{S < ¢} where

§_ X(Bo—Bo—Bi+B1) (Px)'T
= sup . = sup .
X(0) cXy 6VX'AX X(0) eXxy HPX”

Hence the critical constant ¢ > 0 can be calculated by using simulation as in
Section 3.2.2; again the only difference is that the matrix P here is the square
root matrix of A while the matrix P in Section 3.2.2 is the square root matrix of
(X'X)~1,

From the lower confidence band (5.17), one can infer whether the mean re-
sponse of model 2, x’3,, is greater than the mean response of model 1, x’3;, in
only some parts or over the whole region of x(g) € &,. Over the covariate region
X, of interest, the lower confidence band (5.17) is higher and so provides more
accurate one-sided inference on the magnitude of difference between the two re-
gression models than the lower part of the two-sided confidence band (5.14) and
the lower confidence band (5.10).

The lower confidence band (5.17) can also be used to test the hypotheses

Hy :X'8y =X'B1 Vx(g) € X; <= H, : X', > X' for at least one xg) €

(5.18)
the test rejects Hy if and only if
x'B, —x'31 — c6VX'Ax > 0 for at least one X(0) € Xr
.
< sup X(B:—B) > c. (5.19)

X(O) cXx, 6 X/AX

It is again straightforward to show that the size of this test is equal to « if the
simultaneous confidence level of the band (5.17) is equal to 1 — o. It is noteworthy
that the null hypothesis Hy in (5.18) is just Hy : 3, = 3.

The p-value of the test (5.19) can be calculated in the following way. Let Bi,
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,@2 and 6 be the estimates of 31, 3, and o, respectively, based on the observed
data, and so the observed value of the test statistic in (5.19) is given by
x' (3, — 3 Px)'T*
S*= sup 7@2 By = sup (Px)
X(o)GXr 6Vx'Ax X(O)GXr ||PXH

where T* =P~ (3, — B)/6.
It is pointed out in Section 3.2.2 that $* may not be equal to ||z(T*,P, X, )]|.
In fact it can be shown that

g _ { | (T, P, &) if |7 (T*, P, &)

>
anon — positive number if ||z(T*,P, ;)| =

>0
|| =0.
When ||z(T*,P,X;)|| > 0, S* can therefore be computed using the quadratic-
programming method discussed in Section 3.2.1. When ||z (T*,P, &,)|| = 0, how-
ever, no method is available for computing S* for a general p > 1 (though methods
can be developed for the special case of p = 1 by using the results of Chapter 2).

On the other hand it can be shown that, when ||z (T*,P, X,)|| = 0, the observed
p-value P{S > S*} is at least 0.5 since $* < 0. When || z(T*,P, X;)|| > 0, we have
S§* > 0 and so the p-value is given by

PS> 5} =1-P(S <57} = 1 - P{|a(T.P,,)] <5

from the discussion in Section 3.2.2. This p-value can therefore be computed by
using simulation as in the two-sided case.

Example 5.3 For the blood pressure example, if one is interested in confidence
bands over the observed range 17 < x| = age < 70 then the two-sided confidence
band (5.14) uses critical value ¢ = 2.485 (s.e. 0.0060) and the one-sided band
(5.17) uses critical constant ¢ = 2.1904 (s.e. 0.0062) for & = 0.05. These criti-
cal constants are smaller than the corresponding critical constants for the confi-
dence bands over the whole covariate space given in the last example as expected.
Hence the restricted two-sided band (5.14) is narrower than the unrestricted two-
sided confidence band (5.8) and the one-sided restricted confidence band (5.17) is
higher than the un-restricted one-sided confidence band (5.11) over the observed
range of ‘age’. In particular, from both the two-sided and one-sided confidence
bands, one can conclude that males tend to have significantly higher blood pres-
sure than females 17 < age < 70. The p-values of the two-sided test (5.16) and
one-sided test (5.19) are both given by 0.00000.

For the house sale price example, the critical constants of the two-sided band
(5.14) and one-sided band (5.17) over the observed range 5 < 10" < 8 (i.e.,
0.699 < x; £0.903) and 2 < 102 <22 (i.e. 0.301 < xp < 1.342) are given by
2.978 (s.e. 0.0068) and 2.706 (s.e. 0.0070) respectively. The p-values of the cor-
responding tests (5.16) and (5.19) are given by 0.0051 and 0.0034 respectively.
All the computations in this example are done using MATLAB program exam-
ple0503.m.
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5.3.3 Two-sided constant width band

In addition to the hyperbolic confidence bands above, one may also construct
constant width confidence bands. A two-sided constant width simultaneous con-
fidence band over the covariate region & is given by

X'Br—x'Brex'Br—xpB1tc6 Y X(0) € Xr (5.20)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — a. This two-sided constant width band for the special case
of p = 1 and over a particular covariate interval was considered by Aitkin (1973)
and Hayter et al. (2007).

For a general p > 1, we use simulation to approximate the value of ¢ as before.
Note that ¢ satisfies P{S < ¢} = 1 — a where

A a7
S= sup X(5 ﬁZA Pt Bl = sup [X'T| (5.21)
X(O)GXr o X(O)GXr

where T = (ﬁz —B— B+ B1)/6 has the multivariate 7 distribution 7,11 ,(0,A).
So the critical constant ¢ can be approximated by simulation as in Section 3.3.1.

This constant width confidence band can also be used to test the hypotheses
in (5.2):

reject Hy <= x'01is outside the band (5.20) for at least one X o) € X,

ya s
= sp MBI

5.22
x<0)€Xr o ( )

The size of this test is equal to « if the confidence level of the band (5.20) is equal
to 1 — a. Similar to the test (5.16), this test requires only that the two regression
models hold over the region X.

The p-value of this test can be approximated by simulation as before. Let B,
,fi'z and 6 be the estimates of 31, 3, and o, respectively, based on the observed
data, and so the observed statistic of the test (5.22) is

(B~ Bl

X(O) cXx, o

St =

The observed p-value is then given by

P{ sup [X'T|>S*
X(O)GXr

where T is a 7,41,y(0,A) random vector. This p-value can therefore be approxi-
mated by simulation as before: simulate a large number of independent replicates
of the random variable SUPy e, |x"T|; use the proportion of the replicates that

are larger than S* as an approximation to the p-value.
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Figure 5.5: Two-sided hyperbolic and constant width bands for blood pressure example

Example 5.4 For the blood pressure example, the critical value ¢ of the two-
sided constant width band (5.20) over the observed range of 17 < x; = age <70
is given by 1.1315 (s.e. 0.00288). The p-value of the two-sided test (5.22) is given
by 0.0058. The constant width band (5.20) and the corresponding hyperbolic band
(5.14) are plotted in Figure 5.5. It is clear from the plots that the hyperbolic band
tends to be narrower near the mean of the observed x;-values but wider near the
two ends of the observed x-values than the constant width band.

For the house sale price example, the critical value c of the two-sided constant
width band (5.20) over the observed range of x| and x; is given by 7.8646 (s.e.
0.02543). The p-value of the two-sided test (5.22) is given by 0.04691. The con-
stant width band (5.20) and the corresponding hyperbolic band (5.14) are plotted
in Figure 5.6. It can be seen from the figure that the constant width band only just
crosses the zero plane near 10" =5 and 10™ = 2. This agrees with the observed
p-value 0.04691 which is very close to ov = 0.05.

5.3.4 One-sided constant width band

A lower constant width simultaneous confidence band over the covariate region
X} is given by

XI,E)'Z — X/ﬂl > XI,Z:)'Z — X/[:)'l —c6 VvV X(0) e X, (5.23)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .

We again use simulation to approximate the value of ¢ for a general p > 1 by
noting that ¢ satisfies P{S < ¢} = 1 — o0 where

Iy _ _ A
X(O)GXr 9 X(O)GXr
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Figure 5.6: Two-sided hyperbolic and constant width bands for house sale price example

and T is defined in the last subsection.
This constant width confidence band can be used to test the hypotheses in
(5.18):
reject Hy <— x'B, —x'31 — ¢6 > 0 for at least one X(0) € &r
a7
e s XB=B) (5.25)
X(0) €Xr o

The size of this test is equal to « if the confidence level of the band (5.23) is equal
tol—a.

To calculate the p-value of this test, let 31, B, and & be the estimates of 3,
3> and o, respectively, based on the observed data. So the observed statistic of

the test (5.25) is
/ J—
S*= sup X\ Py (ﬁzA ﬂl).
X(0) €7 ©

The observed p-value is then given by

P{ sup x'T>S*
Xo) €4

where T is a 7,1 v(0,A) random vector. This p-value can therefore be approxi-
mated by simulation as before.
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Figure 5.7: One-sided hyperbolic and constant width bands for blood pressure example

Example 5.5 For the blood pressure example, the critical value ¢ of the one-
sided constant width band (5.23) over the observed range of 17 < x; = age <
70 is given by 0.9957 (s.e. 0.00306). The p-value of the one-sided test (5.25) is
given by 0.0032. The constant width band (5.23) and the corresponding one-sided
hyperbolic band (5.17) are plotted in Figure 5.7. It is clear from the plots that the
hyperbolic band tends to be higher near the mean of the observed x;-values but
lower near the two ends of the observed x;-values than the constant width band.

For the house sale price example, the critical value c of the one-sided constant
width band (5.23) over the observed range of x; and x; is given by 6.7913 (s.e.
0.0238). The p-value of the one-sided test (5.25) is given by 0.02572. The constant
width band (5.23) and the corresponding one-sided hyperbolic band (5.17) are
plotted in Figure 5.8. It can be seen from the figure that the two bands cross over
each other over certain parts of the covariate region and so no one dominates the
other.

5.4 Confidence bands over an ellipsoidal region

In this section we consider simultaneous confidence bands over an ellipsoidal
region of the covariates. These confidence bands can be constructed to have ex-
act 1 — o confidence level by using one dimensional numerical integration as in
Chapter 3. We focus on the case of p > 2 since for p = 1 the problem becomes
the construction of confidence bands over an interval of the only covariate, which
is covered by the methods provided in the last section.

First, let us define the ellipsoidal region of the covariates. Following the nota-
tion of Section 3.4, let X;() be the n; X p matrix produced from the design matrix
X; by deleting the first column of 1’s from X;, and X;(g) = (¥;.1,---,%.p)" where
Xi.j = %Z?;l x;;; is the mean of the observations from the i-th model (or group)
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Figure 5.8: One-sided hyperbolic and constant width bands for house sale price example

on the jth predictor variable (1 < j < p, i = 1,2). Define p X p matrix

Vi= nl (X0~ 1% (0>) (X0~ 1550)) = . (X oo ~n%i0%0)

1

where 1 is the n;-vector of 1’s (i = 1,2), define number

— 1 1 =/ Vl_l S </ V2_1 e Vl_l % —Vz_l
© = p” +— " +Xi(0 )n—lxl(o) +x2(0)n—2X2(0) - X1(0)”—1 X0 no
LT AN \
« (L + L) <_X1(0) + —x2(0)> (5.26)
ni np n 2
and define p-vector
vil ovil\ vy A5
¢= <L+L> (—X1(0)+—X2(O)> (3.27)
ny ny ni np

Note that k and ¢ depend on X; and X only. Now the ellipsoidal region is defined
as

—1 —1
vy,

X, = {X(O) : (X(O) —C)/ (n—ll + I’l—2> (X(o) - C) < a2K} (5.28)
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where a > 0 is a given constant. It is clear that this region is centered at ¢ and has
an ellipsoidal shape. The value of a determines the size of A.

Figure 5.9 gives several examples of &, corresponding to various values of
a for the house sale prices example in which p = 2. The center of all these &,
is denoted by the star. Note in particular that the centers of the two ellipsoidal
regions corresponding to the two individual groups, in-town and suburb houses,
defined in (3.17) of Chapter 3, are denoted by the two ‘+’ signs, and the star
is not on the straight-line segment that connects the two ‘+’ signs. The smaller
rectangle in the figure depicts the observed region of the covariates.

161 :
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Figure 5.9: Several examples of X. for the house sale price example

Note that
X'Ax = (x0) — ¢) (Vl_l/nl +V2_1/n2) (x0)—¢) +x.
Hence k¥ = (1,¢’)A(1,¢')’ > 0 and
X, ={x(): XAx < (a>+1)k}. (5.29)

Next we define some new p-vector w(g) which has a one-to-one correspon-
dence with x(g) and then express X, in terms of w(q. Let z* = (5, ---,2,)’ be the
first column of A~!, that is, z* = A~ 'e; where (p+ 1)-vector e; has the first ele-
ment equal to one and the other elements equal to zero. Note that z; > 0 since A
is positive definite. Furthermore, it can be shown that kzj = 1, which is required
below. Define z = z*/ \/z_g . Then it is clear that z’Az = 1.
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Let Q be the square root matrix of A. Let {Vy,---,V,} be an orthonormal
basis of the null space of Qz; i.e., the (p+1) x p-matrix V= (Vy,---,V,) satisfies
V'V=I, and V'(Qz) =0.
Define (p+ 1) x p-matrix Z = Q~!'V. Then it is clear that
(z,Z)'A(2,Z) =1,,. (5.30)

Define N = (z,Z)'A~'(82 — B, — B1 + B1)/0. It follows directly from
(5.30) that N ~ N,,11(0,T) and so T=N/(6/0) ~ Tpi1,v.

Now define

w = (wo,wi, -, wp) = (z,Z)'Ax. (5.31)

Then wy =2'Ax =1/ \/% from the definition of z. From (5.31), it is clear that
there is a one-to-one correspondence between w () = (wi,---,wp)" and X(0) =
(x1,-++,xp)". Furthermore, when x(g) varies over &, given by (5.29), the corre-
sponding w(q) forms the set

W, = {w(o) s lwl <4/ x(1 +a2)} (5.32)

due to (5.30).

Throughout Section 5.4, 8* = arccos(1/v/1+a?) and T* = (z,Z) ' A~ (B, —
B1)/6 = (TO*,T?O)’)’ . The preparation is now complete for the construction of
confidence bands over X,.

5.4.1 Two-sided hyperbolic band

A two-sided hyperbolic simultaneous confidence band for x’3, — x’(3; over the
covariate region &, in (5.28) or the equivalent (5.29) has the form

X B —XB1 €X' By —x'B1 £ c6VXAX VX € Ao, (5.33)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .
The simultaneous confidence level of this band is given by P{S < ¢} where

X' (B2 — B2 — B1+ )|

S =
x(;uepxg 6V x'Ax
O SUPyex, [((2,2)Ax) ((2,2)"'A (B2 — B2 — B+ 81)/6) |
V((2.2)8%) ((2.2) Ax)
(W'T|
= 5.34
woowe W] o
= ap T (535)

veve [Vl
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where the second equality above follows directly from (5.30), W, is given in
(5.32), and

Y, = (Vo +,vp): u>0,W(0)EWe}

{v=
{ |v||<vm/r<<1+a2>/wO}
{v: IVl <wov/T+a /i)

{v: vl §v0\/1+a2} (5.36)

by noting that wo = 1/,/z§ and kzj = 1.

From the expression of S in (5.35) and the expression of V, in (5.36), the re-
sults of Section 3.4.1 can be used to provide an expression for P{S < c}. Specifi-
cally, it follows from (3.28) and (3.34) that

2
P{S<c}= / 2ksin”~' 046 - Fp+1v< 11>

2

n/2—0* |
2ksin”” (6 + 6* ——
* /o sin”(6+67)- er1V<(p+l)c0529

) de (5.37)

where 0* = arccos(1/v1+a?).
The confidence band (5.33) can also be used to test the hypotheses in (5.2):
X' (82— B)]

reject Hy <= sup ————=—>¢ (5.38)
X(0)€X6 () X/AX

<= x0is outside the band (5.33) for at least one X(g) € X,.

It is clear that the size of this test is equal to ¢ if the simultaneous confidence level
of the band (5.33) is equal to 1 — «. It is also noteworthy that this test requires
only that the two regression models hold over the region &.

The p-value of the test (5.38) can be calculated in the following way. Let Bi,
B3, and 6 be the estimates of 31, 3, and o respectively calculated based on the
observed data, and so the observed value of the test statistic in (5.38) is given by

X' (81— Bo)|

§* = sup ~
xg€Xe O x/Ax
wp YT
= u _—
vev. IVl
7| if|T5] > LT |
= |75 | +all Tjy | (5.39)

otherwise

V1442
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where T* = (2,Z)"'A~1 (3, - B1)/6 = (T, T(,))’ from the derivation of (5.35),
and the expressions in (5.39) follow from Lemma 3.5. The observed p-value is

then given by
P{§>8"1=1-P{S<S"}

where the probability P {S < $*} can be computed by using expression (5.37) but
with ¢ replaced with S*. For the special case of a = oo, the test (5.38) is just the
partial F test (5.6) or (5.7).

5.4.2  One-sided hyperbolic band

A lower hyperbolic simultaneous confidence band for x’3, — x’(3; over the co-
variate region X, in (5.28) has the form

XﬁQ—X61>XﬁQ—X51—CG\/ x'Ax VX EXK, (5.40)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — &

A similar argument as in the two-sided case of the last section shows that the
simultaneous confidence level of this band is given by P{S < ¢} where

S = sup X (B~ B~ Bi+61)
X(0) € Xe 6Vx'Ax
v'T
sup

vev. IVl

(5.41)

where T and V, are the same as in the last section.
From the expressions (3.26) and (3.42), the confidence level P{S < c}, assum-
ing ¢ > 0, is given by

2
1 C
P{S<C} / kSal (9+9 ) ]]+1V (m) dG

E 0*

+/ ksin?~' 040 Fyo1y (2 (p+1) +/  ksin”' 046.(5.42)

The confidence band (5.40) can also be used to test the hypotheses in (5.18):

ya A
reject Hy <= sup M>c (5.43)
xp€Xe OVX'Ax

<= X0 is outside the band (5.40) for at least one xg) € X,.
It is clear that the size of this test is equal to « if the simultaneous confidence

level of the band (5.40) is equal to 1 — A
The p-value of the test (5.43) can be calculated in the following way. Let 31,
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,@2 and 6 be the estimates of 31, 3, and o, respectively, and so the observed value
of the test statistic in (5.43) is given by

S* = sup

v/T*

= sup —-

veve [Vl
I Ty = LTy

= Ty +a|| Ty | (5.44)

otherwise
1442

where the espressions in (5.44) follow from Lemma 3.8.
The observed p-value is then given by

P{S>5*}=1-P{S<S*}.

When S$* > 0, the probability P{S < §*} can be computed by using expression
(5.42) but with ¢ replaced with S*. However, when ¢ < 0, expression (5.42) is
no longer valid since all the derivations in Section 3.4.2 assume ¢ > 0. Next we
derive an expression for P{S < §*} for §* < 0. It follows from (5.41) and Lemma
3.8 that

T
P{S<S*}:P{ sup o SS*}
veve [Vl

To +al|T(g)l|

= P{TeV,, |T|<S*}+P<T¢YV,,
(rev, T <5y +p{Tgv., 2L

< S*}. (5.45)

Now the first probability in (5.45) is clearly equal to zero since S* < 0, and the
second probability in (5.45) is equal to

To+a|lT
htalTol S*} (5.46)

V1+a2

+ P{(—)Tl e [0 +m/2,m), T+ 4Tl <s*}. (5.47)
Vi+a?2 —

P{GTl €(6",0"+m/2),

The probability in (5.46) is equal to

R R si
P{GTI c (9*,6*+7T/2), TCOSGTII':_Q 2TSlneTl <S*}
a

= P{6r €(6%,6" +7/2), Rrcos(br; —6") < 5"}
= 0

since $* < 0 and cos(6y; — 0*) > 0 for 61 € (0*,0* + 7/2). The probability in
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(5.47) is equal to

P{6r € [6* +7/2,7], Rrcos(6r; — 0*) < S*}

" TT S*
= ksin”le-P{R >7}d6
/9*+n/2 = cos(6 — 6*)

.7[—6* » 1 S*Z
= ksin~ ' (6+0%) [ 1-F, _— do (5.48
/”/2 sin” = (0 +6%) FERRY (p+ 1)cos 0 (5.48)

by using the density of Oy in (3.30) and the cdf of Rt in (3.31). Expression (5.48)
is used for computing P{S < $*} when S* < 0.

For the special case of a = 400 (and so 6* = 1/2), the confidence band (5.40)
becomes the lower hyperbolic band over the whole covariate space in (5.10). From
(5.44), the observed statistic is given by

T Ty >0
S* - * . *
[Tl if Ty <0

which is always non-negative. So expression (5.42) can be used to compute the
p-value, and this results in the p-value formula given in Section 5.2.

Example 5.6 For the house sale price example, if we are interested in the com-
parison of sale price between the in-town and suburb houses over the covariate
region X, with a = 4.0, which is depicted in Figure 5.9, then one-sided and two-
sided confidence bands can be constructed for this purpose. For o« = 0.05, the
critical values are given by 2.997 and 2.755 for the two-sided band (5.33) and
one-sided band (5.40), respectively. The p-values are given by 0.0024 and 0.0022
respectively for the two-sided test (5.38) and the one-sided test (5.43). All the
computations in this example are done using MATLAB program example0506.m.

5.4.3 Two-sided constant width band

Let a two-sided constant width simultaneous confidence band for x’' 3, — x' 3,
over the covariate region X, in (5.28) be of the form

X3y —X'B1 €X' By —xX'B1 £c6/Kk(1+a?) V' X(0) € e, (5.49)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .
The simultaneous confidence level of this band is given by P{S < ¢} where

S = sup X'(B2 — Bo— B1+B1)]
X(O)eXg 6 K(l + az)
!
T
_ s T (5.50)
W) EWe k(14 az)
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where T is the same as in expression (5.34), and expression (5.50) follows from
an argument similar to the derivation of expression (5.34). Now note that

sup |[WT| = sup |VkTp+ WioT(0)
W(O)EWg w<0)eWg
< VK[To|+VKa?||T )| (5.51)

since wo = 1//z5 = v/x and [|[w(g)|| < Vxa? for wi) € W.,. Furthermore, the
inequality in (5.51) becomes equality for wg) = sign(To)v'ka> T /[T ()l €
W,. It follows therefore from (5.50) that

P |To] +a|\T(0)H.

5.52
1+a? 6-52)

The result of Section 3.5.1 can now be applied to this expression of S to derive an
expression for P{S < ¢} and, specifically, we have

n/2—0*
P{S<c}= 2ksin”1(6+6*)Fp+17v<
—0*

2

C
m) do. (5.53)

Again the confidence band (5.49) can be used to test the hypotheses in (5.2):

a7
reject Hy <= sup M >c (5.54)

X(0) EXe G4/ K(l +a2)

<= X'0is outside the band (5.49) for at least one xg) € X,.

It is clear that the size of this test is equal to ¢ if the simultaneous confidence
level of the band (5.49) is equal to 1 — «.

The p-value of the test (5.54) can be calculated in the following way. Let Bi,
,fi'z and 6 be the estimates of 31, 3, and o, respectively, and so the observed value
of the test statistic in (5.54) is given by

g = su |X/([5'1—ﬁ2)|

X(0) € Xe 6'\/1((14-612)

75| +al Ty
Vita®

The observed p-value is then given by

(5.55)

P{S>S5}=1-P{S <5}

where the probability P {S < $*} can be computed by using expression (5.53) but
with ¢ replaced with S™.
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5.4.4 One-sided constant width band

Let a lower constant width simultaneous confidence band for x'3; —x’(3; over the
covariate region X, in (5.28) be of the form

X B — X1 >xXBr—x B — 6\ /k(1+a2) VX € X, (5.56)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .

Similar to the two-sided case, the simultaneous confidence level of this band
is given by P{S < ¢} where

X (B2—B2—B1+61)

S = sup
X(0)€X6 6\/ K(l +az)
/
T
- sup ——m (5.57)

woeWwe /K(1+a?)

where T is the same as in the last section. Now note that

sup WT = sup ( VKT + WE())T(O))
w(O)GWe W(O)Gwe
< \/?To—k \% KCIZHT(O)H (5.58)

since wo = 1/4/z5 = v/K and ||w(g) || < V'ka? for w(g) € W.,. Furthermore, the in-
equality in (5.58) becomes equality for wg) = Vka? T/l T (o)l € We. It follows
therefore from (5.57) that
G To+al|T |l '
1+a?
The result of Section 3.5.2 can now be applied to this expression of S to provide
an expression for P{S < c}. Specifically, for ¢ > 0, we have

(5.59)

/2 o1 2
pis<el = [ kst 00 s (g )40
9
+/ ksin”~' 646. (5.60)
0*+m/2

Again the confidence band (5.56) can be used to test the hypotheses in (5.18):
X'([’z — Bl)

reject Hy <+ sup ——=>c¢ (5.61)

X(0) EXe G4/ K(l +a2)

<= X'0is outside the band (5.56) for at least one xg) € X,.

It is clear that the size of this test is equal to ¢ if the simultaneous confidence
level of the band (5.56) is equal to 1 — ¢.
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The p-value of the test (5.61) can be calculated in the following way. Let 3,
3> and 6 be the estimates of 31, 3, and o respectively, and so the observed value
of the test statistic in (5.61) is given by

K X/(Bl _BZ)
= sup
X(O)GX(» O/ K(l +a2)
T +alTy |
1+a2

(5.62)

The observed p-value is then given by
P{S>S"}=1-P{S<S*}.

When S$* > 0, the probability P{S < §*} can be computed by using expression
(5.60) but with ¢ replaced with S*. However, when ¢ < 0, expression (5.60) is
no longer valid and next we derive an expression for P{S < $*} when §* < 0. It
follows from expression (5.59) that

. To+a|Tell
P{S<S }:P{ﬁgs }
= P{Rycos(6p; —0") <S*}
= P{611€10,6"+m/2),Rycos(6r; — 6") <
+P{6r; €[0"+ /2, 7],Rrcos(6r; — 6"

*

(5.63)

S*}
)< S} (5.64)

Now the probability in (5.63) is clearly equal to zero since $* < 0 and cos(6r; —
0*) > 0 for 6 € [0,0*+ 7/2). The probability in (5.64) is equal to

T S*
ksin”_le-P{R >7}d9
/e*+n/2 T= cos(6 — 6%)

T—0* » 1 S*Z
g 1 - * I_F .
/,,/2 ksin”~1(6 + 6%) roo | G Teess ) |40 569

by using the density function of Bt in (3.30) and the cdf of Rt in (3.31). Expres-
sion (5.65) is used for computing P{S < $*} when $* < 0.

Example 5.7 For the house sale price example with a = 4.0 and o = 0.05, the
critical values are given by 2.773 and 2.594 respectively for the two-sided band
(5.49) and one-sided band (5.56). The p-values are given by 0.0013 and 0.0014
respectively for the two-sided test (5.54) and the one-sided test (5.61). All the
computations in this example are done using MATLAB program example0507.m.
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5.5 Assessing the equivalence of two models

There are usually two very different purposes in the comparison of two regression
models. One purpose is to show, hopefully at least, that the two models are differ-
ent. This can be achieved by testing the hypotheses in (5.2): if the null hypothesis
H) is rejected then the two regression models can be claimed to be statistically
significantly different. The confidence band corresponding to the test provides
further information on where and by how much the two models differ. The sec-
ond purpose, opposite to the first one, is to establish that the two models have only
negligible differences and so are equivalent for practical purposes. Testing the hy-
potheses in (5.2) is not suitable for this second purpose, since the non-rejection
of Hy does not imply that the two models are close to each other. The confidence
bands discussed so far in this chapter do provide information on the magnitude of
the difference between the two models and therefore can be used for the second
purpose. But more efficient approaches are provided in this section for establish-
ing the equivalence of two regression models, while the confidence bands in the
last three sections are more suitable for detecting the differences between the two
models.

5.5.1 Non-superiority

Regression model one m;(x,3;) = x’3; is defined to be non-superior to regres-
sion model two m;(x,3;) = X’ 3, over a given covariate region X() € X if

my(x,81) <ma(x,82) + 8 Vx) € X, i.e., max (my(x,81) —my(x,3)) < &
X0

where 6 > 0 is a pre-specified threshold value. Therefore model one is non-
superior to model two if and only if the amount by which model one is higher
than model two is strictly less than the threshold & at any point x(g) € X Al-
though one purpose of introducing non-superiority (and non-inferiority in the next
subsection) is to establish the equivalence of the two models, non-superiority and
non-inferiority may be of interest in their own right. For example, QT/QTc stud-
ies are increasingly used by drug developers and regulatory agencies to assess
the safety of a new drug; see e.g., Li ef al. (2004) and Ferber (2005). Liu, Bretz,
Hayter and Wynn (2009) argued that the essence of the problem involved is to
establish that the response curve over time corresponding to the new treatment is
non-superior to that corresponding to a control treatment.

It is clear that non-superiority of model one to model two can be deduced from
an upper simultaneous confidence band on m; (x, B1) — ma(x, 32) over xg) € X
Now we construct a special upper simultaneous confidence band for this pur-
pose. Let Up(Y1,Y2,x) be a 1 — a level pointwise upper confidence limit on
m (X, ,61) — n’EQ(X, ,62) for each X(0) e X, ie,

P{m1 (X,B]) —MQ(X,Bz) < Up(Y],Yz,X)} >1l—«a VX(O) e X. (5.66)
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Then the following theorem provides an upper simultaneous confidence band on
my(x,B1) —ma(x,B2) over the region x(g) € .

Theorem 5.1 Under the notations above, we have

P{ml(x,ﬁl) —my(x,83,) < maﬁUp(Yl,Yz,x) VX € X} >1—oa (5.67)
X(O)G

irrespective of the values of the unknown parameters 3;, 3, and ©.
Proof 5.1 For arbitrary given (31, 3, and o, let XE‘O) € X be such that

my(x*,B1) —ma(x",82) = x?iaexx{ml (x,81) —ma(x,82)}

where x* = (I,XE‘(;))’. We therefore have
l—a < P{m(x",01)—m(x",82) < Up(Y1,Y2,x")}

= P{ max (ml(X,ﬂl)—mz(X,ﬁz)) < UP(Yl,Yz,X*)}

X(O)GX

IN

P< max (m;(x,81) —ma(x,82)) < max Up(Y1,Y2,X)
X(0)€EX X(0)EX

= P{Ml(xﬁl) —m(x,82) < mégg(UP(Yl,Yzax) VX € X}
X(0)

as required. The proof is thus complete. |

It is clear from the proof that the specific form m;(x,3;) = x’3; is not neces-
sary for the theorem to hold. Furthermore, the two model functions m;(x, 3;) may
have different forms. All that is required is the pointwise upper confidence limit
Up(Y1,Y2,x) specified in (5.66). See LBHW (2009) for how to set Up(Y1,Y2,X)
for general model functions m;(x, 3;) .

For the special case of m;(x,3;) = x’3; considered here, it is clear that the
pointwise upper limit can be set as

Up(Y1,Y2,x) =x'B) —x'Bs + t¢Vx' Ax (5.68)

where 1 is the upper a point of a ¢ distribution with v degrees of freedom. In
this case, we point out that the minimum coverage probability in (5.67) over all
possible values of the unknown parameters 3, B, and o is actually equal to
1 — o, without giving further details. So the confidence band in (5.67) has an
exact confidence level 1 — . This confidence band is different from the upper
confidence bands seen in the last three sections in that the band is a hyper-plane of
constant level max, ex Up(Y1,Y2,x) over X() € X. Since this confidence band
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requires only the pointwise upper confidence limit Up(Y1,Y2,X), its construction
is straightforward.

This confidence band can be used to assess the non-superiority of regression
model one to regression model two:

Claim non-superiority if and only if max Up(Y1,Y2,x) < 4.
X(0) €

Alternatively, one may set the hypotheses

Hg : max (my(x,01) —my(x,82)) >0

X(0) ex

— HS: max (m(x,8) —ma(x,0)) <8 (5.69)

X(O) ex
and test these hypotheses by

rejecting Hg if and only if Xmaeyg( Up(Y1,Y2,x) < 4. (5.70)
(0)
The size of this test is ¢ since the test is implied by the 1 — a confidence band
(5.67). For the special case of 0 = 0, test (5.70) was proposed by Tsutakawa and
Hewett (1978) for the special case of two regression straight lines and by Hewett
and Lababidi (1980) and Berger (1984) for multiple linear regression models. But
the confidence statement (5.67) is more useful than the dichotomous inferences
of the test (5.70) since the upper confidence bound maxy, ex Up(Y1,Y2,x) pro-
vides useful information on the magnitude of maxy , e x (m1(x,81) — ma(x, 32))

regardless whether or not test (5.70) rejects Hg .

It is tempting to assess the non-superiority of m;(x,31) to my(x,3;) by using
a usual simultaneous upper confidence band on m; (x,3;) — ma(x,32) over the
region x(g) € X’ given in the last two sections. Suppose one has the following
simultaneous upper confidence band

P{m(x,B81) —my(x,3,) <Us(Y1,Y2,X) Vxp € X} > 1—ar.

From this simultaneous confidence band, the non-superiority of m;(x,3;) to
my (X, 32) can be claimed

if and only if max Ug(Y1,Y2,x) < 8.
x(O)GX

Note, however, Us(Y1,Y2,x) > Up(Y1,Y2,x) for each xi € X since
Us(Y1,Y>,x) is a simultaneous upper band while Up(Y1,Y2,x) is a pointwise
upper limit. So

max US(Y17Y27X) > max UP(Y17Y27X)
X(O)GX X(O)GX

and often the inequality holds strictly. Hence the non-superiority of m;(x,3;)
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to my(x,3;) that can be established from the simultaneous upper band Us can
always be established from the pointwise upper limit Up, but not vice versa. Fur-
thermore, a usual simultaneous upper confidence band is often hard to construct,
involving numerical integration or statistical simulation to find the critical con-
stants as seen in the last two sections, while the construction of the pointwise
upper confidence limit is often straightforward. So for the purpose of establishing
the non-superiority of m; (x,31) to m;(x,3,) one should use the confidence band
(5.67).

Example 5.8 For the blood pressure example, if one hopes to show that male
blood pressure is not excessively higher than female blood pressure then confi-
dence band (5.67) for assessing non-superiority is suitable for this purpose. For
the observed range X' = [17,70], it is straightforward to compute

max Up(Y,Y2,x) =21.058.

X(0) ex

So ‘non-superiority’ can be claimed if and only if the threshold 0 is set to be
larger than 21.058. On the other hand, if Ug(Y 1, Y2,X) is the upper simultaneous
confidence band of hyperbolic shape (corresponding to the lower band (5.17))
then

max Us(Y,Y,,x) = 23.525.

x(O)GX
Hence ‘non-superiority’ can be claimed from this simultaneous upper band if and
only if the threshold & is set to be larger than 23.525, though it is very unlikely
that § will be set as large as 23.525 considering the range of the observed Y
values. All the computations in this example are done using MATLAB program
example0508.m.

5.5.2  Non-inferiority

Regression model one m; (x,(3;) is defined to be non-inferior to regression model
two my(x,3,) over a given covariate region X(g) € X’ if

ml(xa/@l) > mZ(XaﬂZ) -0 vX(O) € Xa i'e'a min (ml(xwgl) _mZ(Xa/GZ)) > =0

X(0) ex

where 8 > 0 is a pre-specified threshold value. Therefore model one is non-
inferior to model two if and only if the amount by which model one is lower than
model two is strictly less than the threshold & at any point x(g) € &'. It is clear
from the definitions of non-superiority and non-inferiority that, over the region
X(g) € X, the non-inferiority of m; (x,31) to my(x,/32) is just the non-superiority
of my(x,32) to m;(x,B1). So by interchanging the positions of the two mod-
els, we immediately have the following simultaneous lower confidence band for
my(x, B1) —ma(x,B2) over x(g) € X' from Theorem 5.1.
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Theorem 5.2 Suppose Lp(Y1,Y2,X) be a 1 — a level pointwise lower confidence
limit on my (x,81) — ma(x, B2) for each x() € & i.e.,

P{mi(x,81) —ma(x,82) > Lp(Y1,Y2,X)} > 1 —a Vx(9) € X. (5.71)
Then we have

P{ml(x,ﬁl) —my(x,82) > minXLp(Yl,Yz,x) VX € X} >1—a (5.72)
X(O)e

regardless the values of the unknown parameters 3;, 3, and o.

For the case of m;(x,3;) = x'3; considered here, it is clear that the pointwise
lower limit can be set as

Lp(Yl,YQ,X) :X/Bl —X/BQ—I\?VX/AX (5.73)

where 1% is the upper a point of a ¢ distribution with v degrees of freedom.
This confidence band can be used to assess the non-inferiority of regression
model one to regression model two:

Claim non-inferiority if and only if minX Lp(Y1,Y2,x) > —6.
X(O) €

Alternatively, one may set the hypotheses

H): min (my(x,08;) —my(x,3,)) < -8
X(O)EX

— Hi : min (ml(x,,Bl) —mz(X,ﬁz)) > —0 (5.74)
X()EX

and test these hypotheses by

rejecting H} if and only if xmienXLP(Yl’Yz’X) > —4. (5.75)
(0)
The size of this test is ¢ since the test is implied by the 1 — a confidence band
(5.72). But the lower confidence band (5.72) is more informative than the test
(5.75).

For reasons similar to those pointed out in the non-superiority case, the lower
confidence band (5.72) is easier to construct and has a greater chance to establish
non-inferiority than a usual simultaneous lower confidence band on m; (x,3;) —
my (X, 32) over the region X" given in the last two sections.

5.5.3 Equivalence of two models

Two regression models m; (x,31) and my(x,3;) are defined to be equivalent over
the region x(g) € X' if

max |mi(x,B1) —ma(x,5:)] < 0
X(o)GX
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where 6 > 0 is a pre-specified threshold value. Therefore the two models are
equivalent if and only if the difference between the two models is strictly less
than the threshold & at any point x(g) € X It is clear from the definitions of
non-superiority, non-inferiority and equivalence that, over the region x(g) € &,
the two models are equivalent if and only if one model is neither superior nor
inferior to the other model. So the equivalence of the two models can be claimed
by establishing both the non-superiority and non-inferiority of one model to the
other model.
We set up the equivalence hypotheses

HOE max |m1(X,ﬁ1) _mZ(Xa/GZ)| 2 o
X(O)GX
<~ HE : max |m(x,8) —m(x,5)| < 3. (5.76)
X(O)GX

So the equivalence of the two models can be claimed if and only if the null hy-
pothesis Hés is rejected. From (5.70) the non-superiority null hypothesis Hg is
rejected if and only if

max UP(Yl,Yz,X) < 6,

X(o)GX
and from (5.75) the non-inferiority null hypothesis Hé is rejected if and only if

min Lp(Y1,Y2,x) > —6.
X(O)EX P( ! 2 )

The aggregation of these two individual tests gives a test of equivalence: rejecting
HE if and only if

—0 < min Lp(Y,Y2,x) and max Up(Y1,Y2,x) < 3. (5.77)
X()EX X()€X

This test is also an intersection-union test of Berger (1982, see Appendix D)
derived from the two size & tests (5.70) and (5.75), and so its size is still ¢ in fact.
To see this, notice that

HY =Hy UH{ and HF = HSNH!

and that the rejection region of Hés in (5.77) is the intersection of the rejection
region of Hg in (5.70) and the rejection region of Hé in (5.75).

It is clear from the discussions of this section that a usual simultaneous two-
sided confidence band for x’(3; — x’(3, over X(0) € &, such as the band in (5.14),
has a much smaller chance than the test (5.77) for establishing the equivalence
of the two models since the critical constant of a usual two-sided simultaneous
confidence band is even larger than that of the one-sided simultaneous confidence
band of a similar shape.
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Table 5.3: Data from Ruberg and Stegeman (1991)

Batch 1 Batch 2
Y (% drug content) x (years) Y (% drug content) x (years)

100.4 0.014 100.7 0.022
100.3 0.280 100.6 0.118
99.7 0.514 100.3 0.272
99.2 0.769 99.9 0.566
98.9 1.074 98.6 1.165
98.2 1.533 97.6 2.022
97.3 2.030 96.4 3.077
95.7 3.071

94.5 4.049

Example 5.9 The purpose of a drug stability study is to study how the content
of a drug degrades over time in order to produce the expiry date of the drug. Be-
cause a same drug is usually manufactured in several batches, one needs to assess
whether different batches have similar degradation profiles; different batches that
have similar degradation profiles can be pooled to produce one expiry date.

93 I I I I I I I I
0 0.5 1 1.5 2 25 3 3.5 4 4.5

Figure 5.10: The two samples and fitted regression lines for the drug stability example

Two samples of observations on drug content from two batches of the same
drug are given in Table 5.3 and plotted in Figure 5.10; these are taken from Ruberg
and Stegeman (1991). It is clear that the degradation profiles of the two batches
are well described by two regression straight lines. The fitted regression lines are
calculated to be Y1 = 100.656 — 1.449x; and ¥, = 100.489 — 1.515x1, the pooled
variance estimate is 6 = 0.029 with v = 12 degrees of freedom, and the matrix
A= (XIX))"'+ (X Xp)~!is given by A;; = 0.5407, Ajp = Ay; = —0.2334 and
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Az; = 0.1961. We want to assess whether the two regression lines x’3; and x’'3,
are equivalent.
Let X = [0,2]. It is straightforward to compute

max Up(Y1,Y2,x) =0.489 and min Lp(Y;,Y2,x) = —0.056.

X(0) ex X(0) eXx

Therefore the equivalence of the two regression lines over x € [0,2] can be claimed
if and only if the threshold § is larger than 0.489; in drug stability studies & is
sometimes set as large as 5.

Finally it is noteworthy that the test statistic of the partial F-test in (5.6) for
this example is equal to 4.354, with p-value 0.038. So the null hypothesis in (5.2)
of the coincidence of the two regression lines is rejected at & = 5%. But this has
little relevance to the assessment of equivalence of the two regression lines.

For assessing the equivalence of the two linear regression models given in
(5.1) over a given region X’ of the covariates Xq), Liu, Hayter and Wynn (2007)
provided an exact 1 — « level upper confidence bound on

max |x',82—x’,6'1|/6,
X(O)EX

and this upper confidence bound is based on the F statistic in (5.6) or (5.7). Note,
however, the maximum difference between the two models over x € X is mea-
sured in units of ¢ and so not directly comparable with the measurement given in
(5.76) above when o is unknown. Furthermore, when o is assumed to be known,
the upper bound in Liu, Hayter and Wynn (2007) is equivalent to a 1 — o two-
sided simultaneous confidence band on x’'3, — x'3; over X(9) € A and therefore,
as pointed out above, has a smaller chance to establish equivalence than the test
given above; on the other hand the upper confidence bound provides useful infor-
mation on the magnitude of maxy, cx |x’B, — x' 31| while the test here provides

only inferences on whether or not Hg is rejected. Bofinger (1999) gave an upper
confidence bound on maxy (0 €X |x’ 3, —x’(31] but only for two regression straight
lines.

Another interesting problem is the construction of simultaneous confidence
bands when the error variances 62 of the two models are different. Hayter et al.
(2007) considered this problem but only for simple regression lines.






Comparison of More Than Two
Regression Models

The comparison of more than two regression models is characteristically different
from the comparison of two regression models considered in the last chapter in
many aspects as we shall see in this chapter. Simultaneous confidence bands can
be more advantageous than the usual partial F test approach in providing directly
quantitative information on the differences among the models of interest.
Suppose k linear regression models describe the relationship between the same
response variable Y and the same set of covariates xi,---,x, corresponding to k
treatments or groups. Specifically let the ith linear regression model be given by

Y[:Xiﬂi—’_eiﬂ l:l,,k (61)

where Y; = (yi1,---,Yin;)’ is a vector of random observations, X; is a n; X (p+1)
full column-rank design matrix with first column (1,---,1)" and /(> 2)th column
(Xiti—15 X —1)"s Bi = (Bios-+,Bip)’s and € = (e;1,---,ei,,)" with all the
{eij,j=1,---,n;i=1,--- k} being iid N(0,6?) random variables, where 6~ is
an unknown parameter. Since X/X; is non-singular, the least squares estimator of
Biis given by 3; = (X/X;) "' X!Y,;,i=1,---,k. Let

k
62 =Y |Yi—XiBi|*/v
i=1

be the pooled error mean square with v = Zf;l (nj — p— 1) degrees of freedom.
Then 672 is independent of the 3;’s.

6.1 Partial F' test approach

One frequently encountered problem is the comparison of the k regression models
and, in particular, whether all the k regression models are the same or not. One
common approach to this problem is to test

Hy: B1=---=p0 against H,: notHy (6.2)
and the partial F' test (1.7) for this case can be implemented in the following way.
Define k — 1 dummy variables

7= { 1 if Y is from the model i
=

=1, k-1
0 ifY is not from the model i ’ ! Y

149
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and set up an overall model for the aggregated data from the k individual models
as

d;
Y=xX'di+zxda+ 4z 1 Xdg+e=X,zx,,zx) [ 1 | +e (6.3)
d;

where x = (1,x1,---,xp)’ € RP+1 as before, d; = B and d; = B;_| — By fori =
2,---,k. This overall model implies the k individual models specified in (6.1):

Y =x'(d; +d;) +e=x'B +e foraY from the individual model 1,

Y =x'd; +e=x'B;+e foraY from the individual model k.

In terms of the overall model (6.3), the hypotheses in (6.2) of the coincidence of
the k individual models become

Hy:dy=---=d; =0 against H,:notHj
Under Hy the overall model (6.3) is reduced to the simpler model
Y =x'd; +e. (6.4)
So the partial F' test (1.7) rejects Hy if and only if

(SSg of model (6.3) — SSg of model (6.4)) /¢
MS residual of model (6.3)

> £, (6.5)

where f7, is the upper & point of an F' distribution with ¢ = (k—1)(p+1) and
v =Yk (n—(p+1))degrees of freedom.

The equivalent form (1.11) of this partial F test can in this case be calculated
in the following way. Represent all the observations from the k individual models
(Y, X;),i=1,---,kby

Y=XB+e (6.6)

where

Y, X Bi €]
Y = 9 X = - . ) /6 = , €=
Yi Xk Br [

From this overall model, the least squares estimators of 3 and o are clearly given
by B = (B},---,B;) and &, respectively. Under this model, the hypotheses in
(6.2) become

Hy: AB =0 against H,: not Hy
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where the ¢ x k(p + 1) partition matrix A is given by

Ip+1 _Ip+1
L I

Ly —Ipn
The partial F test (1.11) therefore rejects Hy if and only if

(AB){AX'X)'A'}1(AB)
62

> 2 (6.7)

where ¢ = gfZ,.

The inferences that can be drawn from the partial F test (6.5) or the equivalent
form (6.7) are that if Hy is rejected then the k regression models are deemed to be
not the same, and that if Hy) is not rejected then there is not sufficient statistical ev-
idence to conclude that some regression models are different. Even though we can
claim that not all the kK models are the same when Hy is rejected, no information
is available from the partial F' test on which models may be different and by how
much. When Hj is not rejected, little can be said since non-rejection of Hy cannot
be taken as the k regression models are the same. So, whether Hj is rejected or
not, little useful information is available from this approach of hypotheses testing.

Example 6.1 As discussed in Example 5.9, the purpose of a drug stability study
is to study how a drug degrades over time in order to produce the expiry date
of the drug. Because the same drug is usually manufactured in several batches,
one needs to assess whether different batches have similar degradation profiles;
different batches that have similar degradation profiles can be pooled to produce
one expiry date.

Random observations on drug content from six batches of the same drug are
given in Table 6.1 and taken from Ruberg and Stegeman (1991). One can plot the
data points and see clearly that the degradation profile of drug content (Y—% drug
content) over time (x; — years) for each of the six batches is well described by
a regression straight line. The fitted regression straight lines for the six batches
are given respectively by ¥; = 100.49 — 1.515x;, ¥» = 100.66 — 1.449x,, Y3 =
100.26 — 1.687xy, Y4 = 100.45 — 1.393x, Y5 = 100.45 — 1.999x, Y5 = 99.98 —
1.701x1, and the pooled variance estimate is 6 = 0.0424 with v = 25 degrees of
freedom. The R?-value of the fit is equal to 0.987.

If one applies the partial F test (6.5) or (6.7) to this problem in order to assess
whether the k = 6 regression straight lines x'3; (i = 1,- - - ,6) are similar, then the
F statistic is calculated to be equal to 7.469 with p-value 2.3 x 107>, Hence H
is highly significant, that is, it is highly unlikely that the six regression straight
lines are all equal. But the test does not provide information on which regression
straight lines are significantly different and which are not significantly different,
and on the magnitude of differences between different regression lines.
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Table 6.1: Data from Ruberg and Stegeman (1991)

Batch 1 Batch 2 Batch 3 Batch 4 Batch 5 Batch 6
Y x Y x Y x Y x Y x Y x

100.4 0.014 100.7 0.022 100.2 0.025 100.4 0.066 100.5 0.011 100.1 0.011
100.3 0.280 100.6 0.118 99.7 0.275 100.0 0.343 99.8 0.310 99.5 0.310
99.7 0.514 100.3 0.272 99.2 0.574 99.5 0.533 99.1 0.624 98.5 0.624
99.2 0.769 999 0.566 99.0 0.797 99.3 0.802 98.4 1.063 98.4 1.063
98.9 1.074 98.6 1.165 98.8 1.041 99.3 1.033
98.2 1.533 97.6 2.022 964 2.058 98.2 1.538
97.3 2.030 96.4 3.077 96.2 2.519
95.7 3.071
94.5 4.049

As another example, Dielman (2001, pp. 399) is interested in the comparison
of Meddicorp Company’s sales in three regions, south (i = 1), west (i = 2) and
midwest (i = 3) of a country. For territories in each region, the sales value in
$1000 (Y) is modelled by linear regression on two explanatory variables: xj, the
advertising cost (in $1000) Meddicorp spent in a territory, and x, the total amount
of bonus (in $1000) paid out in a territory. The data set given in Dielman (2001,
Table 7.2) is adapted in Table 6.2 here.

Following the usual model fitting procedure, it is clear that a linear re-
gression model of sales ¥ on advertising cost x; and bonus x; fits the ob-
served data well for each of the three regions. The fitted regression models for
the three regions are given respectively by ¥} = 281.55+ 1.1039x; + 1.025x,,
Y, = —28.14+0.9620x; 4+ 2.647x; and Y3 = 660.59 4+ 1.5115x; — 0.080x,, and
the pooled variance estimate is 6> = 2905.4481 with v = 16 degrees of freedom.
The R?-value of the fits is equal to 0.963.

If one applies the partial F test (6.5) or (6.7) to this problem in order to assess
whether the k = 3 regression models x'3; (i = 1,---,k) are similar, then the F
statistic is calculated to be equal to 7.726 with p-value 5 x 10~*. Hence it is highly
unlikely that the three regression models are all equal. But again that is all that
can be said from the test.

6.2 Hyperbolic confidence bands for all contrasts

In this section we consider simultaneous confidence bands that bound all the con-
trasts of the k regression models. From these confidence bands, information on
the magnitude of any contrast of the regression models is available. These confi-
dence bands can be regarded as extensions of simultaneous confidence intervals
for all the contrasts among the population means studied by Scheffé (1953, 1959).
We focus in this section on hyperbolic bands since constant-width or other shape
bands are not available in the literature.
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Table 6.2: Data adapted from Dielman (2001, Table 7.2, page 401)

Obs Y X1 X2 Region
1 963.50 374.27 230.98 1
2 893.00 408.50 236.28 1
3 1057.25 414.31 271.57 1
4 1071.50 446.86 305.69 1
5 1078.25 489.59 238.41 1
6 1040.00 453.39 235.63 1
7 1159.25 524.56 292.87 1
8 1183.25 448.42 291.20 2
9 1122.50 500.56 271.38 2
10 1045.25 440.86 249.68 2
11 1102.25 487.79 232.99 2
12 1225.25 537.67 272.20 2
13 1202.75 535.17 268.27 2
14 1294.25 486.03 309.85 2
15 1124.75 499.15 272.55 2
16 1419.50 517.88 282.17 3
17 1547.75 637.60 321.16 3
18 1580.00 635.72 294.32 3
19 1304.75 484.18 332.64 3

20 1552.25 618.07 261.80 3
21 1508.00 612.21 266.64 3
22 1564.25 601.46 277.44 3
23 1634.75 585.10 312.35 3
24 1467.50 540.17 291.03 3
25 1583.75 583.85 289.29 3

6.2.1 Conservative bands over the whole space

First we derive, from the partial F' test given in Section 6.1, a set of conservative
simultaneous confidence bands for all the contrasts of the k regression models

k
Y dx'; foralld= (d,,---,d)' €D
i=1

where D is the set of all contrasts

k
D= {d: (di,---,dy) e RF: Zd,:o}.
i=1
Note that for A given above the expression (6.7), AB ~ N, (AB,c2A(X'X)'A")
and so

P{(AB-9) (AX'X)"'A) " (AB-B) < P>} =1-a (68
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where ¢ = |/qf",. Of course this last probability statement can be regarded as a
confidence region statement for 3, which underlies the partial F' test (6.7).

Let ¢ x g matrix P be the unique square root matrix of (A(X'X)~!'A’)~!. Then
we have

1—«o

P{(AB-B) (AXX)"'A) " (A(B-B)) < *6* }
P{(PA(B-B)) (PAB-B)) < *67}

- P{—cé‘<%PA(ﬁ—ﬁ)<c€r vVe%q} (6.9)
= P{—c6< WAB—B) <c6 VweR? (6.10)
wAX'X) TA’'w

where the equality in (6.9) follows directly from the Cauchy-Schwarz inequality
as used in the proof of Theorem 3.1, and the equality in (6.10) follows directly
from the definition w = Pv € R4,

For a w € R of the special form w = (d\x',(d; + dy)x',---,(d) + - +
di—1)x") withd = (dy,---,d;) € D, we have

W/A = (dlx’, s ,de/) = X/(d11p+1, s ,dk1p+1),
k
WA(B—B) =) di(x'Bi—xB),
i=1
k
WAX'X)A'w =Y dix (X(X;) k.

i=1

Therefore the probability statement in (6.10) implies that, with probability at least
l1-a,

1

k k k
Y dx'BieY dx'Bi + c6,| Y d>x(XIX;)~'x VxR, VdeD (6.11)
i=1 =1 i=1

where xg) = (x1,-- ,Xxp)" as before. This provides a set of simultaneous confi-
dence bands for all the contrasts of the k regression models over X(g) € R? with
confidence level no less than 1 — a.

For k = 2 there is only one confidence band for x’3; —x’3, in (6.11), and it is
just the confidence band given in (5.8). So the confidence level is exactly 1 — a.
But for k > 3, which is the focus of this chapter, the confidence bands in (6.11) are
conservative since they are derived from (6.10) for only a special class of w € R4.

6.2.2 Bands for regression straight lines under the same design

It is not known to date what critical constant should be in the place of ¢ in (6.11)
so that the simultaneous confidence level of the bands in (6.11) is equalto 1 — &
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for the general situation of kK > 3 and p > 1. For the special situation of p = 1
and X = --- = X}, that is, for the comparison of k regression straight lines with
the same design matrices, Spurrier (1999) provided the answer to this question,
which is given next.

For notational simplicity, denote the only covariate of the k regression lines
by x. Since the k regression lines have the same design points, they are denoted
by x1,---,x, and so the second column of all the design matrices X; is given by
(x1,++,%x,) . Let

Then the simultaneous confidence level of the set of confidence bands for all
the contrasts of the k regression lines over the whole range of the covariate x €
(—00,00) in (6.11) is clearly given by

p sup (T24) < ¢ (6.12)
x€(—o00,00) and deD '
where
T Yo di(xBi-xB) Yoo di(x' B — X' B:)
5 =

d= .
G\ X (xix) " Ix 6y/[(1/m) + (- D2 /3] KL 42
The next theorem is due to Spurrier (1999).

Theorem 6.1 Let Fy, v, denote the cumulative distribution function of the F dis-
tribution with v; and v, degrees of freedom and let p; = IT’ =1 (2j—1) for positive
integer i. For odd k > 3, the probability in (6.12) is equal to

S (26 1)
B 72620 (v —k—2)/2) (cz(v+k—2))
T ((k—1)/2)T(v/2)v &2 (14 (2 /v)) T2 2 4 y)
1 k2072 (k=3 20T ((k—1+2i)/2) 22
Tk—1/22007 & pit1 ¢ ”(W)

where the summation is defined to be zero for k = 3 or 5. For even k > 4, the
probability in (6.12) is equal to

ORIy

k&2 Tk—2-i)i ? 1
. Fyg—i— - .
+ 1=Z1 206-2)/2-ip (/2 — i) DY <k—l—2> P(k-2)/2
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So the simultaneous confidence level is a linear combination of F distribution
functions, which is easy to compute. The reader is referred to Spurrier (1999) for
a proof. Recently Lu and Chen (2009) extended the result of Spurrier (1999) to
the situation that the covariate is restricted to a finite interval. Note, however, the
assumption of same design points for all the regression lines is crucial for the
proofs of both Spurrier (1999) and Lu and Chen (2009).

6.2.3 Bands for regression straight lines under different designs

Note that the confidence bands in (6.11) are over the entire range of the covari-
ates X(g) € RP. As argued in the previous chapters, a regression model is often a
reasonable approximation only over certain range of the covariates. So it is inter-
esting to construct a set of confidence bands for all the contrasts of the k regression
models over a given covariate region X(g) € & of the form

k k k
Y dx'Bie Y dx'Bi + c6,| Y d>x'(X/X;)~'x Vx( € X,Vd€D. (6.13)
i=1 i=1 i=1

In this section, we continue to consider the special case of p = 1, that is, there
is only one covariate x; and X is a given interval (a,b) (co < a < b < c0) for
covariate x;. A simulation method is provided in Jamshidian et al. (2010) to ap-
proximate the exact value of ¢ so that the simultaneous confidence level of the
bands in (6.13) is equal to 1 — a. Note that the design matrices of the k regression
lines are assumed to be of full column-rank but can be different.

The simultaneous confidence level of the confidence bands in (6.13) is given
by P{S < ¢}, where

W ‘):le dix' (B — By)
S= and W= sup

6-/6 . (6.14)
x1€(a,b), deD \/Var (Zf:l diX/(Bi _ 51))

Here W is independent of the random variable 6/6 ~ +/x2/Vv. As before, our
approach is to simulate R replicates of S and use the (1 — ot)-quantile of the R
simulated values as an approximation to c.

The difficulty in simulating S is the maximization overd € D and x| € (a,b) in
(6.14). We first show that the maximum over d € D can be carried out analytically
to result in a function of x;. We then provide an efficient method to maximize this
function of x; over x; € (a,b). More details are given in Jamshidian ez al. (2010),
to which the reader is referred.

For any d € D, we have

k
Y dixX'(Bi—B) = (diX,(di +do)X', -+, (di + -+ de1)X) U,
i=1
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where the random vector U is given by

B1—Bi— B2+
U— 52—52T53+53 N(0,6%5),
Bi—1— Bi—1— B+ Br

with X being the tri-block-diagonal matrix

Vi+V, -V, 0 o 0 0
-V, V,+V3 —V3 e 0 0
o | Yl
0 0 o =Viea Via+Vir Vi
0 0 0 —Vi_1 Vi1 + Vi
where V; = (X/X;)~!. Let Q be the unique square root matrix of £. Then

Z=Q 'U/c ~ N, (0,I). (6.15)

Let Q = (Qq,---,Q_1) where each Q; is a ¢ X (p+ 1)) matrix. Since Q is non-
singular, Q X, --,Q;_x must be k — 1 linearly independent g-vectors and so the
matrix Ly = (Q1X,---,Q_1x) is of full column-rank k — 1 for any x; € R!. It is
shown in Jamshidian et al. (2010) that the maximization over d € D in (6.14) is
given by /ZTL,(LTL,)~"LTZ and so

W =  sup \/Z/Li(L.L)~'L\Z. (6.16)
x1€(a,b)

This completes the maximization over d € D analytically, which works for a gen-
eral p > 1 in fact.

Next we solve the maximization over x1 € (a,b) in (6.16). For this, it is shown
in Jamshidian et al. (2010) that Z'L,(L.L,)~'L.Z can be written as a ration-
al function p(x;)/q(x1), where explicit formulas for the polynomials p(x;) and
q(x1) are provided. The computation of W reduces therefore to maximization of
the rational function p(x;)/q(x)) over the interval x; € (a,b) since

W= sup +/p(x1)/q(x1) \/ sup p(x1)/q(x1).
X

x1€(a,b) 1€(a,b)

The global maximum of p(x;)/g(x;) over the interval x; € (a,b) is attained at one
of the boundary points a and b, or one of the the stationary points of p(x;)/q(x;)
in the interval (a,b). The stationary points of p(x;)/q(x;) are the real roots of the
polynomial equation

p'(x1)g(x1) — p(x1)q' (x1) =0 (6.17)
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where p’(x1) and ¢’(x|) denote respectively the derivatives of p(x) and g(x). The
real roots of this polynomial equation can be easily computed numerically by
using, for example, the MATLAB® routine roots.

Hence we apply the following algorithm to obtain copies of S =W /(6/0),
and subsequently an approximation to the critical constant c:

Step 1. Generate one Z ~ N (0,1I), and obtain the polynomials p(x;) and g(x;).

Step 2. Obtain the real roots of the polynomial on the left hand side of (6.17).
Denote the real roots in the interval (a,b) by ri,---,rpy.

Step 3. Compute W = \/max,, c(ap.r,-rn} P(X1)/q(x1).
Step 4. Generate a value 2 from x2 and form a realization of S via W //x2/Vv.
Step 5. Repeat Steps 1-4 R times to obtain R replications of S.

Step 6. Obtain the (1 — ot)-quantile of the R replications and use this value as an
approximation to c.

The accuracy of this approximation of ¢ can be assessed as before by using the
methods provided in Appendix A. A MATLAB program is written to implement
this algorithm, which is illustrated using the drug stability example next.

Example 6.2 For the drug stability data set given in Example 6.1, one can con-
struct the simultaneous confidence bands in (6.13) for assessing any contrast
among the six regression lines. For a = 0.05, (a,b) is equal to the observed
range (0.011,4.049) and the number of simulations is equal to 200,000, the
critical value ¢ is calculated to be 3.834. If (a,b) = (—o0,00) then c¢ is com-
puted to be 4.1758. On the other, it is rare nowadays for a pharmaceutical com-
pany to seek an expiry date longer than two years. It is therefore sensible to set
(a,b) = (0,2) in order to use the simultaneous bands in (6.13) to assess the sim-
ilarity of the six regression lines over x| € (0,2). In this case, the critical value ¢
is calculated to be 3.805, which is marginally smaller than the critical value ¢ for
(a,b) = (0.011,4.049). The conservative critical value given in (6.11) is equal to
4.729, which is substantially larger than all the three critical values given above.

After the critical value ¢ is computed, one can plot the confidence band
in (6.13) for any given contrast among the k regression lines in order to as-
sess the magnitude of that particular contrast. For example, for contrast d =
(0,2,—1,0,0,—1)" with & = 0.05 and (a,b) = (0.0,2.0), the confidence band
in (6.13) for this given contrast is plotted in Figure 6.1. From this plot, one can
infer that

k
Y dix'8;=2x'By — (X'B3 +x'Bs)
i=i

is almost always positive for all x; € (0,2) since the lower part of the band is al-
most always above zero. One can also get useful information about the magnitude
of this contrast from the band.
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Figure 6.1: The confidence band for one particular contrast d

One can make an inference about any contrasts of interest from the corre-
sponding confidence bands, and the probability that all the inferences are correct
simultaneously is at least 1 — o

The set of simultaneous confidence bands for all the contrasts in (6.13) can
be used to test the hypotheses in (6.2). If the null hypothesis Hy is true then
):fle dix'3; = 0 for all X() € X and all d € D. So, with probability 1 — a, we
have

k k
0€Y ax'Bi + c6,| Y d>x/ (X/X;)~'x Vx € X,Vd €D

k ¥
dix'3;
<> Sup Sup |Zl 1 X6| S c
0)EXdED 6\/2 A (XX
Therefore the test
k -
dix'3;
reject Hy if and only if sup sup | Xio1 dix' B .

X0 SYAED & [7E | a2y (x/x;) )

is of size . The test statistic may be computed using the ideas outlined above for
simulating S. As before this test is not as informative as the confidence bands in
(6.13). Furthermore, when this test rejects Hy, it may be difficult to identify the
contrasts that cause the rejection of Hy since D contains infinite contrasts.
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6.3 Bands for finite contrasts over rectangular region

In many real problems, one is often interested only in the direct comparison be-
tween the k regression models

XB—XB; V(ij)EA (6.18)

over a chosen covariate region X o) € /. In this section we focus on the rectangular
covariate region

Xy = {xg) = (x1%p) : @ <xi < bifori=1,---,p}

which is one of the most useful covariate regions. The set A is a given index set
that determines the comparisons of interest. For example, if all pairwise compar-
isons of the k models are of interest then A = {(i, j) : 1 <i# j <k}.If (many-one)
comparisons of one particular model, the first model say, with the other models is
of interest, then A = {(i, j) : 2 <i <k, j = 1}.If the k regression models involve a
certain (e.g. temporal or spatial) ordering then the successive comparisons of the
k models may be of interest for which A = {(i,i+1): 1 <i<k—1}).

There is a rich literature concerning the pairwise, many-one and successive
comparisons of several population means. For instance, Tukey (1953) and Hayter
(1984) considered two-sided pairwise comparison of k population means while
Hayter (1990) and Hayter and Liu (1996) investigated the one-sided pairwise
comparison of k population means. Dunnett (1955) discussed the comparison of
several means with a control mean, and Hochberg and Marcus (1978), Lee and
Spurrier (1995) and Liu et al. (2000) studied the successive comparisons of sev-
eral population means. Miller (1981), Hochberg and Tamhane (1987) and Hsu
(1996) provided excellent overview of the work in this area. Wilcox (1987) con-
sidered the pairwise comparison of several regression straight lines by construct-
ing a set of 1 — & simultaneous confidence intervals for all the pairwise differences
of the intercepts and all the pairwise differences of the slopes of the regression
lines.

The important features of the comparisons in (6.18) are that there are only
a finite number of contrasts involved and that the contrasts can be very flexibly
chosen to suit the need. In particular, the k regression models may play roles of
different importance by suitable choice of A. For example, for the many-one com-
parisons of the second to kth regression models with the first regression model,
the first model plays a more important role than the other k — 1 models. Next we
discuss the construction and use of simultaneous confidence bands for the com-
parisons in (6.18).

6.3.1 Hyperbolic bands

A set of hyperbolic simultaneous confidence bands for the comparisons in (6.18)
is given in Liu et al. (2004) by

X'Bi—x'B; €X' B —x'Bj+c6\/xXAijx VX(g) € X and V(i,j) €A (6.19)
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where c is the critical constant chosen so that the confidence level of this set of
simultaneous confidence bands is equal to 1 — &, and A;; = (X/X;) ! + (XX Hn
Note that the confidence level of the bands in (6.19) is given by P{S <c}

where R R
G X' ((Bi—Bi)—(B;—8))|
= sup  sup — .
(L)€ X()EXr O/ X'Aijx

As before we use simulation to calculate the critical value ¢ by simulating a large
number of independent replications of S. Spurrier (2002) provided simultaneous
confidence bands for all pairwise comparisons and for comparisons with a con-
trol of several regression straight lines over the whole covariate range (—o00,0)
under certain design matrices restrictions, while Bhargava and Spurrier (2004)
constructed simultaneous confidence bands for comparing two regression straight
lines with one regression straight line over a finite covariate interval

Let P;; be the unique square root matrix of A;; = (X/X;)~! +(X5X;)~ ! Let
Z; = (ﬁ, —Bi)/o (i=1,---,k) which are independent normal random vectors
independent of 6 and have distribution Z; ~ N;,11(0, (X!X;)~!). Denote T;; =
(P;;)~YZ;—1Z;)/(6/0),1 <i# j <k Then S can be expressed as

P,x)'T;;
S = sup sup |(Pijx) T
(i)en xgexs v/ (Pijx) (Pix)

(i, ))EA X()EXr H Pijx H

= sup  max{|x(Ty, Py, &), | 2(~Tij, Py, %)} (6.20)
(i,))eA

where the notation 7(T; i Pij, X,) is defined in Section 3.2.1 and the equality in

(6.20) follows directly from the results in Section 3.2.1. It is clear from (6.20) that

the distribution of S does not depend on the unknown parameters 3; and o.
Simulation of a random realization of the variable S can be implemented in

the following way.

Step 0. Determine P;; for (i, j) € A.

Step 1. Simulate independent Z; ~ N,,11(0,(X!X;)"!) (i=1,---,k) and /0 ~

VIV
Step 2. Compute T;; = (P;;) " (Z;—Z;)/(6 /0
Step 3. Compute 7(T;;,P;j, &) and w(—T;;
given in Appendix B for each (i, j) € A.
Step 4. Find S from (6.20)

Repeat Steps 1-4 R times to simulate R independent replicates of the random
variable S, and set the (1 — o)-quantile ¢ as the estimator of the critical constant
c. The accuracy of ¢ as a approximation of ¢ can be assessed using the methods
provided in Appendix A as before. By simulating a sufficiently large number R of

) for (i, j) € A.
,Pij,X,) by using the algorithm
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replicates of S, ¢ can be as accurate as one requires. Our experiences indicate that
R =200,000 provides a ¢ that is accurate enough for most practical purposes.

For the special case of X, = R?, i.e., the simultaneous confidence bands in
(6.19) are over the entire space of the covariates, the random variable S has a
much simpler form. Note that

sup |(Pyx)"Tyj/ | Pix || = || Ty ||

X(0)€§RP
from the Cauchy-Schwarz inequality. Hence, for X, = R?,

S= sup || Ty |
(i,j))EA

which can be easily simulated. Note that T;; ~ 7,41 and so || T;; ||* has a
(p+ 1)F,41,y distribution. But T;; for different (i, j) € A may be correlated, and
the distribution of {|| T;; ||?, (i,j) € A} is related to the so-called multivariate
chi-square distribution (see Royen, 1995, and the references therein). Even in this
simple case, the distribution function of S is difficult to find analytically. So sim-
ulation seems a reasonable way to find the distribution or the percentile of S.

Example 6.3 For the drug stability data set given in Example 6.1, in order to
assess the similarity of the six regression lines the simultaneous confidence bands
for all pairwise comparisons of the six regression lines in (6.19) can be used. As
pointed out previously, pharmaceutical companies usually do not seek approval
for an expiry date beyond two years nowadays. This leads us to set the range for
the covariate ‘time’ as x; € [0.0,2.0]. We first construct a set of 95% simultaneous
confidence bands for all pairwise comparisons of the six regression lines

Bio+Biixi — Bio—Bjaxi € Bio+Biixi —Bjo— Bjixi £ c6/XA X
forx; €[0.0,2.0] andforall 1 <i< j<6. (6.21)

Based on 200,000 simulations, the critical value c is calculated to be ¢ = 3.535.

It is noteworthy that if the all-contrast confidence bands in (6.13) are used to
derive the confidence bands for all pairwise comparisons then critical value ¢ =
3.805 is used according to Example 6.2. As expected, this critical value is larger
than the critical value ¢ = 3.535 given above for the simultaneous confidence
bands in (6.21). Hence if one is interested only in the pairwise comparison then
the confidence bands for pairwise comparison, instead of the confidence bands for
all contrasts, should be used.

The comparison between the ith and jth regression lines can now be carried
out by using the confidence band

Bi,O"‘ﬁi,lxl —ﬁjvo—ﬁj’lxl + Cé'w/X'A,'jX forx; € [0,2].

For example, Figure 6.2 plots this band for i = 2 and j = 1. Since the confidence
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Figure 6.2: The confidence band for x' 3, —x' (3

band contains the zero line for all x; € (0,2), the two regression lines are not
significantly different. Furthermore, we can calculate the maximum distance to
zero of each band
D= max |Bio+Biixi—Bjo— B + Céx/X’A—in‘
x1€[0.0,2.0]

to bound the largest difference between the ith and jth regression lines. For the
band plotted in Figure 6.2, it is clear that D5 1 is about 0.755 and so the first two
regression lines can be declared to be equivalent if the pre-specified threshold of
equivalence, 0, is larger than 0.755.

Figure 6.3 plots the confidence band for i = 3 and j = 2. Since the confidence
band does not contain the zero line for all x; € (0,2), the two regression lines
are significantly differently. It is clear however that D3 > is about 1.432. Hence
the two regression lines can still be declared to be equivalent if the threshold &
is larger than 1.432, even though they are significantly different. If one chooses
6 = 4.0, the value used in Ruberg and Hsu (1992), then one can declare that all
six regression lines are equivalent by looking at all the pairwise confidence bands.
Hence all six batches can be pooled to calculate one expiry date.

Example 6.4 For the sales value data set given in Example 6.1, one may also
compute all pairwise comparison simultaneous confidence bands in (6.19) to com-
pare the sales value among the three regions: south, midwest and west. Now sup-
pose that south is Meddicorp’s traditional sales base, while midwest and west
are two newly expanded sales regions. Hence comparisons of midwest and west
with south are of interest. For this purpose, the simultaneous confidence bands for
many-one comparison in (6.19) are required. Specifically, we need simultaneous
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Figure 6.3: The confidence band for X' 33 —x' (3,
confidence bands

XBi—xXB; €X'Bi—xB;£co\/XAjx Vxq) €X, andV(i,j) €A (6.22)

where A = {(i,j) : i=2,3 and j = 1} and X, can be chosen as the observed
region of the covariates x; € [374.27,637.60] and x, € [230.98,332.64]. For o =
0.05, the critical constant is calculated to be ¢ = 3.359 based on R = 200,000
simulations, while the conservative critical value in (6.11) is equal to ¢ = 4.056.

Now one can plot the two confidence bands in (6.22), which are given in Fig-
ure 6.4 and Figure 6.5, respectively, for i = 2 and i = 3. From Figure 6.4, the
mean sales in midwest and south are not significantly different since the confi-
dence band contains the zero plane over the covariate region. On the other hand,
Figure 6.5 indicates that the mean sales in west and south are significantly dif-
ferent since the confidence band excludes the zero plane for a substantial part of
the covariate region X.. More specifically, one can infer that the mean sales in the
west are significantly higher than the mean sales in the south over the part of the
covariate region X, that the confidence band is above the zero plane.

It is clear from the two examples above that one can make more relevant
and informative inferences from the simultaneous confidence bands than from
the partial F test in Example 6.1. All the simultaneous confidence bands above
are two-sided. If one is interested only in one-sided inferences then one-sided
simultaneous confidence bands can be constructed accordingly.

Example 6.5 We continue to study Meddicorp’s sales value data set given in
Example 6.1. Now suppose that one is interested in whether the mean sales in
the midwest and west tend to be higher than that in the south. For this purpose,
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Figure 6.4: The confidence band for x' 3, —x'3;

one-sided simultaneous confidence bands for many-one comparisons are required.
Specifically, we need simultaneous confidence bands

X3 —x'8; > x'B3; —X’Bj —c6\/XAjjX VX € X and V(i,j) €A (6.23)

where A = {(i,j): i=2,3 and j =1} and X, is the observed region of the
covariates x| € [374.27,637.60] and x; € [230.98,332.64] as before.
Note that the confidence level of the bands in (6.23) is given by P{S < c}

where ) A
! | — i) — s — .
S— sup  sup ((Bi Aﬂ,) (B; ﬁ,))'
(i.))EA X()EXr G\/X/A—l.jx

By using the results of Section 3.2.2 and similar manipulation as in the two-sided
case of this section, we have

P{S<c}=P{ sup [|7(Ti;,Pij, X)) < C}
(i,))eA

for ¢ > 0, where the notations T;; and P;; are the same as in (6.20). Hence the
critical constant ¢ can be approximated by simulation in a similar way as in the
two-sided case. Based on R = 200,000 simulations, c¢ is calculated to be 3.040
for o¢ = 0.05. As expected, this critical value is smaller than the two-sided critical
value ¢ = 3.359 given in Example 6.4.
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Again one can plot the two one-sided confidence bands to make required one-
sided inferences. For example, Figure 6.6 plots the one-sided band for x'3; —
x'(31. From this figure, one can infer that the mean sales in the west are higher
than the mean sales in the south over the covariate region that the lower band is
above zero. It is clear that one cannot claim that the mean sales in the west are
higher than the mean sales in the south over the whole covariate region xg) € &;.

In the examples above, there are only p = 1 or p = 2 covariates for which it
is most intuitive to simply plot the bands and then make inference by inspecting
the bands. When there are more than p = 2 covariates, one may plot slices of a
confidence band by fixing the values of certain covariates and these slices can
provide useful information for comparing the regression models. On the other
hand, if one is interested only in whether a confidence band contains the zero
regression plane over the covariate region X(g) € A&, (in order to assess whether the
two corresponding regression models are significantly different) one can simply
compute the p-values in the following way.

For the simultaneous confidence bands in (6.19) for the comparison of the ith
and jth regression models for all (i, j) € A, one first calculates the observed value

/A._A.
o sup BB

X(O)EXr o vV X/Aijx
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by using the formula
sij = max { ||z (t;j, Pij, X[, |2 (—tij, Pij, ) ||}

where P;; is the same as given in (6.20), and t;; = (P;;)~'(8; — B;)/6 with 3,
and 6 being the respective estimates of (3; and ¢ based on the observed data set.
Next one computes

pij = P{S > Sij} Y (i,j) €A (6.24)

where the random variable S is given in (6.20); p;; can be approximated by sim-
ulating a large number replications of S using the algorithm given below expres-
sion (6.20). Now one can use p;; to judge whether the confidence band in (6.19)
for x'3; — x'B; contains the zero regression hyper-plane over x(g) € &, (and so
whether the two regression models are significantly different):

X'3; —x'3j £ c¢6/X'A;jx contains the zero hyper-plane <= p;; > o

for each (i, j) € A.
A size o test of the hypotheses in (6.2) based on the simultaneous confidence
bands in (6.19) is to

! 7 PR 7 .
reject Hy < sup sup 18— Bl

(i.))erxgeXs O/XAjjX

>cC.
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This test can be represented alternatively by using p-value. One first computes the
observed value of the test statistic

S = sup Sup M
(i-j) EAX(0) EX; 6./X'A;jx
from the data available. One next calculates the p-value
p=P{S > s}

by using simulation as before, where the random variable § is specified in (6.20).
Finally, one rejects Hy in (6.2) if and only if p < o.

Note that s = SUP(; j)eA Sij and so p = min; ;) pij- Hence p < a (i.e., Hy is
rejected) if and only if p;; < o (i.e., X'3; and X' 3; are significantly different) for
at least one pair (i, j) € A.

Example 6.6 For the sales value example considered in Example 6.4, it is com-
puted that p; = 0.18939 and p3; = 0.00036 based on 200,000 simulations.
One can therefore conclude that at oo = 0.05, the second (i.e., west region) and
first (i.e., south region) regression models are not significantly different since
p2,1 > o, while the third (i.e., midwest region) and first (i.e., south region) regres-
sion models are significantly different since p3; < o. These conclusions agree
with the confidence bands given in Figures 6.4 and 6.5 of course. Furthermore
p =min{ps1,p31} = 0.00036 and so Hy in (6.2), the coincidence of the three
regression models, is rejected at any & > 0.00036.

The p-value approach to the two-sided simultaneous confidence bands in
(6.19) can also be applied to the one-sided confidence bands in (6.23), and de-
tails are omitted here.

6.3.2 Constant width bands

Of course one may also use constant width simultaneous confidence bands to as-
sess the differences among the k regression models and, due to the constant width
shape, these bands may sometimes be more advantageous than the hyperbolic
simultaneous confidence bands in (6.19). A set of constant width simultaneous
confidence bands corresponding to the set of hyperbolic bands in (6.19) is given
in Liu et al. (2007b) by

XBi—xB,eX'Bi—x'Bj+tcé Vxq X andV (i,j) €A (6.25)

where c is the critical constant chosen so that the confidence level of this set of
simultaneous confidence bands is equal to 1 — .
The confidence level of the bands is given by P{S < ¢} where
/ ra PR . _— fa - — .
S= sup sup X108 = By) - (8, =8l . (6.26)
(i,/))EN X(0)EXr o
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Let Z; = (Bi — Bi)/0 ~ Np11(0,(X!X;)~") and denote T;; = (Z; — Z;)/(6/0)
which has a multivariate ¢ distribution. Then S can be written as

S= sup sup [X'Tjj|.
(i,/)EA X()EXr

From the results in Section 3.3.1, S can further be expressed as

S= sup sup |x'Tjl (6.27)
(i,))eN X)€Y

where V is defined in (3.15). So one can use the following simulation algorithm
similar as before to determine the critical value ¢, whilst Liu et al. (2007b) also
provided a different method for finding the critical constant ¢ by using the numer-
ical integration method of Genz and Bretz (2002).

Step 0. Determine (X/X;)~!,i=1, k.

Step 1. Simulate independent Z; ~ N,,11(0,(X!X;)"!) (i=1,--,k) and /0 ~
Va3/v.

Step 2. Compute S from (6.27)

Repeat Steps 1-2 R times to simulate R independent replicates of T, and set the
(1 — o) sample quantile ¢ as c.

Example 6.7 For the drug stability example considered in Example 6.1, the 95%
constant-width simultaneous confidence bands for all pairwise comparisons of the
six regression lines are given by

Bio+ Biixi — Bio—Bjixi € Bio+Biixi — Bio—Bjixi + c6
forx; €[0.0,2.0] andforall 1 <i< j<6. (6.28)

Based on 200,000 simulations, the critical value c is calculated to be ¢ = 6.362.
In order to assess the maximum difference between the ith and jth regression
lines based on the constant width bands, we calculate

Dij= s Bio+ Biaxi — Bjo— Bjixi + 6.

If and only if D;; < 8, where § is a pre-specified threshold, the ith and jth re-
gression lines are declared equivalent and the two batches are pooled. For this
particular data set, D;; is larger than the D;; calculated using the hyperbolic bands
in Example 6.3 for the following six (i, j)’s: (2,1), (3,1), (3,2), (4,1), (4,2) and
(4,3). But D;; < D;; for the other nine (i, j)’s. Over all, we have

max D;;=2.612<2.886= max Dj;.
1<i<j<6 1<i<j<6

So the constant width bands tend to have a better chance to establish equivalence
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Figure 6.7: The confidence bands for X' 3¢ —x' (3,

than the hyperbolic bands. Figure 6.7 plots the hyperbolic and constant width
bands for x'3¢ — x’3; to illustrate the relative positions of the two bands often
observed, from which one observes D¢ = 2.191 and D; ¢ = 2.351. From this
figure, one can see the reason why D;; often tends to be be larger than D;; is that
a hyperbolic band tends to be wider than a constant width band near the ends of
x1 € [0.0,2.0].

One can also compute the p-values p;; for the constant width bands in (6.25)
in order to assess whether the constant width band for x’3; —x’3; contains the
zero regression plane for (i, j) € A. First, one calculates the observed value

< (B3 — 3
sij = sup M: sup [x't;j
X(O)EX,« o X(O)EV

where t;; = (B; — B;)/6 with B; and 6 being the estimates of 3; and o, respec-
tively, based on the observed data set. Next, one computes

pij =P{S>sij} V(i,j) €A (6.29)

by using simulation as before, where the random variable S is given in (6.27).
Now one can use p;; to judge whether the confidence band for x'3; —x'3; in
(6.25) contains the zero regression plane over X(g) € &, and so whether the two
regression models are significantly different:

X'3; —x'B;+ c6 contains the zero plane <= p;; > «

for each (i, j) € A.
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A size o test of the hypotheses in (6.2) based on the simultaneous confidence
bands in (6.25) is to

< (B3 — 3
reject Hy < sup sup M >
(i.)) EAX() EXr °

C.

This test can also be represented by using p-value. One first computes the ob-
served value of the test statistic

_ X' (Bi — B;)|
§= sup SsSup —————
(i./)EAX(0) EXr o

from the data available. One next calculates the p-value
p=P{S>s}

where the random variable S is specified in (6.27). Finally, one rejects Hyp in (6.2)
if and only if p < a. Again, we have p = min; ;) pij. Hence p < o if and only
if pi; < o for at least one (i, j) € A.

i.j)

Example 6.8 For the sales value example considered in Example 6.6, if the con-
stant width confidence bands in (6.25) are used for the comparisons of the second
and third regression models with the first regression model then it is computed that
p2,1 =0.3865 and p3 1 = 0.0117 based on 200,000 simulations. One can therefore
conclude, without plotting the confidence bands, that at o = 0.05, the second (i.e.,
west region) and first (i.e., south region) regression models are not significantly
different since p, 1 > o, while the third (i.e., midwest region) and first (i.e., south
region) regression models are significantly different since p3 ;1 < . Furthermore
p=min{p,1,p31} =0.0117 and so Hy in (6.2), the coincidence of the three re-
gression models, is rejected at any ¢ > 0.0117 by the test induced by the constant
width bands in (6.25).

6.4 Bands for finite contrasts over ellipsoidal region
6.4.1 Hyperbolic bands

For the two-sided comparisons of the ith and jth regression models for all (i, j) €
A one can use the simultaneous confidence bands:

X' B —xXB; €X' B —x'Bj+c6\/XAx Y X(0) € Xe(ij) forall (i,7) € A, (6.30)

where c is a critical constant chosen so that the simultaneous confidence level of
the bands is equal to 1 — ¢t. Here

Xe(ij) = {Xw) L (x0) =) <

-1

v
, ++> (X(o>—Cu)<a2KU} (6.31)

n; n;j
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where a > 0 is a given constant,

: o
Vi = n_i(Xf<o)Xi<0>—"f""<0>xf<°))’
— 1 -1

Vfl le V"il Y,
l” = T X T d
. ( T i)t K | an

1 1 iy V,_l "y Vj_l- </ Vl_l % j_l
K=\ ) TR0 R0+ Ko TR0~ Ko T+ Ko,

The simultaneous confidence level of this band is given by P{S < ¢} where

S = sup S;; where (6.32)
(i,j))eA

S = X' (Bi = Bi =B+ B))|
ij = sup ~ 7 .
X(0) € Xe(ij O \/XAijx

From expression (5.39) of Section 5.4,

S;;i = su
CE e

[T if [Tjo| > 1Tyl
= [Tijol+allTi;)ll

i otherwise (6.33)
a

where

Ve = {V: vl <vov/'1 —|—a2} c R and

Ty = (zij,Zij) A (Bi—Bi—Bj+8)/6 ~ Tpr1v(0,I) (6.34)
with z;; and Z;; being defined in the following way. Let z;;* be the first column
of A;; ", and let the (1,1)-element of A;; ' be zj- Then z;j = z;;*/, /7. Let
Q;; = \/Aij and {V;j1,---,V;j,} be an orthonormal basis of the null space of
Q,’jZ,’j € RP*!. Then Z,’j = Qljl (V,’jl,--- ,V,’jp).

So the random variable S can be computed straightforwardly by using (6.32)

and (6.33), and one can use simulation to approximate the exact critical constant
c in a similar way as before.

It is clear from (6.30) that the comparison of the ith and jth models is based
on the confidence band

X' B —x'B; €X' B —x'Bj+c6\/XA;x V' X(0) € Xo(if)- (6.35)
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Note that X, is different for different (7,/) € A. Furthermore, the pivot S;;
in (6.33) on which the (i, j)-comparison hinges has the same distribution for all
(i,]) € A; this implies that each (i, j)-comparison, (i, j) € A, is allowed the same
rate of type I error. These two properties of the confidence bands (6.30) are not
shared by the confidence bands (6.19), which may have a good power to detect
the differences between some x’3;’s but an excessively low power to detect the
differences between some other x’3;’s. Possible remedies for this are either using
different rectangular covariate regions or replacing the common critical constant
¢ by l;jc for different (i, j) € A; how to choose the different rectangular regions or
the weights /;; warrants further research.

One can compute the p-values associated with the confidence bands (6.30) in
the following way. First, one calculates the observed values

I A._ 7 .
sij=  sup X' (8i — B;)]

X0 € OVXAX

by using the expressions in (6.33) but with T;; = (z;;,Z;;)~'A;; " (B — B,)/6
where 3; and & are the estimates of 3; and o calculated from the observed data.
One then computes by simulation

pij =P{S>sij} V(i,j) €A

where the random variable S is defined in (6.32). If p;; < & then the confidence
band in (6.35) does not contain the zero regression hyper-plane completely over
X(0) € Xe(ij)- If p=ming; ;cp pij < o then at least one of the confidence bands
in (6.30) does not contain the zero regression hyper-plane completely over its
covariate region X(g) € X,;;), and so the null hypothesis of coincidence Hy in
(6.2) is rejected.

Example 6.9 Let us consider again the sales value data set given in Example 6.1,
and the interest is still the comparisons of midwest and west with south. One can
use the confidence bands in (6.30) with A = {(i,j) : i = 2,3 and j = 1}. Suppose
a = 0.05 and a = 0.94. Then the two covariate regions X, (1) and X,(13) are
plotted in Figure 6.8: X,(12) given by the smaller ellipsoidal region and X, 3
the larger ellipsoidal region. The rectangle in the figure is the observed covariate
region. It is clear that the two ellipsoidal regions have different centers and sizes.
Based on 200,000 simulations, the critical constant ¢ is calculated to be 3.203;
this critical constant is slightly smaller than the critical constant 3.359 for the
bands in (6.22) over the observed covariate rectangle. The associated p-values
are calculated to be py 1 = 0.23666 and p3; = 0.00049. Hence, at ov = 0.05, the
confidence band for (1,2)-comparison contains the zero regression plane and the
two regression models are not significantly different. But the confidence band for
(1,3)-comparison does not contain the zero regression plane completely and the
two regression models are significantly different. These conclusions are similar to
those in Example 6.6 based on the bands over the observed covariate rectangle.
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Figure 6.8: The covariate regions X,(13) and X,(13)

6.4.2 Constant width bands

One can also use the following constant width confidence bands for two-sided
comparison of the ith and jth regression models for all (i, j) € A:

X/ﬂ,' —X/ﬂj S X/Bj —X/Bj :EC@'\/ K,’j(l +a2) A4 X(0) S Xe(ij) A (i,j) €A, (6.36)

where c is a critical constant chosen so that the simultaneous confidence level of
the bands is equal to 1 — o. Here X,(;;) and k;; are the same as in the hyperbolic
bands (6.30).

The simultaneous confidence level of this set of bands is given by P{S < ¢}
where

S = sup S;; where (6.37)
(i,/)eA
/ ra PR— PRp— Ve . .
S, = wp XGBB8
xo Xy OV Kij(1+a?)
From expression (5.52) of Section 5.4.3,
T:; +a Tl”
= | 1j0| H /(0)” (6.38)

1+a?

where T;; is defined in (6.34). So the random variable S can easily be computed
by using (6.37) and (6.38), and the exact critical constant ¢ can be approximated
by using simulation in a similar way as before.
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From (6.36), the comparison of the ith and jth models is based on the confi-
dence band

X B —xX'B; €X' B —x'Bj 6/ Ki;(1+a%) Vx(p) € X,)- (6.39)

Again, the pivot S;; in (6.38) on which the (i, j)-comparison depends has the same
distribution for all (i, j) € A, which implies that each (i, j)-comparison, (i, j) € A,
is allowed the same rate of type I error. Also note that the width of the confidence
band for (i, j)-comparison varies with (i, j) € A, while all the confidence bands
in (6.25) have the same width. The confidence bands in (6.25) can be modified
to devote different (or same) type I error rates for different (i, j)-comparisons by
using different rectangular covariate regions or differently weighted critical con-
stants /;;c for different (i, j)-comparisons. No research is done on how to choose
different rectangular regions or the weights /;; however.
One can compute the p-values associated with the confidence bands (6.36) as
follows. First, one calculates the observed values
Loa o
sij=  sup A|X (Bi —B))l
X0 E€X,y G/ Kij(1+a?)

by using the expression in (6.38) but with T;; = (z;;,Z;;))~'A;; " (Bi — B,)/6
where (3; and 6 are the estimates calculated from the observed data. One then
computes by simulation

Dij ZP{S> S,'j} V(i,j) cA

where the random variable S is defined in (6.37). If p;; < & then the confidence
band in (6.39) does not contain the zero regression hyper-plane completely over
X(0) € Xe(ij)- If p=ming jycp pij < o then at least one of the confidence bands
in (6.36) does not contain the zero regression hyper-plane completely over its
covariate region X(g) € X,;;), and so the null hypothesis of coincidence Hy in
(6.2) is rejected.

Example 6.10 Continue from Example 6.9. One can also use the confidence
bands in (6.36) with A = {(i,j) : i = 2,3 and j = 1} for the comparisons of
midwest and west with south. For oo = 0.05 and a = 0.94, the critical constant
c is calculated to be 3.153 based on 200,000 simulations. The associated p-values
are calculated to be py 1 = 0.22945 and p3; = 0.00227. Hence, at o = 0.05, the
confidence band for (1,2)-comparison contains the zero regression plane. But the
confidence band for (1,3)-comparison does not contain the zero regression plane
completely. These conclusions agree with those in Example 6.8.

One can construct one-sided hyperbolic or constant width simultaneous con-
fidence bands over ellipsoidal covariate regions in a similar way. But no details
are provided here.
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6.5 Equivalence of more than two models

It is clear that, in the drug stability example discussed above, the goal is to as-
sess the equivalence of the regression models rather than to detect the differences
among the models. The simultaneous confidence bands considered in this chapter
are versatile and can be applied to assess the equivalence of the models. But they
are not particularly suitable for demonstrating equivalence, for similar reasons as
pointed out in Section 5.5. In this section, we provide an intersection-union test
for assessing the equivalence of all the k regression models over a given region
of the covariates. This test has a greater chance to establish equivalence than the
simultaneous confidence bands in this chapter.

Since the goal is to assess whether all the k regression models are equivalent in
the sense that the maximum difference, over the given covariate region X(g) € &,
between any two of the k models is strictly less than a given threshold §:

max sup |[X'B;—x <6,
1<:;£/<kx()p | 51 /6}|

the hypotheses are set up as

HE: max sup |X3;—x'83;>6
0" 1<izj<ky )er| Bi=xBjl 2

against HE : 1<nll£jx<kx(i:1€px IX'B: —x'Bj| < 8. (6.40)

If and only if the null hypothesis Hg is rejected, the equivalence of the kK models
can be claimed.

A size o test can be constructed by using the intersection-union principle of
Berger (1982); see Appendix D. Let the equivalence hypotheses for the ith and
jthmodels (1 <i# j<k)be

Hi: sup |X'Bi—x'Bj|>§ against H.;;: sup [x'Bi—xBj[<3.
X(O)GX X(O)GX

From Section 5.5.3, a size « test for these hypotheses rejects HO if and only if

min (x'3; —xX'3; —t36\/XAjx) > -8

()GX
and maygz(x',f'}'i—X',@j—i—t\‘fé'«/x’Aijx) <o
X(O)G

Notice that the hypotheses in (6.40) can be written as

Hj = U1<i75j<kHOEij and HY =Mi<izj<cHy

a,ij*

Hence a size « intersection-union test of Hy E against HE rejects HOE if and only if

min_ min (xX'3; —x'3; —1t$6/X'A;jx) > —8

1<l;5j<kX(0)€X

and max max (x’ Bi—x' Bj+t 6/X'Ajjx) <6. (6.41)

1<l;5j<kX(0)€X
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The size o of the test is the probability of falsely claiming equivalence when
the k models are not all equivalent. The power of the test is the probability of
rejecting Hp and so claiming the equivalence when the k models are equivalent,
which depends on X and the true values of 3; and ©.

Example 6.11 Let’s continue the drug stability example considered in this chap-
ter. We can use the IU test in (6.41) to assess whether all six batches are equivalent
and hence can be pooled to calculate one expiry date. For o¢ = 0.05 and the ob-
servations given in Table 6.1, we have

min  min (X'3; — X3, — 1y 6/X'Aijx)

1<izj<kx(g)€X

175 - o A 7 _
max max (X 3;—X3;+1t,6+/XA;;x) =2.024.
1§i;éj§kx(0)eX( Bi—xBj+1y iX)

Therefore if the threshold 0 is larger than 2.024, all six batches can be claimed to
be equivalent. From the numerical results given in Example 6.7, it is clear that the
test (6.41) has a better chance of demonstrating the equivalence of all six batches
than the hyperbolic or constant width simultaneous confidence bands.

The conclusions one may draw from test (6.41) are either all the k models are
equivalent or not. A more useful procedure is to divide the kK models into several
groups: the models in the same group are equivalent and the models in different
groups are not equivalent. Although the simultaneous confidence bands developed
in this chapter can serve for this inferential need, they are not particularly pertinent
for this purpose. For this particular purpose, one needs a multiple test to test the
family of null hypotheses

{HE;j: 1<i#j<k}.

To devise such a multiple test that controls strongly the type I familywise error
rate (i.e., the probability that any two non-equivalent models are falsely allocated
into an equivalent group) at ¢ is not an easy task, and there is no published work
on this to date. The work of Bofinger and Bofinger (1995) is relevant, in which
the simpler problem of dividing several normal means into the two equivalent
and non-equivalent groups relative to a control normal mean is studied. It is also
noteworthy that Hewett and Lababidi (1982) gave an intersection-union test for
assessing the ordering of three regression straight lines on an interval.
Another interesting problem is to construct an upper confidence bound on
/ /
nax  max, <8 —x'Bjl/o,

which generalizes the result of Liu, Hayter and Wynn (2007) for k = 2. Note that
Bofinger et al. (1993) constructed an upper confidence bound on

ma i — Ui/ O
max |~
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for k normal populations N(u;,6?),---,N(t, 62).
Finally, there is no published work on simultaneous confidence bands when
the error variances 62 of the k models are different.



Confidence Bands for Polynomial
Regression

For making inferences about polynomial regression models, the commonly used
partial F tests are applied in the same ways as for linear regression models where
the covariates have no functional relationships among themselves; the only place
that the functional relationships are used is in the design matrix. This lack of full
utilization of the special form of a polynomial regression model has some un-
desirable consequences. In this chapter various simultaneous confidence bands
pertinent for making inferences for polynomial regression models are provided.
They are more intuitive and more informative than the partial F tests. The ideas
presented in this chapter can clearly be applied to other linear regression mod-
els where the covariates have functional relationships, such as response surface
(cf. Khuri, 2006 and Meyers et al., 2009) and mixture models (cf. Cornell, 1990).
Some applications of simultaneous confidence bands to response-surface method-
ology are given in Sa and Edwards (1993) and Merchant, McCann and Edwards
(1998).

7.1 Confidence bands for one model

Consider a standard (univariate) polynomial regression model

Y=X3+e (7.1
where Y = (y,---,y,) is a vector of observations, X is a n x (p + 1) full
column-rank design matrix with the /th (1 <! < n) row given by (1,x;,--- ,xf),
B = (Bo,---,Bp)" is a vector of unknown coefficients, and e = (ey,---,e,)’ is

a vector of independent random errors with each ¢; ~ N(0,02), where 62 is
an unknown parameter. From Chapter 1, the least squares estimators of 3 and
o are given, respectively, by 3 = (X'X)"'X'Y ~ N,.1(8,06%(X'X)"!) and
62 =|Y—-XB|]>/v ~ o2x2/vwherev=n—p—1.

Throughout this chapter, let & = (1,x,---,x")" € R"*!, and denote x =
(1,x1,---,xp)" as before. We also assume that the order of the polynomial model
(7.1), p, is larger than one in order to exclude the straight line regression mod-
els considered in Chapter 2. In a usual linear regression model, the covariates
X1,--+,Xp do not have functional relationships among themselves. On the other
hand, the covariates of the polynomial regression model (7.1) are x, - - - ,x”, which

179
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depend on just one variable x. This important feature of a polynomial regression
model should be taken advantage of in developing any inferential procedures that
are pertinent to polynomial regression. Note, however, after X is determined, this
feature is no longer used in, for example, the construction of the confidence set
(7.2) below for 3.

One important statistical inference is to assess where lies the true polynomial
model X'3 for x in a given range of interest, say (a,b). Theorem 1.2. gives the
following exact 1 — o level confidence region for 3:

c<y,x>:{,@:<ﬁ—ﬂ>’< X(BE-B)/(¢p+1) _ 1} 72

From this confidence region, any 3 € C(Y,X) is deemed to be a plausible value
and so the corresponding X’3 a plausible polynomial model.

From Theorem 3.2, this confidence region C(Y,X) for 3 is equivalent to
the following exact 1 — o level simultaneous confidence band for the regression
hyper-plane x’3:

X8 e xXB+,/(p+1) Ty 6/X(XX) 7 x, Vxe RPHL (7.3)

From this confidence band, in order to judge whether X'3 is a plausible model,
one has to check whether x’(3 is contained in the confidence band (7.3) over the
whole space of x € RP+!,

This is not sensible since we are interested only in the polynomial regression
model ¥’ 3 and hence the behavior of the hyper-plane x’3 only along the loci x =%
rather than over all x € R7*!. Using the confidence region (7.2) or the equivalent
confidence band (7.3) to assess whether a given polynomial regression model X' 3
is plausible has the following undesirable phenomenon. Suppose X'3; and X'3,
are two given polynomial models and, furthermore, the first model X’(3; is closer
than the second model X' (3, to the estimated model X’ ,@ from the observed data Y
and X in the sense that

X8~ %] X', —%'B|
su —F <  sup

—00<X< 00 6\/?(’(X’X)71}~{ —00<X<00 6'«/)2'(X’X)71)~(.

Intuitively, one would expect that any sensible inferential procedure would al-
ways claim the first model ¥'(3; is a plausible model if the second model X’(3; is
claimed to be a plausible model. This, however, is not the case when using the
confidence region (7.2) or the equivalent confidence band (7.3), as shown in the
next subsection. The reason of this undesirable phenomenon is that the confidence
band (7.3) is for the regression model x'3, which does not use the special form
of the polynomial regression model and so is not pertinent for making inference
about the polynomial model X’3 of interest.
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7.1.1 Hyperbolic bands

An appropriate hyperbolic confidence band for the polynomial model X'3 over a
pre-specified interval x € (a,b) is given by

%8 e ¥B+c6\/x(X'X)"1% Vxe (a,b) (7.4)

where c is a suitably chosen critical constant so that the simultaneous confidence
level of this band is 1 — «. It is clear that the value of c is strictly smaller than

(p+1) fI(TX+1-,V used in the confidence band (7.3) since the confidence band (7.4)

isover {X= (1,x,---,x7)": x € (a,b)}, a set strictly smaller than R”*! even when
a=—ooand b = oo.

For the special case of p =2 and (a,b) = (—o00,00), that is, for a quadratic
polynomial regression model over the entire line x € (— 00, 00), Wynn and Bloom-
field (1971) expressed the simultaneous confidence level of the band (7.4) as a
three-dimensional integral of a trivariate ¢ density function (cf. Dunnett and So-
bel, 1954b), from which the exact value of ¢ can be computed by using numer-
ical quadrature. For p = 2 and X satisfying certain conditions (Conditions (17)
of Spurrier, 1993), Spurrier (1992, 1993) expressed the simultaneous confidence
level as a three-dimensional integral of a trivariate ¢ density. Piegorsch (1986) con-
structed simultaneous confidence bands for a quadratic regression function with
zero intercept over an interval of the covariate.

Wynn (1984) constructed a confidence band of neither hyperbolic nor con-
stant width; it is extended from a set of simultaneous confidence intervals over
a finite set of points x;’s in (—o0,00) at which all the estimators (1,x;,--- ,xf)[")’
are statistically independent. Spurrier (1993) compared under the average width
criterion Wynn’s (1984) band with band (7.4) but only for p=2 and some special
situations.

Knafl et al. (1985) provided a method to construct an approximate two-sided
hyperbolic band; this method is most suitable for a regression model that may
have several predictors but all the predictors are given functions of only one vari-
able x, such as the polynomial regression model (7.1). The basic idea is firstly
to choose a suitable finite grid G = {gy,---,gs} over the interval x € (a,b), that
is, a = g1 < --- < gy = b. Then the critical constant c is determined so that the
simultaneous coverage probability of the confidence band covering the regression
model only at all the x = g;’s is guaranteed to be no less than 1 — o; a simple
up-crossing probability inequality was used to determine a conservative c for this
purpose. Finally, the ‘discrete’ band over the grid G is extended to the whole in-
terval x € (a,b) by interpolation, utilizing the functional form of the regression
model. Strictly speaking, the band constructed in this way is not of hyperbolic
shape. But if the grid G is sufficiently dense on [a, ] then this band looks pretty
similar to a hyperbolic band. On the other hand, for the up-crossing probability
inequality to produce a not too conservative ¢ value, the grid G should not be



182 CONFIDENCE BANDS FOR POLYNOMIAL REGRESSION

overly dense. This method was further developed by Rychlik (1992) to construct
approximate hyperbolic bands for some more general linear regression models.

The famous result of Naiman (1986), which relates to the volume of a tube
about a one-dimensional manifold in the unit sphere in R”*!, can be used to
provide a lower bound on the simultaneous confidence level and so a conservative
critical constant c. McCann and Edwards (1996) applied Naiman’s (1986) result
to provide a set of conservative simultaneous confidence intervals for the pairwise
differences of several normal means. In particular, Naiman’s (1986) result gives
the following lower bound on the confidence level of band (7.4):

1/c
1= [ min{F, 122 ((e) 2= 1) /(p = D) Ap)/
+Fp1 (((ct) 2 =1) /p), 1} fr(t)dr

where f7(-) denotes the pdf of T := /x2/v/ X,z, 1 With the two chi-square

random variables 2 and xf, 1 being independent, and A(y) = jf |17 (x)||dx is the
length of the path ¥ (in the unit sphere centered at the origin in R *!) defined by

(X'X)~ /%%

T = o) 7]

for x € (a,b).

Tube volume theory was started by Hotelling (1939) and Weyl (1939) and has
been studied by Naiman (1986, 1990), Johnstone and Siegmund (1989), Knowles
and Siegmund (1989), Johansen and Johnstone (1990), Sun (1993) and Efron
(1997) among others. Sun and Loader (1994) used these results to provide an
approximate formula for the simultaneous confidence level of a two-sided hyper-
bolic simultaneous confidence band for a general curvilinear regression model,
from which an approximate critical constant ¢ can be computed. In particular, this
can be applied to give the following approximate confidence level for band (7.4):

2

K C v/2
0
1—— 14+ — —P{l|t
< ) {|v|>c}

where kp = [ ab |IT'(x)||dx is the length of the path (in the unit sphere centered at
the origin in ") defined by

1

X(X'X)~!

0= Ixxx) 13

for x € (a,b).

Note that Ky = A(7) in fact. Faraway and Sun (1995) considered the construction
of approximate two-sided hyperbolic bands when the variances of the errors e;
may be different at different Y;’s. Piegorsch (1987b) considered the robustness of
simultaneous confidence bands for a regression straight line considered in Chapter
2 while the true regression model is a quadratic polynomial function. Loader and
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Sun (1997) investigated by simulation the robustness of tube formula-based con-
fidence bands to normal-error assumption. The problem considered in Pirgorsch
et al. (2005) is also related to simultaneous confidence bands for a quadratic poly-
nomial regression model, whilst Hoel (1954), Halperin et al. (1967) and Gafar-
ian (1978) constructed conservative confidence bands for a polynomial regression
model.

For the general setting here, including the special case of (a,b) = (—o0,00),
we use simulation in a similar way as in the previous chapters to approximate c,
following Liu, Wynn and Hayter (2008). Kosorok and Qu (1999) used simulation
to construct simultaneous confidence bands for polynomial regressions in a differ-
ent context. The simultaneous confidence level of band (7.4) is given by P{S < ¢}
where

S = sup

a<x<b /X' (X'X)~1%
|

a<x<b /X (X'X)~ 1%
= Ky(T,(X'X)7!,(a,b)) (71.5)
whereN=(8—8)/0 ~Np11(0,(X'X) ™), T=N/(6/0) ~ Tp11 v(0,(X'X)"")

and 1]
X't

Kon(t,A, (a,b) = sup —t.

a<x<b VX'AX

(7.6)

An efficient algorithm for computing K (z, A, (a,b)) is provided in Appendix E.

To simulate one S, one simulates independent N = (3 — B8)/c ~
Np:1(0,(X’X)~!) and /0 ~ +/x2/v, and calculate S from (7.5) by using the
algorithm in Appendix E to compute Ky (T, (X'X)~!, (a,b)). We simulate R in-
dependent replicates Sy, - - -, Sg of S, and use the ((1 — &)R)th largest S;’s, denoted
as ¢, as an approximation to c¢. The accuracy of ¢ can be assessed in a similar way
as before; see Appendix A.

The confidence band (7.4) induces a 1 — « level confidence region for 3:

s _Ja. X'(B-8)
c*(Y,X,(a,b)) = {,6. ail;lcgb 6‘\/m <c}. (7.7)

Partition the union set of the confidence regions C(Y,X) in (7.2) and
C*(Y,X, (a,b)) in (7.7) into three subsets:

C(Y,X) = C* (Y, X, (
C(Y,X)NC*(Y,X, (a
S3 C* (Yv ) 7b)) C(Y7

“Q

b)
b)

);
);
)-
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It can be shown that all three subsets are non-empty when p > 1. If 8; € S5 and
B3> € S; then we have

sup X ~( Bl <c¢< sup

B-8
a<x<b G O+\/X ( IX)71X a<x<b 6'\/ XI(X/X)

since B € C*(Y,X, (a,b)) but B, ¢ C*(Y,X, (a,b)). However, the model X' 3, is
deemed not to be plausible but X'3; is deemed to be plausible by the confidence
region C(Y,X) since 8; ¢ C(Y,X) but 3, ¢ C(Y,X). This is the undesirable
property of the confidence region C(Y,X) pointed out in the last subsection. The
confidence region C*(Y, X, (a,b)) does not have this problem due to its construc-
tion, which uses the functional relationships among the covariates of a polynomial
regression model.

25

Figure 7.1: The observations, fitted model and confidence bands for the perinatal data

Example 7.1 Selvin (1998, p224) provided a data set on perinatal mortality (fe-
tal deaths plus deaths within the first month of life) rate (PMR) and birth weight
(BW) collected in California in 1998. The interest is on modelling how PMR
changes with BW; Selvin (1998) considered fitting a 4th order polynomial re-
gression model between ¥ = log(—1log(PMR)) and x = BW. We will focus on
the black infants only. Note that, in Selvin’s data set, the first (corresponding
to BW < 0.85kg) and the last (corresponding to BW > 4.25kg) observations are
clearly different from the other 35 observations (which have BW in an interval of
length 0.1kg and the middle point of the interval is used as the value of BW), and
so discarded from our analysis below. Indeed the R? values for fitting a 4th order
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Table 7.1: Perinatal mortality data for black infants from Selvin (1998)

X; Y; i X; Y; i X Y;
0.85 -0.3556 13 2.05 1.0972 25 3.25 1.7774
0.95 0.1089 14 2.15 1.3382 26 3.35 1.7538
1.05 0.3880 15 2.25 1.3254 27 3.45 2.0933
1.15 0.4399 16 2.35 1.4241 28 3.55 1.7594
1.25 0.6513 17 2.45 1.4632 29 3.65 1.7538
1.35 0.7022 18 2.55 1.4906 30 3.75 1.9478
1.45 0.7706 19 2.65 1.6324 31 3.85 1.8351
1.55 0.7523 20 2.75 1.5383 32 3.95 1.9830
1.65 0.7934 21 2.85 1.6955 33 4.05 1.7429
10 1.75 1.0233 22 2.95 1.7538 34 4.15 1.8827
11 1.85 0.8918 23 3.05 1.6998 35 4.25 1.8269
12 1.95 1.0959 24 3.15 1.7903

O 01N WU AW —|~

polynomial regression model before and after deleting these two observations are
markedly different, given by 90.9% and 97.1% respectively. The 35 observations
(Y;,x;) are given in Table 7.1.

These observations and the fitted 4th order polynomial model, ¥ = —2.861 +
4.809x — 2.316x% +0.568x> — 0.054x*, are plotted in Figure 7.1. From the plot,
it seems that a 4th order polynomial model fits the observation quite well at
least over the observed range of x € (0.85,4.25). To assess the plausible range
of the 4th order polynomial (from which the observations are assumed to be
generated from), we construct the 95% two-sided hyperbolic band (7.4) over
x € (0.85,4.25). The critical constant ¢ is calculated to be 2.985 based on 100,000
simulations. This confidence band is given in Figure 7.1 by the two solid-line
curves around the fitted model. From this confidence band, any polynomial model
of order 4 or lower that falls completely inside this band over x € (0.85,4.25) is
deemed to be a plausible model. For example, both the least square quadratic and
cubic fits to the observations fall completely inside the band, and so are plausible
models. On the other hand, any polynomial model of order 4 or lower that falls
outside the band for at least one x € (0.85,0.425) is deemed not to be a plausi-
ble model. For example the least square straight line fit to the observations is not
plausible.

The level 95% confidence band (7.4) over the whole range x € (—o0,00) has
the critical value ¢ = 3.032. But a negative x value of birth weight is obviously
meaningless here. The critical value of the F band (7.3) is given by |/5f255 =
3.559, which is over 19% larger than the critical value 2.985 of band (7.4). The F
band restricted to x; = x' over x € (0.85,4.25) is given by the two dotted curves
in Figure 7.1. Note that if ¢ = 3.559 is used in the confidence band (7.4) with
(a,b) = (0.85,4.25) then the simultaneous confidence level of the band is about
98.7%, considerably larger than the nominal level 95%.
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In Example 7.1, one may be interested only in the upper limits of perinatal
mortality rates over a given range of x. If one-sided inference about the poly-
nomial model X’'3 is of interest, one can use one-sided simultaneous confidence
bands. The lower hyperbolic confidence band has the form

¥B > B —c6\/x(X'X)"!1% Vxe(a,b) (7.8)

where c is the critical constant chosen so that the simultaneous confidence level
of this band is 1 — ¢. The upper hyperbolic confidence band can be constructed
in a similar way and use the same critical constant ¢ as the lower band (7.8).

For the general setting here, we again use simulation to approximate c. The
simultaneous confidence level of the band (7.8) is given by P{S < ¢} where

(A _ A
s -y XB-B)0
aoxeh /X (X'X) 1K

£'T
= sup —(———
a<x<b i/(X/X)_li

= Ku(T,(X’X)™", (a,b)) (7.9)

where T = (3 — 3)/6 as in the two-sided case and

%'t
th(t7A7 (Cl, b)) = Sup —f——.
a<x<b VX'AX
An efficient algorithm for computing Ky, (t,A, (a,b)) is provided in Appendix E.
To simulate one S, one simulates T = (3 — 3)/6 ~ Tp11v(0,(X’X)~1), and
calculates S from (7.9). The critical constant ¢ can therefore be computed by sim-
ulation as before.

Example 7.2 For the data set given in Example 7.1, suppose we are interested
only in the upper bounds on the 4th order polynomial regression function over x €
(0.85,4.25). The critical constant of the 95% upper confidence band is computed
to be 2.687 based on 100,000 simulation. This critical value is 10% smaller than
the two-sided critical constant 2.987 given in Example 7.1. Figure 7.2 gives this
upper confidence band (solid curve), with the two-sided confidence band given
by the two dotted curves. As expected, the upper confidence band is below the
upper part of the two-sided confidence band. The critical constant of the upper
confidence band over x € (—o0,00) is given by 2.7383.

7.1.2  Constant width bands

A constant width confidence band for the polynomial model X3 over a pre-
specified interval x € (a,b) is given by

¥B € ¥B+c6, Vxe(ab) (7.10)
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Figure 7.2: The upper and two-sided confidence bands for the perinatal data

where c is a suitably chosen critical constant so that the simultaneous confidence
level of this band is 1 — o. For the special case of p =2, Trout and Chow (1972,
1973) considered the constant width band and expressed the simultaneous confi-
dence level as a three-dimensional integral of a trivariate ¢ density.

For a general p > 2, simulation can again be used to approximate the critical
constant ¢. The simultaneous confidence level of the band (7.10) is given by P{S <
c} where

S = sup [K(B-8)/6]|
a<x<b
= sup |[X'T|

a<x<b

= K»(T,(a,b)) (7.11)
where T = (3 — 3)/6 as in the hyperbolic bands, and

Kac(t.(a,b)) = sup [%1].

a<x<b

An efficient algorithm for computing K,.(t, (a,b)) is provided in Appendix E.

To simulate one S, one simulates T ~ 7,11 ,(0,(X'X)"!), and calculates S
from (7.11) by using the algorithm in Appendix E. The critical constant ¢ can
therefore be computed by using simulation as before.

Example 7.3 For the problem considered in Example 7.1, one can also use a
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constant width band to bound the unknown 4th order polynomial regression func-
tion. The critical constant ¢ of the 95% two-sided constant width band (7.10) over
x € (0.85,4.25) is computed to be 1.681 based on 100,000 simulations. Figure
7.3 gives the constant width band by the two solid curves, and the two-sided hy-
perbolic band by the two dotted curves. Similar to the observations made in the
previous chapters, the hyperbolic band tends to be narrower than the constant
width band in the middle part of the covariate interval (0.85,4.25), and vice versa
near the two ends of the interval (0.85,4.25).

25

05

Figure 7.3 The two-sided constant width and hyperbolic confidence bands for the perinatal
data

One can also construct a one-sided constant width band for making one-sided
inferences. A lower constant width confidence band for the polynomial model X' 3
over a pre-specified interval x € (a,b) is given by

¥B > KB—c6, Vxe(a,b) (7.12)

where c is a suitably chosen critical constant so that the simultaneous confidence
level of this band is 1 — a. An upper constant width confidence band can be con-
structed in a similar way and uses the same critical constant c as the lower constant
width confidence band (7.12).

The simultaneous confidence level of the band (7.12) is given by P{S < ¢}
where

s = sup X(B-P)/6

a<x<b
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= sup XT

a<x<b

= KlC(T7 (a7b)) (713)
where T = (3 — 3) /6 as before, and

Kic(t,(a,b)) = sup X't.
a<x<b

An efficient algorithm for computing K .(t, (a,b)) is provided in Appendix E. So
simulation can again be used to approximate the critical constant c.

Example 7.4 For the problem considered in Example 7.1, one can use a constant
width upper band to bound the unknown 4th order polynomial regression function
from above. The critical constant ¢ of the 95% one-sided constant width band
(7.12) overx € (0.85,4.25) is computed to be 1.460 based on 100,000 simulations,
which is over 13% smaller than the two-sided critical constant 1.681. Figure 7.4
gives the upper constant width band by the solid curve, and the two-sided constant
width band by the two dotted curves.

25

Figure 7.4: The upper and two-sided constant width bands for the perinatal data

7.2 Confidence bands for part of a polynomial model

Another important inferential problem is to assess whether the polynomial model
(7.1) can be simplified. Specifically, if some of the coefficients 3;’s are equal to
zero then the corresponding terms x'’s have no effect on the response variable
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Y, and so the model can be simplified. For a polynomial regression model, it
is suggested (cf. Draper and Smith, 1998) that if the term x is included in the
model then all the lower order terms 1,x, - - -, x'~! should be retained in the model
too. So it is of particular interest for polynomial regression model (7.1) to assess
whether 3> = (Bp—k+1,---,Bp) = 0 for some given 1 <k < p. If B, is zero then
the terms x?~**1 ... x? have no effect on the response variable ¥ and so model
(7.1) reduces to the lower order polynomial model

Y=X;3;+e (7.14)

where X is formed by the first p — k+ 1 columns of the matrix X, and 3; =

(ﬁoa tte 7ﬁp7k)l'

Throughout this section we assume k > 2. If k = 1 then all the tests become
the ¢ tests and the confidence regions become the ¢ confidence intervals, and there
is no improvement achieved by the new methods introduced in this section.

7.2.1 Partial F test approach

One may continue to apply the partial F test as in Chapter 4 to test the hypotheses
Hy: B =0 against H,: B, #0,
and Hy is rejected if and only if

(SSg of model (7.1) — SSg of model (7.14)) /k
MS residual of model (7.1)

BV By /k
52

= (7.15)

where (3, denotes the estimator of 3, = (bp—ks1,--+,bp)’, which is formed by the
last k components of 3 and has the distribution A (B2,06%V) where Vis a k x k
partition matrix formed from the last k rows and the last k columns of (X'X)~!.
Since V is non-singular, let W be the square root matrix of V satisfying V = W2,

The partial F test can be derived from the exact 1 — & level confidence region

for 3,
(B2 =Ba)/k f,ﬁ‘v}; (7.16)

H, is rejected if and only if the origin is outside this confidence region.

Denote X, = (xP*k“, -+, xP)’, the covariate terms corresponding to 3,, and
denote Xo = (Xp—g41,"*,Xp). Following from Theorems 4.1 and 4.2, the confi-
dence region for 3, in (7.16) is equivalent to the following exact 1 — o level
simultaneous confidence band for the hyper-plane x} 35:

X33 € B+ [kfE, 6\/x4Vxy Vxp € RE. (7.17)

—1
62

{52 : (B2 —B32)'V
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The partial F' test (7.15) rejects Hy if and only if the zero hyper-plane x50 is
outside this confidence band for at least one x, € R*.

As argued in Section 7.1, the confidence band (7.17) does not take fully into
account the functional relationships among the covariates x; = x’ fori = p —k+
1,---,p in the polynomial model (7.1). Consequently, the partial F test (7.15)
or equivalently the confidence band (7.17) have some undesirable property. For
example, even though one observation Y, with the corresponding estimates 3,
and 61, indicates more strongly that %53- is closer to the zero polynomial function
than another observation Y5, with the corresponding estimates ,@)’22 and 6, in the

sense that N N
%5821 %532
sup ———= < Sup e,
—00<x< 00 Gl\/XZVXQ —00<x< 00 GQ\/XZVXQ

the partial F' test may reject Hy when Y| is observed but not reject Hy when Y3 is
observed. Such observations Y and Y, are identified in the next subsection. The
underlying reason is that the functional relationships among the covariate terms
of X, are not used fully in the partial F test (7.15) or the equivalent confidence
band (7.17).

7.2.2  Hyperbolic bands

Since we are interested in assessing the magnitude of X5/3,, often over a given
range of x only, (a,b) say, it is natural to bound X3, by the hyperbolic confidence
band

%8, € %Br+c 6,/%VX, Vxe (a,b) (7.18)

where c is a suitably chosen critical constant so that the simultaneous confidence
level of this band is 1 — .

To determine the critical constant ¢, note that the confidence level is given by
P{S < ¢} where

_ I%5(B2 — B2)|
R RN A
e k=13,
~ sup [(1,---,x* ) (B2 — B2)] (7.19)

a<x<b 1

& | (1, 1)V

by noting that X, = x?~**1(1,x,---,x*=1). So the critical constant c is given by the

critical constant ¢ in the hyperbolic band (7.4) but with p = k — 1 and (X'X)~!
replaced by V. The critical constant ¢ can therefore be computed by using the
simulation method for the confidence band (7.4).
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Note that the confidence band (7.18) for X3 is equivalent to the following
exact 1 — a confidence region for 3,

{,82 :osup M < c}. (7.20)

a<x<b O X/ZVX
Let

|’~‘2B2|
C*(X,k,(a,b)) = Y = (Y1,---,Yn) 1 sup —===<c
a<x<b O/ X/ZVX
which is the set of observations Y for which the null hypothesis Hy : 3, = 0 is not
rejected by the confidence region (7.20). Similarly, let

_
C(X.k) = {Yz (oo xy P2V <ng} (721)

which is the set of observations Y for which the null hypothesis Hp : 3, = 0 is not
rejected by the confidence region (7.16).

The union of the sets C(X, k) and C* (X, k, (a,b)) can be partitioned into three
subsets:

S| = C(X, k) — C* (X, k, (a,b)),
S, = C(X, k) NC* (X, k, (a,b)),
S3 = C* (X, k, (a,b)) — C(X, k).

It can be shown that all three sets are non-empty when k > 1.
If Y, € S3 with the corresponding estimates (3;; and 67, and Y, € S| with the
corresponding estimates (35 and 6,, then we have that

%, %,
sup ——— | 2'?/21|~ <c< sup ———— | 2'?/22|~
a<x<b 611/X5VXp a<x<b 621/X5VXy

since Y| € C*(X,k, (a,b)) but Y, & C*(X,k, (a,b)). So, intuitively, the estimated
model i’zﬁm when observing Y is closer to the zero polynomial function than
the estimated model i’z,fi'zz when observing Y. However, the confidence region
(7.16) or equivalently the partial F test (7.15) rejects Hy : (3, = 0 when observing
Y but does not reject Hy when observing Y, since Y; ¢ C(X, k) but Y, € C(X, k).
This is the undesirable property of the confidence region (7.16) or the partial F
test (7.15) pointed out in the last subsection.

The size o test induced by the confidence region (7.20) or equivalently the
confidence band (7.18) rejects Hy if and only if

~! D
sup %33

a<x<b 6\/ iIZViZ

>ec. (7.22)
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It does not have this undesirable property of the partial F test (7.15) since its
underlying confidence band (7.18) utilizes the functional relationships among the
covariate terms of the model X53,. Since the confidence band (7.18) can easily
be plotted for any p and k values, this test is more useful than the partial F test in
(7.15).

Finally, it is noteworthy that confidence band (7.18) has the equivalent form

x PR By € x PRI B £ e 6[x| TP [RGVRy , VX € (a,b) (7.23)

where x Pk=1%, = (1,---,x*~1)’. This form is easier to plot than that in (7.18)
which can be either very small for a small x or very large for a large x.

Example 7.5 We continue to consider the perinatal mortality (PM) data set given
in Example 7.1. From the data points plotted in Figure 7.1, one may wonder
whether a quadratic polynomial model is sufficient. Indeed the adjusted R* value
of the least square 4th order polynomial model is 96.8%, while the correspond-
ing value of the quadratic polynomial model is 96.5%. For this, one may test
Hy : 32 = (B3,B4) = 0 against H, : 3, # 0. Note that testing the null hypotheses
Hy: B3 =0and Hy: B4 =0 at 5% individually in the usual backward manner
does not control the overall type I familywise error rate at 5%. The p-value of the
partial F test (7.15) is 9.9% and so Hy : 3, = 0 cannot be rejected at 5% level.

0.8 b

04f — ]

0.2 4

Figure 7.5: The hyperbolic confidence band (7.23) for the perinatal data

On the other hand, the test (7.22) with (a,b) = (0.85,4.25) has a p-value
3.8% and hence Hy is rejected at & = 5%. In terms of confidence bands, the
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critical value ¢ of band (7.18) for & = 5% and (a,b) = (0.85,4.25) is given by
2.058 based on 100,000 simulation. Its equivalent form (7.23) is given in Figure
7.5 by the two solid lines. Since this band is completely above the zero line, the
contribution of B3x® + B4x* is non-zero and, in fact, positive. So Hy is clearly
rejected from this confidence band. This agrees with the observed p-value 3.8%
of course. On the other hand, the critical value of the F band (7.17) is given by

A /2]‘%)8 =2.575, which is about 25% larger than the critical value 2.058 of band
(7.18). If this conservative critical value is used in the band (7.23), the band is

plotted in Figure 7.5 by the two dotted lines. It contains the zero line completely
as expected from the F band (7.17) which has a p-value 9.9%.

7.2.3  Constant width bands

One may also use the confidence band
53, € B, £c6xPH Vxe (a,b) (7.24)

to bound X5/3, over x € (a,b), where c is a suitably chosen critical constant so that
the simultaneous confidence level of this band is 1 — . This confidence band is
equivalent to the constant width band

xPHEIRB) € x PRI B ke 6 Ve (a,b), (7.25)

which is easier to plot than the band (7.24).
As before we can use simulation to approximate c¢. The simultaneous confi-
dence level of the bands (7.24) or (7.25) is given by P{S < ¢} where

S = sup |(1,--, ) (B2~ B2)/ 6]
a<x<b
= sup |(1,---, T
a<x<b

= KZC(T7 (Cl7b)) (7.26)

where T = (3, — 32)/6 ~ T;v(0,V). To simulate one S, one simulates T from
Trv(0,V) and calculates K».(T, (a,b)) by using the efficient algorithm in Ap-
pendix E.

The confidence bands (7.24) or (7.25) induce a size « test for the hypotheses
Hy : B> = 0 against H, : 3, # 0; it rejects Hy if and only if

sup |(1,---,xk_1)[32|/6>c. (7.27)

a<x<b

Example 7.6 Let us apply the constant width band (7.25) to the perinatal mortal-
ity (PM) data set given in Example 7.1 to assess whether a quadratic polynomial
model is sufficient. For & = 5% and (a,b) = (0.85,4.25), the critical constant is
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Figure 7.6: The constant width band (7.25) for the perinatal data

computed to be ¢ =4.573 based on 100,000 simulations, and the band is given by
the two solid straight lines in Figure 7.6. Since this band does not contain the zero
line over x € (0.85,4.25), one can infer that 83 + B4x is unlikely to be zero and
so Hy : B> = 0 is rejected. Indeed the p-value of the test (7.27) is calculated to be
0.038, which is smaller than & = 5%. Also given in Figure 7.6 is the hyperbolic
band (7.23), given by the two dotted lines. It is clear from Figure 7.6 that, in this
example, the constant width band (7.25) is slightly narrower than the hyperbolic
band (7.23) only near x = 0.85, and so the hyperbolic band is more useful than the
constant width band, even though the two corresponding tests have comparable
p-values.

7.2.4 Assessing equivalence to the zero function

There may be a good reason, from subject knowledge for instance, to believe
that %53, should be close to the zero function. If the purpose of a study is to
use the observed data to validate this, then the problem is better treated as an
equivalence problem following similar arguments as in Section 4.3. Note that the
primary concern in setting up the hypotheses Hy : 3, = 0 against H, : 3, # 0 is to
establish that the null hypothesis H is statistically significant and so some terms
in %53, do affect the response variable Y; non-rejection of Hy does not imply 3,
is equal to 0 or even close to 0.
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For establishing equivalence, we set up the equivalence hypotheses as

HE . max [%)3,| > 8 against HE: max |%53,] < § (7.28)
a<x<b a<x<b

where & > 0 is a pre-specified threshold of equivalence. The equivalence of X/,3,
to the zero function over x € (a, b) is claimed if and only if the null hypothesis H(‘)E
is rejected. Since a hypotheses test guarantees the size at o, the chance of falsely
claiming equivalence is no more than .

Note that the equivalence hypotheses can be expressed as

HE = Ugcrap {HETUHE T} against HE = Nycrop {HE T NHET)
where the individual hypotheses are given by

HE %8, >8, HE %8, <-§
Hf;r D %50, < 4, H(g_ : X/2,62 > —0.

The individual hypotheses HOE;r against HE can be tested with the rejection re-
gion

%53, +186\ /X, V&, < 8.

The size of this individual test can be shown to be ¢ in a similar way as in Section
4.3. Similarly, the individual hypotheses Hg;_ against HE~ can be tested with the

rejection region
i/zﬁg — t\?6\ /&, V) > -9,

and the size of this individual test is &. Hence the IU test (see Appendix D) of Hg
against HE based on these individual tests rejects H(‘)E if and only if

—§ < min {&[3, — 126, /X,VX,} and max (%8, +1%6 X, VX,} < 0.
a<x<b a<x<b
(7.29)
If one is to infer whether or not max,«,<; |X5/3:| is less than § from the level
1 — o simultaneous confidence band (7.18), then equivalence can be claimed if
and only if

—8 < min {8, —c6,/%,VX2} and max {&)3r +c64/% V%) < §.
a<x<b a<x<b

It is clear that this procedure has a smaller chance of establishing equivalence than
the IU test (7.29) since the critical constant ¢ of the simultaneous band (7.18) is
larger than ¢& in (7.29).

Example 7.7 For the perinatal mortality (PM) data set given in Example 7.1 and

o =5%, f(’z,@z —1y6/X, VX, and f(’z,@z +1)6,/X, VX, are plotted in Figure 7.7
by the two solid curves. Also plotted is the simultaneous confidence band (7.18)
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Figure 7.7: The pointwise and simultaneous bands for the perinatal data

overx € (0.85,4.25), which is given by the two dotted curves. It is straightforward
to compute

min {%)3, — 136, /%, V& } = 0.069, max {&)B, +16, /%X, Vi, } = 46.221.
a<x<b a<x<b

So equivalence of X5 /3, to the zero function over x € (0.085,4.25) can be claimed
if and only if the pre-specified threshold 8 is larger than 46.221. Considering the
range of the observed ¥; given in Table 7.1, the threshold J is most likely to be
much smaller than 46.221 and so equivalence cannot be claimed based on the
observed data.

7.3 Comparison of two polynomial models

Now we consider the problem of assessing whether two polynomial regression
models, which describe the relationships between a same response variable Y and
a same predict variable x, for two groups or treatments etc., are the same or not.
For example, Selvin (1998, p224) also provided a set of observations on perinatal
mortality (PM) and birth weight (BW) for a sample of white infants. The values
of Y =log(—log(PMR)) and x = BW are given in Table 7.2.

These observations and the fitted 4th order polynomial model, ¥ = —2.842 4
4.179x — 1.802x% 4 0.421x3 — 0.039x*, are plotted in Figure 7.8 by the crosses
and the solid curve respectively. From the plot, it seems that the 4th order polyno-
mial model fits the observations well. Indeed the R? value of the fit is 0.994. The
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Table 7.2: Perinatal mortality data for white infants from Selvin (1998)

X; Y; i X; Y; i X Y;
0.85 -0.4761 13 2.05 1.1204 25 3.25 1.7429
0.95 -0.1950 14 2.15 1.0919 26 3.35 1.8114
1.05 0.0849 15 2.25 1.2771 27 3.45 1.8269
1.15 0.2464 16 2.35 1.2771 28 3.55 1.8351
1.25 0.3791 17 2.45 1.3731 29 3.65 1.8351
1.35 0.4715 18 2.55 1.4241 30 3.75 1.8437
1.45 0.5364 19 2.65 1.4775 31 3.85 1.8527
1.55 0.6340 20 2.75 1.5165 32 3.95 1.8722
1.65 0.7391 21 2.85 1.6018 33 4.05 1.8437
10 1.75 0.7551 22 2.95 1.6751 34 4.15 1.8939
11 1.85 0.8042 23 3.05 1.6830 35 4.25 1.8527
12 1.95 0.9128 24 3.15 1.7429

O 01O\ WU AW =~

observations and fitted 4th order polynomial model for the black infants are also
plotted in Figure 7.8 by the circles and the dotted curve, respectively. It is interest-
ing to compare the two polynomial regression models to answer questions such
as ‘whether or not one group has significantly higher PM than the other group’ or
‘whether the two models are similar’.
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Figure 7.8: The observations and fits of the perinatal data

In general, suppose the two polynomial regression models of order p > 1 are
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given by

Y, =XiBi+e, i=1,2 (7.30)
where Y; = (Yi1,---,Yi,,) is a vector of observations, X; is a n; x (p+ 1) full
column-rank design matrix with the /th (1 <7 < n;) row given by (1,x;,- - ,xl’: 1)
Bi = (Bio, -+, Bip) is a vector of unknown regression coefficients, and e; =
(€i1,---,ein) is a vector of random errors with all the {¢; j: j=1,---,n;,i=
1,2} being iid N(0,02) random variables, where 62 is an unknown parame-
ter. Here Y and Y, are two groups of observations that depend on the same
covariate x via the polynomial regression models (7.30). The covariate values
(X1, ,Xip) for the two models i = 1,2 may be different.

The important question is whether the two models specified in (7.30) are simi-
lar or very different. If the two models are similar then only one polynomial model
is necessary to describe the relationship between the response variable Y and the
covariate x for both groups. On the other hand, if the two models are very different
then one may want to further assess the differences between the two models and
whether one model is higher than the other on average.

Applying the results in Section 5.1, one gets the least squares estimator of
Bi, Bi = (Xl’.X,')_leY,' (i =1,2), and the pooled error mean square 62, which is
independent of the 3;’s and has the distribution 622 /v with v =n; +ny —2(p+
1). Furthermore, for the purpose of comparing the two polynomial regression
models, one can apply the partial F test in (5.6) or (5.7) to test the hypotheses

Hy: B1 =B, against H,: 31 # [Ba; (7.31)

this is applied in exactly the same way as for the comparison of two multiple linear
regression models in which no functional relationships among the covariates exist.
Clearly the polynomial form of the model functions is not fully utilized in this
partial F' test approach, and so it has similar undesirable property identified in the
last two sections. Confidence band approach is a more intuitive, informative and
appropriate alternative.

7.3.1 Hyperbolic bands

To assess the difference between the two polynomial regression models in both
directions, one may use the following two-sided hyperbolic simultaneous confi-
dence band over a pre-specified interval x € (a,b):

XB —XBe¥ B —%By£c6VXAX, Vxe (a,b) (7.32)

where A = (X|X;)~! + (X,X2)~! and c is a critical constant chosen so that the
simultaneous confidence level of the band is equal to 1 — .

For a general p > 1, we use simulation to approximate the value of ¢ as before.
Note that the simultaneous confidence level of the band is P{S < ¢} where

s — X (81— B1— B+ B2)/6]
= sup
a<x<b vV X' AX
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X'T|
= sup
a<x<b VX'AX
= KZIZ(T7A7 (aab)) (733)

where T= (81— 81— B2+ 82)/6 ~ T11v(0,A), and K (T, A, (a,b)) is defined
in (7.6). To simulate one S, one simulates T ~ 7}7+17v(07A) and calculate S from
(7.33) by using the algorithm in Appendix E.

The confidence band (7.32) can easily be plotted and visualized for any p > 1,
from which information on the magnitude of difference between the two polyno-
mial regression models is directly available. This confidence band induces the
following test for the hypotheses in (7.31): reject Hy if and only if the zero func-
tion X’0 is outside the band for at least one x € (a,b), that is,

~/ 2 2~ A
— (o)
sup X' (81 - 53)/ | o0
a<x<b VX' AX

The size of this test is ¢, and its observed p-value can be approximated by simu-
lation in a similar way as in Section 5.3.1.

(7.34)
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Figure 7.9: The hyperbolic confidence band for %' Bg — %' By

Example 7.8 For the perinatal mortality (PM) data set, it is interesting to com-
pare the two polynomial regression functions for the black and white infants by
using the confidence band (7.32). For ot = 5% and (a,b) = (0.85,4.25), the criti-
cal constant is computed to be ¢ = 2.884 based on 100,000 simulations, which is
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much smaller than the conservative critical value ,/(p+1) ;‘HN = 3.441. The

confidence band is plotted in Figure 7.9 by the two solid curves that are symmetric
about X’ ,@B —x ,@W, the solid curve in the middle. It is clear from the figure that
the band excludes the zero function over x € (0.87,2.25) and so Hy : Bw = 35
is rejected. This agrees with the observed p-value 8 x 107> of the test in (7.34).
Furthermore, the confidence band indicates that, for x € (0.87,2.25), the mean
response of black infants X' 3 is significantly higher than the mean response of
white infants X’ By ; this information is not available from the test in (7.34) or the
partial F test.

The confidence band (7.32) is suitable for two-sided inferences. If one is in-
terested only in assessing whether one model has a higher mean response than the
other model, such as whether black infants tend to have higher mean response than
white infants, one-sided confidence bands are more pertinent. A lower hyperbolic
confidence band over the interval x € (a,b) is given by

KB —XBy>% B —%By—c6VXAX Vx € (a,b) (7.35)

where the critical constant ¢ is chosen so that the simultaneous confidence level
of this band is equal to 1 — ¢. An upper hyperbolic confidence band on X'3; —
%' (3; can be constructed in a similar way and, in particular, uses the same critical
constant as the lower confidence band.

To determine the critical constant ¢ by simulation, note that the simultaneous
confidence level is given by P{S < ¢}, where

(31— B1—Pa+B2)/6

S = sup

a<x<b \/i’Af(
X'T
= sup ——
a<x<b X/ AX
= Ki(T,A (a,b)) (7.36)

where T = (B; — 81 — 3, + 32)/6 as in the two-sided case, and K, (T, A, (a,b))
is defined in (7.9). To simulate one S, one simulates one T ~ 7,11 ,(0,A) and
calculates S from (7.36) by using the algorithm in Appendix E.

From the confidence band (7.35), one can infer whether the mean response of
the first model, X’ 3, is greater than the mean response of the second model, ¥’ 3,,
and by how much over the range of x € (a,b). Since the lower confidence band
(7.35) is always above the lower part of the two-sided confidence band (7.32), the
one-sided inferences from the band (7.35) are sharper than those from the band
(7.32).

Example 7.9 For the perinatal mortality (PM) data set, we can use confidence
band (7.35) to assess whether the mean response X’ 35 of black infants tends to be
higher than the mean response X'By of white infants. For & = 5% and (a,b) =
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Figure 7.10: The lower hyperbolic confidence band for X' Bp — X' Bw

(0.85,4.25), the critical constant is computed to be ¢ = 2.618 based on 100,000
simulations, which is smaller than the two-sided critical value ¢ = 2.884. The
lower confidence band is plotted in Figure 7.10 by the solid curve, while the two-
sided confidence band is given by the two dotted curves. As expected, the lower
confidence band is higher than the lower part of the two-sided band. From the
lower confidence band, one can infer that, for x € (0.85,2.3), the mean response of
black infants X’ 3p is significantly higher than the mean response of white infants

X' Bw.

7.3.2 Constant width bands

Constant width simultaneous confidence bands can also be used to bound the
differences between %X’(3; and X’(3; in either two or one directions. A two-sided
constant width simultaneous confidence band over the interval x € (a,b) is given
by

KB —XBrex'B—%Br£tc6 Vxe (ab) (7.37)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .
For a general p > 1, we use simulation to approximate the value of c. Note
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that the simultaneous confidence level of the band is given by P{S < ¢} where

S = sup [K(Bi—B1—B+B)/6]

a<x<b

sup [X'T|

a<x<b

= KZC(T7(a7b))| (7.38)

where T = (31 — B1 — B2+ 32)/6 ~ T»11.v(0,A) as before, and K»(T, (a,b)) is
defined in (7.11). So one S can be simulated by generating one T and calculating
S from (7.38) by using the algorithm in Appendix E.
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Figure 7.11: The two-sided constant width confidence band for %' Bg — %' By

Example 7.10 For the perinatal mortality (PM) data set, the critical constant ¢ of
the constant width band (7.37) is calculated to be ¢ = 2.331 for o = 5% and
(a,b) = (0.85,4.25), based on 100,000 simulations. This confidence band for
%' B3 — X' Byw is plotted in Figure 7.11 by two solid curves, while the two-sided
hyperbolic confidence band is given by the two dotted curves. Since the constant
width band does not contain the zero function completely over x € (a,b), the two
polynomial functions are significantly different; the p-value of the test induced by
this confidence band is 0.021, which is smaller than & = 5% as expected. Again,
the constant width band is narrower than the hyperbolic band near the two ends
of the interval x € (a,b) and vice versa in the middle of the interval.
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A lower constant width simultaneous confidence band over the interval x €
(a,b) is given by

KB —%By>%B—%By—c6 Vxe(ab) (7.39)

where c is a critical constant chosen so that the simultaneous confidence level of
the band is equal to 1 — .
The simultaneous confidence level of the band is P{S < ¢} where

S = sup X(Bi—-B1—P+pB)/6

a<x<b
= sup XT
a<x<b

= KIC(Ta(aﬂb)) (7.40)

where T = (8) — 81 — B2+ 3,)/6 ~ »+1,v(0,A). To simulate one S, one gen-
erates a T ~ 7,11 v(0,A) and computes S from (7.40) by using the algorithm in
Appendix E. Hence ¢ can be approximated by simulation.
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Figure 7.12: The one-sided constant width confidence band for %' Bp — %' By

Example 7.11 For the perinatal mortality (PM) data set, the critical constant ¢ of
the one-sided constant width band (7.39) is calculated to be ¢ = 2.021 for o« = 5%
and (a,b) = (0.85,4.25), based on 100,000 simulations. This confidence band for
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X' Bp — X'Bw is plotted in Figure 7.12 by the solid curve, while the two-sided
constant width confidence band is given by the two dotted curves. It is clear that
the lower band is higher than the lower part of the two-sided band as expected.

7.3.3  Non-superiority, non-inferiority and equivalence

For the perinatal mortality data, suppose the purpose of study is to demonstrate
that X’3p for black infants is not higher than X’Gy for white infants by a pre-
specified threshold 6 > 0 and so X’(3p is non-superior to X' 3y over a given inter-
val x € (a,b). The results of Section 5.5.1 can be applied to construct an upper
confidence bound on max,,,(X'Bp — X’ Bw ) for this purpose, which is more ef-
ficient than what can be deduced from an upper simultaneous confidence band on
X' Bp — X' Bw discussed in Sections 7.3.1 and 7.3.2.

In general, let § > 0 be a pre-specified threshold. The polynomial model func-
tion '3 is said to be non-superior to the polynomial model function X’3, over
the interval x € (a,b) if

KB <XBr+6 Vxe (a,b),ie max (KB —%3) <6.

a<x<b

To derive an upper confidence bound on max, ., (X’ 31 — %' 3,), let
U(Y1,Y2,x) =% B — %' B+ 13VXAR.

Note that P{X'3; — '8, < U(Y1,Y2,x)} = 1— o for each —0co < x < 0o and
hence U(Y1,Y2,x) is a pointwise upper confidence bound on '3 — %’3,. Now
the following theorem follows directly from Theorem 5.1.

Theorem 7.1 Under the notations above, we have

ian{i’,@l —-%'B3 < maxbU(Yl,Yz,x) Vxe (a,b)} e (7.41)

a<x<

where the inf is over all the possible values of the unknown parameters 3; € RP*!,
B> eRPtland 6 > 0.

So max,x<p U(Y1,Y2,x) is a 1 — o upper simultaneous confidence band for
X'(31 —%'(3, over x € (a,b), and it has the same value over x € (a,b). This upper
confidence band can be used to bound max,,,(X'3; —%’3;) and, in particular,
to claim the non-superiority of X' 3; to X'3; over x € (a,b) if and only if

max U(Y1,Y2,x) < 9. (7.42)

a<x<b

Example 7.12 For the perinatal mortality (PM) data set, the critical constant 7y of
the pointwise upper band U (Y1, Y2,x) is 1.671 for o = 5%. This pointwise band
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Figure 7.13: The pointwise upper confidence band for X' Bg — %' Bw

is plotted in Figure 7.13 by the solid curve, while the upper hyperbolic and con-
stant width simultaneous confidence bands over x € (0.85,4.25) are given by two
dotted curves. We have max, <, U(Y1,Y2,x) = 0.374 and so non-superiority of
%'Bp to X' Bw over x € (a,b) can be claimed if the pre-specified 6 is larger than
0.374. To make the same non-superiority claim from the simultaneous hyperbolic
or constant width bands, § has to be larger than 0.457 or 0.402, respectively.

The polynomial model function X’3; is said to be non-inferior to the polyno-
mial model function X' 3, over the interval x € (a,b) if

KB >%B,—6 Vxe (a,b), i.e. n}ir}))(i',@l —f(/ﬂz) > —4.
x€(a,

It is clear that the non-inferiority of X3, to X'(3; is just the non-superiority of
X'(3, to X' 31, and so the non-inferiority of X'3; to X’(3; can be established via the
non-superiority of '3, to X'3; by using Theorem 7.1.

The two model functions X’(3; and X’3, are said to be equivalent if any one
model is both non-superior and non-inferior to the other model, that is,

max [¥'83 —%X'3,| < 6.
a<x<b
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For the purpose of establishing equivalence of the two model functions, we set up
the equivalence hypotheses

HE: max [§8) —X3)| >8 < HE: max |¥8; —X3,] < §,
a<x<b a<x<b

and the equivalence can be claimed if and only if the null hypothesis Hés is re-

jected. An intersection-union test of Berger (1982; see Appendix D) can be con-

structed in a similar way as in Section 5.5.3. This test of size ¢ rejects the null

hypothesis HOE if and only if

—6 < min Lp(Y(,Y2,x) and max Up(Y1,Y2,x) < &

a<x<b a<x<b
where L(Y1,Y2,x) = %' B — X3, — t%V/X'AR.

Example 7.13 For the perinatal mortality (PM) data set, max,«,, U(Y1,Y2,x) =
0.374 and ming<<» L(Y1,Y2,x) = —0.203 for & = 5% and (a,b) = (0.85,4.25).
Hence the equivalence of X'3p to X' Bw over x € (a,b) can be claimed if the pre-
specified 0 is larger than 0.374.

7.4 Comparison of more than two polynomial models

Consider the comparison of k (k > 3) polynomial regression models, which de-
scribe the relationship between the same response variable Y and the same covari-
ate x for k different groups or treatments. Suppose the k& polynomial regression
models are specified by

Y, =X,8i+e, i=1,---)k (7.43)

where Y; = (Yi1,---,Yin,)’ is a vector of random observations, X; is an; X (p+1)
full column-rank matrix with the /th (1 <7 < n;) row given by (1,x;,--- ,xf 1)
Bi = (Bio, -+, Bip) is a vector of unknown regression coefficients, and e =
(€i1,---,ein) is a vector of random errors with all the {¢;;,j = 1,---,n;,i =
1,---,k} being iid N(0, 62). Since X/X; is non-singular, the least squares estima-
tor of 3; is given by 3; = (X/X;)~'X/Y;,i = 1,---,k. Let 62 denote the pooled
error mean square with degrees of freedom v = Zle (n; — p—1); 6 has the dis-
tribution 622/ v and is independent of the 3;’s.
One common approach is to test the hypotheses

Hy: By =---=0; against H,: not Hy. (7.44)

In particular, the partial F test in (1.7) or (1.11) is implemented in exactly the
same way as given in Section 6.1 for k multiple linear regression models in which
the p covariates x; are assumed to have no functional relationships. Clearly, the re-
lationships among the covariates of a polynomial model have not been taken fully
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Table 7.3: Perinatal mortality data for non-black and non-white infants
X; Y; i X; Y; i X Y;

0.85 -0.4337 13 2.05 1.1329 25 3.25 1.5126
0.95 -0.2376 14 2.15 1.1161 26 3.35 1.5905
1.05 0.0508 15 2.25 1.1209 27 3.45 1.7130
1.15 0.4103 16 2.35 1.2330 28 3.55 1.6367
1.25 0.2727 17 2.45 1.1727 29 3.65 1.6358
1.35 0.5511 18 2.55 1.1759 30 3.75 1.8273
1.45 0.6673 19 2.65 1.4988 31 3.85 1.5862
1.55 0.6860 20 2.75 1.4763 32 3.95 1.6953
1.65 0.7556 21 2.85 1.3615 33 4.05 1.7289
10 1.75 0.8515 22 2.95 1.3539 34 4.15 1.7840
11 1.85 0.7294 23 3.05 1.5560 35 4.25 1.5445
12 1.95 1.0599 24 3.15 1.5707

O 01O\ WU AW =~

into account by using this partial F test, in addition to the problem that possible
constraints on the covariates are not used by the partial F' test as pointed out in
Chapter 6. Furthermore, inferences that can be drawn from the partial F test are
very limited. If H is rejected then the k£ polynomial models are deemed to be sig-
nificantly different, but no information is provided on which models are different,
let alone by how much. If Hy is not rejected then there is no sufficient statistical
evidence to conclude that some regression models are different. Of course this
means anything except that the k£ models are the same. Simultaneous confidence
bands can provide much more intuitive and informative inferences.

Example 7.14 For the perinatal mortality (PM) data, assume that, in addition to
the observations on black infants in Table 7.1 and on white infants in Table 7.2, a
set of observations on ‘other’ (non-black and non-white) infants is also available.
These observation are computer-generated from a 4th order polynomial regression
model and given in Table 7.3. The interest is on the comparison of the three infant
groups, black, white and other, to see whether the three polynomial regression
functions are similar or very different. If one employs the partial F test for testing
the hypotheses in (7.44), then the test statistic is calculated to be 10.273 with p-
value 2.4 x 10~'!. So the F test is highly significant: it is highly unlikely that the
null hypotheses Hy is true. But no information is provided by the F' test on which
two models are significantly different and by how much.

7.4.1 Hyperbolic bands for finite comparisons

In many real problems, one is often interested in the direct comparisons between
the k polynomial functions specified in (7.43) in the form of

X'B;—X'B; Vx€ (a,b) and V(i,j) € A (7.45)
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where (a,b) is a given interval of the covariate x over which the comparisons of
the models are of interest, and A is a given index set that determines the compar-
ison of interest. The most common forms of A are: A ={(i,j) : 1 <i# j <k}
for the pairwise comparisons of the k models; A = {(i,j) : 2 <i <k, j= 1} for
the many-one comparisons of the second to kth models with the first model as the
control; A = {(i,i+ 1) : 1 <i <k—1}) for the successive comparisons of the k
regression models.

A set of hyperbolic simultaneous confidence bands appropriate for the com-
parisons in (7.45) is given by

KB —%XB; cX B —%Bj+£c6\/YAX, Vx€ (ab) andV(i,j) €A (7.46)

where c is the critical constant required so that the confidence level of this set of
simultaneous confidence bands is equal to 1 — e, and A;; = (X;X;) ~' + (X/X;) 1.

The critical constant ¢ can be approximated by simulation as before. Note that
the confidence level of the bands in (7.46) is given by P{S < ¢} where

S — wp s KB8)—(B-B))

(i,j))EA a<x<b 6\/X'Ajj

|i/Tij|
sup  sup ———2
(i,j)EAN a<x<b \/)TUX
= sup Ky (T,’j,A,’j, (a,b)) (7.47)
(i.j)eA

q
E

where K>, (T, A, (a,b)) is defined in (7.6), and T;; = (N; —N;)/(6/0) (1 <i#
j<kwithN; = (B;—Bi)/o (i=1,---,k) being independent \V,, 1 (0, (X!X;)~ 1)
random vectors independent of 6.

Simulation of one random variable S can be implemented in the following
way.

Step 0. determine A;; = (X/X;)~! + (X}Xj)_l for (i, j) € A.
Step 1. simulate independent N; ~ N,.1(0,(X/X;)~!),i=1,---,k and 6 /0 ~

Vau/v.
Step 2. calculate T;; = (N; —N;)/(6/0).
Step 3. compute K»,(T;j,Aij, (a,b)) by using the algorithm in Appendix E.
Step 4. find S from (7.47).

Although the simultaneous confidence bands in (7.46) (and those developed
below) can be used to test the hypotheses in (7.44) in a similar way as in Section
6.3, all the confidence bands for polynomial models can be easily plotted and
so the tests and associated p-values are probably of less interest for polynomial
regressions. Also, it is not necessary to use the same interval (a,b) or the same
critical constant ¢ for all (i, j) € A in the confidence bands in (7.46). Indeed, one
may use different intervals (a,b) or differently weighted critical constants /;jc
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to deliberately allocate different (or same) type I error rates to different (i, j)-
comparisons. Research on this is required.
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Figure 7.14: The confidence bands for %' Bp — %' By

Example 7.15 For the perinatal mortality (PM) data, simultaneous confidence
bands for pairwise comparison of the three infant groups are constructed. In this
case A = {(1,2),(2,3),(3,2)}, assuming i = 1 denotes the black infant group,
i = 2 the white infant group, and i = 3 the other infant group. For x € (0.85,4.25)
and o = 0.05, the critical constant ¢ in (7.46) is calculated to be 3.228 based on
100,000 simulations. One can plot the three confidence bands for making infer-
ences on pairwise comparisons among the three groups. For example, the con-
fidence band for '3 — X'Byw is plotted in Figure 7.14 by the two solid curves.
From this confidence band, it is clear that the two model functions X’ 3g and X’ By
are significantly different over x € (0.85,4.25). In particular, X’ 3p is higher than
%' Bw forx € (0.9,2.15) but X’ 3p and X’ By are not significantly different for x in
the remaining part of the interval (0.85,4.25). Note that this confidence band is
slightly wider than the confidence band given in Figure 7.9, since it is one of the
set of three simultaneous confidence bands which have a simultaneous confidence
level 95% and so the critical constant ¢ = 3.228 is larger than the critical constant
¢ = 2.618 of the band in Figure 7.9. The two dotted curves in Figure 7.14 present

the band if the conservative critical constant in (6.8), /10 flo(')(,)go = 4.402, is used
in place of ¢ = 3.228.
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Figure 7.15: The confidence bands for ¥ B — %' Bo

The confidence bands for X' 35 — X’ B¢ and X' By — X' B¢ are plotted in Figures
7.15 and 7.16 respectively. From these confidence bands, it is clear that all the
three model functions X’ 3p, X'Bw and X'B¢ are significantly different over x €
(0.85,4.25).

If the interest is on the comparison between the black infant group and
the other two infant groups, then A = {(1,2),(1,3)} and the set of confidence
bands in (7.46) consists of only the two confidence bands for X'3p — X'Bw and
%' Bp —X'Bo. For x € (0.85,4.25) and o = 0.05, the critical constant ¢ in (7.46) is
calculated to be 3.097 based on 100,000 simulations. This critical value is smaller
than the ¢ = 3.228 for pairwise comparison. Again, one can plot the two confi-
dence bands to make inferences on the comparisons X' 3 — X’ Bw and X' Bg — X' 3y.

All the confidence bands in (7.46) are two-sided. If one is interested in one-
sided comparisons for some (i, j) € A and two-sided comparisons for the other
(i,7) € A, one can construct a set of simultaneous one-sided and two-sided con-
fidence bands accordingly in order to be able to make sharper inferences. The
critical constant required for this set of simultaneous confidence bands can be
approximated by simulation in a similar way as before.
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Figure 7.16: The confidence bands for %' By — %' Bo

7.4.2  Constant width bands for finite comparisons
A set of two-sided constant width simultaneous confidence bands for the compar-
isons in (7.45) is given by

KB —%XB;cXBi—%Bj+c6, Vxc (a,b) and V(i,j) € A (7.48)

where c is the critical constant chosen so that the simultaneous confidence level
of this set of confidence bands is equal to 1 — .

The simultaneous confidence level of the bands in (7.48) is given by P{S < ¢}
where

S = sup sup EUBZAI—(8i=B))

(i,j)EA a<x<b o

sup  sup [X'Tyjl

(i,))eN a<x<b

= sup ch(Tij,(cl,b)) (7.49)
(L.j)en

where T;; is defined below (7.47) and K,(T;j, (a,b)) is defined in (7.11). Simu-
lation of one random variable S can be implemented in the following way.

Step 1. simulate independent N; ~ N},11(0,(X/X;)~!),i=1,---,k and 6 /0 ~

Varv.
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Step 2. calculate T;; = (N; —N;)/(6/0).

Step 3. compute Ko (T;j, (a,b)) by using the algorithm in Appendix E.
Step 4. find S from (7.49).

The critical constant ¢ can be approximated by simulation as before.
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Figure 7.17: The constant width band for ' B — %' B¢

Example 7.16 Corresponding to the two-sided hyperbolic confidence bands con-
structed in Example 7.15, one can construct two-sided constant width confidence
bands for pairwise comparison of the three infant groups. For x € (0.85,4.25),
A=1{(1,2),(1,3),(2,3)} and a = 0.05, the critical constant ¢ in (7.48) is 2.690
based on 100,000 simulations. The constant width band for X' 3g — %’y is plotted
in Figure 7.17 by the two solid curves, while the corresponding hyperbolic band is
given by the two dotted curves. As this constant width band just excludes the zero
function near x = 0.85, the null hypothesis of B = B¢ is only slightly signifi-
cant; but the hyperbolic band indicates that X’ 35 is higher than X’ 3¢ over most of
the interval x € (0.85,4.25). The other two constant width bands for X' 3z — X' Bw
and X'Bw — ¥'Bo include the zero function over x € (0.85,4.25) and so the hy-
perbolic bands allow sharper inferences than the constant width bands, at least for
this example.

Constant width simultaneous confidence bands for other types of comparison,
such as treatment-control or successive comparisons, can readily be constructed.
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If one-sided inferences are of interest then one-sided constant width simultaneous
confidence bands can also be constructed in a similar way.

7.4.3 Equivalence of more than two polynomial models

If the main purpose of the comparisons of several polynomial models is to assess
the equivalence of the models, then one can use the hypotheses test provided in
this subsection. It has a greater chance to establish equivalence than the simulta-
neous confidence bands introduced in Sections 7.4.1 and 7.4.2 above; the simul-
taneous confidence bands are more suitable for detecting the differences among
the polynomial models.

Suppose the goal is to assess whether all the k£ polynomial models are equiv-
alent in the sense that the maximum difference over the given interval x € (a,b)
between any two of the k models is strictly less than a given threshold 8, that is,

) o/
max max |[X'8;—%X'3;| < 0.
1<ij<ka<x<b X B~ X8|

Then the hypotheses are set up as

T
Sf

o/ </
: max max |[¥3;,—%'3;,|>0d
1§1’7£j§ka<x<b| Bi—xB)l 2

against HE: max max [¥'8;—%8;]<3$. 7.50
g a 1§1’7£j§ka<x<b| Bi—XBjl (7.50)

If and only if the null hypothesis H(f is rejected, the equivalence of the k mod-
els can be claimed. The probability of falsely claiming equivalence when the k
models are actually not equivalent is controlled at the size of the test, a. A size &
intersection-union test of Berger (1982; see Appendix D) can easily be devised in
the following way.

Let the equivalence hypotheses for the ith and jth models (1 <i# j <k) be

Hgj: max [¥'8;—X'B8;| > & against H,;: max [¥'3;—X'3)] <&.
’ a<x<b ’ ’ a<x<b ’

From Section 7.3.3, a size o test for this pair of hypotheses rejects Héf, ; if and
only if

and  max (x’B,»—x’Bng‘ x'A,,-x) <. (7.51)

Note that
E E E E
Hy =Ui<izj<kHy;; and Hy = Ni<izj<kHy

So the size ¢ intersection-union test rejects H(‘)E if and only if H(‘)?i ; is rejected by
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the individual test (7.51) for all 1 <i# j <k, that is,

min  min (i’,@,’—i'ﬁ;—t\?‘\/i’A,’ji) > -8

1<i#j<ka<x<b

and max max (i’,@i — %' B+ 1% /f(’A,'jf() < 4. (7.52)

1<i#j<ka<x<b

Example 7.17 For the perinatal mortality data, if we want to assess whether the
three polynomial regression functions corresponding to the three infant groups
are sufficiently close to each other to be equivalent, we can use the test in (7.52).
Note that tg(')os = 1.662 and so, for x € (0.85,4.25), one calculates that

min__ min (i'ﬁ;—i’[ﬁj—t“f‘\/i’AUi) =—0.206

1<i#j<3a<x<b

d (XBi—%'Bj+ 1 /KAR) =0425. (753
and - max , max \TBi X0ty XA (7:53)
Hence the equivalence of the three polynomial regression functions can be
claimed if the pre-specified threshold § is larger than 0.425.

Intersection-union tests for assessing equivalence in treatment-control or suc-
cessive comparisons can easily be constructed in a similar way. The conclusions
one may draw from the test (7.52) are that either all the k£ polynomial models are
equivalent or not. If not all the k models are equivalent, the likely situation is that
the k models can be divided into several groups: the models in the same group
are equivalent and the models in different groups are not equivalent. One extreme
situation is that there are k groups, with one model in each group, that is, no two
models are equivalent. To devise a procedure that divides the k models into several
equivalence groups according to the data observed and that controls the probabil-
ity that any two non-equivalent models are falsely allocated into an equivalent
group at a pre-specified & level is an important and challenging problem.






Confidence Bands for Logistic
Regression

In this chapter, we consider simultaneous confidence bands for logistic regression
analysis . The key idea is to combine the large sample asymptotic normality of the
maximum likelihood estimators of the regression coefficients with the results for
the normal-error linear regression models derived in the previous chapters. The
methods given in this chapter are clearly applicable to other generalized linear
models, linear mixed-effects models and generalized linear mixed-effects models
for which asymptotic normality such as those given in (8.16), (8.21) and (8.28)
below holds (cf. Pinheiro and Bates, 2000, and McCulloch and Searle, 2001). The
logistic regression model is used mainly for the purpose of illustration.

8.1 Introduction to logistic regression

A logistic regression model describes the relationship between a binomial random
variable Y and several independent variables x1,---,x,. Let Y be the number of
‘successes’ out of m independent replications of a trial, with the success proba-
bility in each replication being p, and so Y is a binomial random variable with
parameters m and p:

P{Y:y}: (l;/l)py(l_p)my7 )’20717"'7m~ (81)

Furthermore, the probability p depends on the setting of the trial specified by the
covariates xi,---,X, in the form of

v ey exp(X'B) 1
p=px)=pxp)= 1+exp(x’3) 1+exp(—x'3) 8.2)

where x = (1,x,---,x,)’, and B = (Bo,B1,---,Bp)" is a vector of unknown pa-
rameters and plays a similar role as the 3 in the normal-error regression model
(1.1). The expression in (8.2) can be written in the alternative form

In(p/(1-p))=x8, (8.3)

where In(p/(1 — p)) is called the logit function.

217
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Suppose that n independent Y random variables, Y1, - - -, Y, are observed, with
the jth observation Y; having covariate values (pattern) x;1,---,x;, and so

Y; ~ Binomial(m;, p(x;.)) (3.4)

where x;. = (1,xj1,---,Xjp)’, j=1,---,n. Without loss of generality, assume that
Xj. (j = 1,---,n) are all different; otherwise, use the sum of the Y;’s, instead of
the individual ¥;’s, with the same x ., which still has a binomial distribution of the
form (8.4). These n observations (¥j,m;,X;.) (j=1,---,n) can be used to compute
the maximum likelihood estimator (MLE) of 3, the only unknown component of
the logistic regression model.

To find the MLE of 3, we write the likelihood function

L=11 () rtxsm=pixm )

and the log-likelihood function

| = Z( 7).2)+m.,-1n(1—p(xj;))+1n<¢j-{'>)

j=1 P(
n m;
= Z(Yx B—mjln(1 +exp{x3ﬂ})+ln<y’>)
j=1 J
n n m;
= BXY- Zlm,- In (1+exp{x8}) + len (Y]f) (8.5)
Jj= Jj= :
where Y = (Y1,---,Y,)" and X = (x1.,---,X,:)’ as in the normal-error regression
model (1.2). It follows immediately that the score statistic is given by
al , <
U:% = XY—;mjp(xj;)xj; (8.6)
=
= X(Y-E(Y)) 8.7)

where E(Y) = (E(V1),-++,E(Yn)) = (m1p(x1.), -+ ,mup(Xs:))’. The information
matrix is then given by

T=Cov(U) = Cov(X(Y-E(Y)))
= X'Cov(Y-E(Y))X
= X'VX (8.8)

where V is the covariance matrix of Y and clearly given by
mp(x1.)(1 = p(x1.))
V =
M p(Xp:) (1 = p(Xn:))
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since Y1,---,Y, are independent random variables, each with a binomial distribu-
tion specified in (8.4). Alternatively, one can find the information matrix Z by
differentiating the score statistic U in (8.6) with respect to 3 to get the Hessian

matrix
U

=— =-X'VX.
H 93
Since H is non-random,Z = E(—H) = —H =X'VX.
The MLE of 3 can be obtained by solving the Fisher-scoring iterative equation

B — gin=1) 4 (z('"’”)flU"”*”; (8.9)

this is also the Newton-Raphson iterative equation since H = —Z for logistic
regression. One starts with some initial approximation 3©) of 3 to calculate Z(©)
from (8.8) and U® from (8.7), and then uses (8.9) to obtain ,6(1>. One next uses
B to calculate Z(") and UM and then uses (8.9) to obtain B(2). Repeat this until
B, 8 32 ... converge to some 3, which is the MLE of 3. The MATLAB®
fAunction glmfit, which implements this iterative procedure, can be used to find
B.

The large sample approximate distribution of the MLE 3 is 8 ~ N'(3,Z71).
The information matrix Z can be consistently estimated by =1 ( B ) by replacing
the unknown 3 in Z by the MLE B, and hence

B~N(B,I. (8.10)

To assess how well the logistic regression model fits the observed data, one
can use the deviance

D:ZZn:<len<§>—I—(m.,-—)’j)ln(mj_)jj)) (8.11)

j=1 J mj—7Y;

where ¥; is the fitted value at x;. and given by ¥; = m;p(x;.) = m;{1 +
exp{—xl’iﬂ}}*l. If the Y;’s do follow the logistic model postulated then the large
sample approximate distribution of the deviance is

D~ iy (8.12)

and the larger is the value of D the worse is the fit of the logistic regression
model. Hence one can compare D with the critical constant x> p—1,q for some
pre-specified small o, and D > x,%ﬁ r—la indicates the model does not fit the data
well.

For the same purpose, one can alternatively use the Pearson chi-squared statis-
tic

s o (Y —mp(x;)?
8 _jg:l m;p(x;.)(1—=p(x;.)) (8.13)
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which can be shown (e.g., Dobson, 2002) to have the same large sample approx-
imate distribution as D. There is some evidence that %,%7 -1 approximates the

distribution of X? better than that of D (Cressie and Read, 1989). But both the
approximations are likely to be poor if the expected frequencies m;p(x;.) are too
small (e.g., less than one). In particular, if m; = 1 for j = 1,---,n then neither
D nor X2 provides a useful measure of fit (cf. Collett, 2003). In this case, one
can use the Hosmer-Lemeshow statistic (Hosmer and Lemeshow, 1980) to assess
the goodness of fit of the model, whose distribution is approximately chi-square
but based on simulation. One can also use other diagnostics, such as residuals,
to check the adequacy of the model; see e.g., Collett (2003) and McCullagh and
Nelder (1989).
Next we consider the problem of testing the hypotheses

Hy:AB =Db against H,: AB#b

where A is a given r X (p 4 1) matrix having full row rank r, with r < p+ 1, and
b is a given vector in R’. For example, if one wants to assess whether several
predictor variables, x,_x11," -, X, for example (where 1 < k < p), are useful in
explaining the variability in the Y value then one wants to know whether §; = 0
fori=p—k+1,---,p. Inthis case, A is set as the k x (p + 1) matrix (0,I;) and
b=0.

The first test rejects Hy if and only if

(AB—b)'(AZ'A) " (AB—b) > 22, (8.14)

This test is of size o approximately since, under Hy, the test statistic has a large
sample approximate x? distribution. This test is similar to the test (1.11) for the
normal-error linear regression model.

The second test is based on deviance. Note that D is the deviance of the orig-
inal logistic model. If Hy is true then the original model will be reduced to a
simpler model and let D, denote the deviance of this reduced model. The null
hypothesis Hy is rejected if and only if

Dr—D > ¥l (8.15)

This test is again of size & approximately since, under Hy, the test statistic has a
large sample approximate y? distribution. This test is similar to the test (1.7) for
the normal-error linear regression model. So both tests have approximate size o,
but it is suggested (cf. Dobson, 2002) that the second test often provides a better
approximation than the first test.

Example 8.1 Myers et al. (2002, p114) provided an illustrative data set on a sin-
gle quantal bioassay of a toxicity experiment. The interest is on the effect of dif-
ferent doses of nicotine on the common fruit fly by fitting a logistic regression
model between the number of flies killed ¥ and x; = In(concentration g/100cc).
The seven observations (Y;,mj,x;) are given in Table 8.1.
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Table 8.1: Toxicity data from Myers et al. (2002)

j Yj m; Xj
number killed number of flies In(concentration)

1 8 47 -2.3026
2 14 53 -1.8971
3 24 55 -1.6094
4 32 52 -1.2040
5 38 46 -0.6931
6 50 54 -0.3567
7 50 52 -0.0513

The MLE 73 is calculated to be (B, B1)" = (3.124,2.128)" and hence the fitted
model is

p(x) = {1+exp(—x'B)} = {1 +exp(—3.124 —2.128x;)} .

The observed Y;/m; and fitted p(x;) for j = 1,---7 are plotted in Figure 8.1.
From the figure, it seems that the logistic regression model fits the observations
very well. Indeed the deviance is D = 0.734, which is very small in comparison
with st o, for any conventional & value. Hence there is no evidence of lack of fit
in the logistic model.

The approximate covariance matrix of B is

Fo1_ (01122 00679
~10.0679 0.0490

and so 3 ~ N(8,Z71). From this, we have fB; ~ N(B1,0.049) and so the test
statistic in (8.14) for Hy : B = 0 against H; : B; # 0 is 2.1282/0.049 = 92.403.
This value is highly significant in comparison with 9612 » Which indicates that
is very unlikely to be zero and hence the covariate x; is highly influential on Y.
One can use the test in (8.15) to test the same hypotheses. Under Hy : ; =0,
one has p(x;.) = -+ = p(x7.) = Z}:l Yj/Zzzlmj = 0.602 and so the deviance
in (8.11) for this minimum model is D, = 146.022. The test statistic is therefore
D, — D = 145.288, which is again highly significant in comparison with 9612 o

8.2 Bands for one model
By using the large sample approximate distribution
B~N(B,IT, (8.16)

the methods given in Chapters 2, 3 and 4 can be adapted to deal with a logistic
regression model. In particular, one can construct a simultaneous confidence band
for x’3 over a given covariate region X() € X

x'B e (L(x,Y), U(x,Y)) forall x) € X, (8.17)
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Figure 8.1: The observed and fitted proportions for the toxicity data

which has an approximate 1 — o confidence level. For example, by applying the
two-sided hyperbolic confidence band (3.8), one has

XBex'B+tcVxI-Ix for all x(g) € A, (8.18)

where the critical constant ¢ can be computed by the simulation method provided
in Section 3.2.1. Note, however, 7! and hence ¢ depend on the observed random
vector Y, while the critical constant ¢ in the band (3.8) does not depend on Y. This
is a major difference between simultaneous confidence bands for a normal-error
linear regression model and a logistic regression model. When X = 7, it is clear

that ¢ = , /%,Z,Hﬂ in (8.18). On the other hand, when & has just one point it is

clear that ¢ = z%/2 from a normal distribution.
The confidence band (8.17) is equivalent to the confidence band

p(x) = (1+exp(—x'8)) "
e ((1+exp(—L(x7Y)))*1, (1+exp(—U(x,Y)))*1) VX € X (8.19)
since the logit link function In(p/(1 — p)) is monotone increasing in p € (0,1).

The confidence band (8.19) provides useful information on how the success prob-
ability p(x) varies according to the covariates x(g) in the region X'

Example 8.2 For the data given in Example 8.1, we have computed the criti-
cal constant ¢ = 2.422 (s.e. = 0.0055) of the 95% two-sided hyperbolic band
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Figure 8.2: The two-sided and one-sided hyperbolic bands for the toxicity data

(8.18) over the observed range of the covariate x; € &, = (—2.303,—0.051),
based on 100,000 simulations. The corresponding confidence band (8.19) is plot-
ted in Figure 8.2. The 95% two-sided hyperbolic band over the whole range

x1 € (—00,00) has ¢ = /X7, , = 2.448, which is larger than that of the band on

(—2.303,-0.051).
We have also computed the one-sided lower hyperbolic band

x'B>x'B—cVx'I-x forall X(0) € Xy

over the observed range of the covariate x; € (—2.303,—0.051). Based on
100,000 simulations, the critical constant ¢ is 2.151, which is smaller than the
critical value ¢ of the two-sided hyperbolic band. The corresponding band (8.19)
is also plotted in Figure 8.2.

We can also compute approximate 1 — ¢ level two-sided or one-sided simul-
taneous constant width bands for x’(3, as given in Section 3.3. For the two-sided
band

x'Bex'B+c forall X(0) € Xr

where &, = (—2.303,—0.051), the critical constant ¢ for & = 5% is 0.651 based
on 100,000 simulations. The corresponding band (8.19) is plotted in Figure 8.3.
For the one-sided lower band

XB>x'B-c for all xg) € A,
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Figure 8.3: The two-sided and one-sided constant width bands for the toxicity data

where X, = (—2.303,—0.051), the critical constant ¢ for @ = 5% is 0.567 based
on 100,000 simulations. The corresponding band (8.19) is plotted in Figure 8.3.

In order to compare the hyperbolic and constant width bands, the two-sided
hyperbolic and constant width bands are plotted in Figure 8.4. It is clear from this
figure that the constant width band is marginally narrower than the hyperbolic
band near the upper limit of the covariate x; = —0.051, while the hyperbolic band
is narrower (which can be very substantial) than the constant width band in most
of the covariate region x; € (—2.303,—0.051). Hence the hyperbolic band seems
to be more informative than the constant width band for at least this example.

As pointed out above, all these simultaneous confidence bands are of approx-
imate confidence level 1 — & based on the large sample approximate distribution
(8.16). The true coverage probability of a band depends on the value of the regres-
sion coefficients 3, the design matrix X and the sample sizes (m,---,m,)’. While
Xand (my,---,m,)" are given, 3 is unknown. It is often of interest to learn the true
coverage probability of a chosen simultaneous confidence band when 3 takes val-
ues around 3, assuming the postulated logistic regression model is correct. For a
given 3, the true coverage probability of the band can be assessed by using simu-

lation in the following way. First, simulate (Y;,---,Y,)’ from the binomial distri-
bution (8.4) for the given values of (my,---,m,)’, X and 3. Second, construct the
confidence band using the observed (Y1,---,¥,)" and given (m,---,m,)" and X,

which involves the computation of the critical value by using simulations. Third,
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Figure 8.4: The two-sided hyperbolic and constant width bands for the toxicity data

check and record whether x’3 for the given 3 is contained in the confidence band
constructed. Repeat these three steps many times, and the proportion of times that
x'(3 is contained in the confidence band is an approximation to the true coverage
probability of the confidence band at the given 3. To make this approximation
reasonably accurate, the number of simulations (of the three steps) should be rea-
sonably large and, within each simulation, the number of simulations to determine
the critical value should also be large. Hence the whole process can be computa-
tionally intensive, but there is no conceptual difficulty.

Hyperbolic simultaneous confidence bands for one logistic regression model
have been considered in the statistical literature. Brand er al. (1973) gave the
bands (8.18-8.19) for the special case of p =1 (i.e., there is only one covari-
ate) and X, = R!, while Hauck (1983) gave the bands (8.18-8.19) for a general
p > 1 and the special covariate region &, = R”. Piegorsch and Casella (1988)
provided a method to compute large sample conservative critical constant ¢ in
the hyperbolic band (8.18) for a finite rectangle covariate region X, by using the
hyperbolic bands over ellipsoidal regions for the normal-error linear regression
model given in Casella and Strawderman (1980); see Section 3.4.1.2. Sun et al.
(2000) generalized the method of Sun and Load (1994) to provide some two-sided
hyperbolic confidence bands for a generalized linear regression model. The con-
struction of these bands involves large sample normality and bias corrections, and
these bands are expected to have a closer-to 1 — & confidence level than a band
without bias corrections (such as the two-sided hyperbolic band given in Exam-
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ple 8.2). However, an extensive simulation study in Lin (2008), on true coverage
probability (by using the simulation outlined in the last paragraph) of the type
4 confidence band recommended by Sun et al. (2000) for a logistic regression
model with only one covariate constrained in a finite interval, shows no evidence
that Sun ef al.’s (2000) band has a better coverage probability than the two-sided
hyperbolic band given in (8.18). Al-Saidy et al. (2003) and Nitcheva et al. (2005)
constructed simultaneous confidence bands for some risk functions which also
used large sample normality of the MLEs of the parameters involved in the risk
functions.

8.3 Bands for comparing two models

As in Chapter 5, one may also consider the comparison of two logistic regression
models, which describe the relationship between a same response variable ¥ and
a same set of predict variables x1,- - -,x,, for two groups or two treatments etc.

In general, suppose the two logistic regression models are specified by

Y;j ~ Binomial (m;j, (1+exp(—x;;.3:))), j=1,---,nz i=12  (8.20)

where Y;;, m;j and X;j. = (1,x;j1,---,xijp)’ for j=1,--- n; are observations from
the ith model, and 3; are the regression coefficients of the ith model, i = 1,2. All
the ¥;; are assumed to be independent random variables.

The n; observations (Y;;,X;;:,m;;) (j=1,---,n;) can be used to compute the
maximum likelihood estimator (MLE) of 3;, B;, i = 1,2. By using the large sam-
ple approximate distribution

Bi~NBLL), i=12 (8.21)

and the methods given in chapter 5, one can construct various simultaneous con-
fidence bands for x’3, — x'[3; over a given covariate region X(g) € & for the com-
parison of the two logistic regression models.

Example 8.3 A data set compiled from some social surveys is given in Collett
(2003, Table 1.8) and the interest is in the relationship of education and sex to
attitudes towards the role of women in society. Each respondent was asked if he
or she agreed or disagreed with the statement ‘“Women should take care of running
their homes and leave running the country up to men’. The responses of 1305 male
respondents and 1566 females are reproduced in Table 8.2.

Suppose we fit one logistic regression model for male between Y and the level
of education x1, the only covariate, then, using only the observations on males, it
is calculated that

5 (2098 ., _ (00555 —0.0046 -
= (—0~234)’ = (—0.0046 0.0004 ) D = 18.945.
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Table 8.2: Social survey data from Collett (2003)

Years of Responses of males Responses of females
education (x;) Agree (Y) Disagree Agree (Y) Disagree

0 4 2 4 2

1 2 0 1 0
2 4 0 0 0
3 6 3 6 1
4 5 5 10 0
5 13 7 14 7
6 25 9 17 5
7 27 15 26 16
8 75 49 91 36
9 29 29 30 35
10 32 45 55 67
11 36 59 50 62
12 115 245 190 403
13 31 70 17 92
14 28 79 18 81
15 9 23 7 34
16 15 110 13 115
17 3 29 3 28
18 1 28 0 21
19 2 13 1 2
20 3 20 2 4

Note that the deviance of this model is Dy, = 18.945 on 19 d.f., and so this lo-
gistic regression model fits the observations very well. The observed frequencies
Agree/(Agree + Disagree) and the fitted logistic curve (1 +exp(—x'By)) " are
plotted in Figure 8.5. In a similar way, we can fit a logistic regression model for
female based on the observations on females only. It is computed that

5 (3003 . (00742 —0.0063 B
o= (—0315)’ T = (—0.0063 0.0006 ) Dp =38.158.

Note that the deviance of this model is Dy = 38.158 on 18 d.f., which indi-
cates that this logistic regression model may not fit the observations very well.
The observed frequencies Agree/(Agree + Disagree) and the fitted logistic curve
(1+exp(—x'Br))~" are also plotted in Figure 8.5. It is argued in Collett (2003)
that the large deviance Dr for female is largely due to the first and last two ob-
served frequencies, namely, 4/6, 1/3 and 2/6. As these are based on relatively
few individuals, Dr may not follow the large sample 75128 distribution accurately
and so the deviance may not be a reliable measure of lack of fit of the model.
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The plots given in Figure 8.5 show that the observed frequencies do not deviate
systematically from the fitted model for either males or females.
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Figure 8.5: The observed frequencies and fitted models for the social survey data

Instead of fitting one model for each gender group separately, one can fit one
bigger logistic regression model, which encompasses the two separate models for
male and female, by introducing the dummy variable

_ { 1 if Y is for male
0 if Y is for female

Then each Y has the binomial distribution with parameters m and success proba-
bility p(x) = p(x’3) where
X'B8 = Bo+ Bixi1 + Baz + Bxi * 2. (8.22)

This model implies X' 3 = (Bo + B2) + (B1 + B3)x1 for male and x'3 = By + Bix
for female. Fitting this bigger model, we have

(Bo,B1. B2, B3)' = (3.003,-0.315,—-0.905,0.081), D =57.103.

Hence (Bo+ o, b1+ B3) = (2.098,—0.234) = B, (Bo, B1)' = (3.003,—0.315) =
,fi'p and D = Dy + Dr as expected.

One can test the hypotheses Hy : By = GBF against H, : By # BF for the two
individual models or, equivalently, the hypotheses Hy : B, = B3 = 0 against not Hy
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for the model (8.22), as a mean of comparing the two individual logistic regression
models. If H is rejected, one can infer that the two models are statistically signif-
icantly different. If Hj is not rejected, all one can say is that the two models are
not statistically significantly different, even though this is often mis-interpreted as
that the two models are the same.

One can use the test in (8.14) to test the hypotheses. In this case, the test
statistic on the left of the inequality in (8.14) is given by

A A A A _1 A A
(Bu—Br) (Iﬂgl +I;1) (Bu — Br) = 6.871,

which has a large sample approximate distribution %22 So the approximate p-value
is 0.0322. Alternatively, one can use the test (8.15), and in this example, the test
statistic on the left of the inequality in (8.15) is given by

D, —D =64.025—-57.103=6.923

which also has a large sample approximate distribution 7522. So the approximate
p-value is 0.0314. Hence both tests have similar p-values that are smaller than
o = 0.05. So at significance level @ = 0.05, H is rejected and the two models are
significantly different.

s i

0 2 4 6 8 10 12 14 16 18 20

Figure 8.6: The confidence band for X' Br —x' By for the social survey data

A simultaneous confidence band on X’ 3 — x’' 3y, provides more insights on
where the two regression models are significantly different over the covariate
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range of interest. Let us construct a 95% two-sided simultaneous hyperbolic con-
fidence band for x’ 3r — x’' By over the observed covariate range x; € [0,20]:

X' Br —X'Buy Ex',f'}p—x’,fi'M:l:cy/x’(fgl—kaT,l)x for all x; € [0,20].

Using the simulation method given in Section 5.3, it is calculated that ¢ = 2.445
based on 100,000 simulations. This simultaneous confidence band is plotted in
Figure 8.6. It can be seen from the confidence band that females and males have
significantly different responses only for x; € [0,3] and x; € [17.35,20]. Further-
more, for x; € [0,3], i.e., among those who have relatively less education, females
tend to agree with the statement significantly more strongly than males. But for
x| € [17.35,20], i.e., among those who have relatively more education, males tend
to agree with the statement significantly more strongly than females.

It is noteworthy that that the large sample critical constant ¢ for the band over

the whole line x; € (—00,00) is given by |, /Xzz‘a = 2.448, which is only slightly
larger than the critical constant ¢ = 2.445 for the band over x; € [0,20]. This is

because the range x; € [0,20] is quite wide. If this range shrinks towards one
point then the large sample critical constant ¢ approaches the normal constant

Zg/2 = 1.960, which is substantially smaller than , / Xzz,a = 2.448. Finally, one

may also use other simultaneous confidence bands, such as two-sided constant
width bands or one-sided bands, to suit the specific need of inference.

Thus far we have constructed simultaneous confidence bands on X' 3, — x/3;
in order to compare the two logistic regression models. There are real prob-
lems in which it is more relevant to construct simultaneous confidence bands on
p(x'B2) — p(x’31) in order to quantify the differences between the two response
probabilities over a covariate region of interest. Let g(x) = p’(x), the derivative
of the function p(x). By using the delta method (cf. Serfling, 1980), we have the
following large sample approximations:

(p(X'B2) — p(x'1)) — (p(X'B2) — p(X'B1))
~ q(XB)(X'Br—XB2) —q(x'B1)(x'B1 —x'B1)
~ N(0,X'Vix). (8.23)

where Vy = (q(x’,fi’z))zf{1 + (q(x’,f‘]l))szl. One can construct the following
two-sided hyperbolic band

p(xX'3) — p(xX'B)) € p(X'B2) — p(X'B1) £ /X' Vix for all X() € X.

The confidence level of this band is given by P{T < ¢} where

_ |(p(x'B2) — p(X'B1)) — (P(x'B2) — p(X'B1))]
To= VAV
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« X' (4(x'B2) (B2 — B2) —a(xX'B1)(B1 — B1))|

~ ma
X(0) ex vV X/VXX
N \A—1/2 N \A—1/2
- X (BT No — g BN PNl
~ max 7 .
X(O)GX VX VXX

where Nj and N, are two independent V,,11(0,I) random vectors. So, in princi-
ple, the large sample approximate critical constant ¢ can be found by simulating a
large number of the random variable T from the expression (8.24). This idea can
also be used to construct an approximate confidence band for a general parametric
regression model or for the difference between two general parametric regression
models; see Gsteiger, Bretz and Liu (2010). Note, however, the maximization in-
volved in (8.24) is different from the maximization we have met before, due to the
fact that the covariance matrix Vx depends on x. In particular, when X = R”, the

expression in (8.24) does not equal the random variable 4 / X,% 41 and so it is not

clear whether ,/ x,% 1. 18 still a large sample conservative critical value. More

research is required in this direction.

One can also use the following method to construct a large sample conserva-
tive simultaneous confidence band for p(x’3,) — p(x'3;) over a given covariate
region X'. Construct a /1 — & level simultaneous confidence band

Li(Yi,x) < p(xX'Bi) < Ui(Yi,x) VXX

for each 1 <i <2 by using the methods in Section 8.2. Then it is clear that the
confidence band

Lr(Y2,x) — Ui (Y1,x) < p(X'B32) — p(X'B1) < Uz(Y2,x) — L1 (Y1,x) Vx€ X

has a simultaneous confidence level of at least 1 — o. Again, detailed study is
necessary to assess how conservative this band is.

As for the normal-error linear regression models, the methodologies consid-
ered above are primarily for detecting and quantifying the differences between the
two models. In many problems, the purpose of research is to show that the two
models do not differ, either in one direction or in both directions, by more than
0 > 0, a pre-specified threshold, over a given covariate region X, and therefore
the two models can be claimed to be equivalently over X(g) € X'

To show one-sided or two-sided equivalence of x’3; and x’3,, the method-
ologies developed in Chapter 5 can be applied directly by using the large sample
asymptotic normal distributions of 1 and 3,. Hence we concentrate on the equiv-
alence of p(x’(3;) and p(x’[3;) over a given covariate region X" below.

Model one p(x’'(3;) is defined to be non-superior to model two p(x’3;) over
a given covariate region X(g) € X if

p(X'B1) < p(X'B2) + 6 Vx(g € X, ie. max (p(x'B1)—p(x'B2)) <$

X(o)GX
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where 6 > 0 is pre-specified. From Theorem 5.1, an upper confidence bound on
maxy cx(p(x'B1) — p(x'3;)) that allows the assessment of the non-superior of

p(x ,61) to p(x'[32) over x(g) € A requires only the construction of pointwise up-
per bound U, (Y1, Y2, x) for each x (o) € X'. By using the large sample approximate
distribution given in (8.23), we can construct the approximate 1 — ¢ pointwise up-
per bound

Uy(Y1,Y2,x) = p(xX'B1) — p(X'B2) +2%\/X'Vxx for each X €EX  (8.25)

where z% is the upper @ point of a standard normal distribution, and Vy is given
below expression (8.23). The non-superiority of p(x'31) to p(x'3;) overx(g) € X
can be claimed if and only if

max U,(Y1,Yz2,x) < 8.
X(O)GX ]7( ! 2,% )

015
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Figure 8.7: The pointwise bands Up and Ly for the social survey data

Similarly, model one p(x’3;) is defined to be non-inferior to model two
p(x'/32) over a given covariate region x(g) € X if

pP(X'B1) > p(x'B2) = 8 Vx(q) EX, ie. (H)Hn {p(x'B1) = p(x'B2)} > 8.

Let
Ly(Y1,Y2,x) = p(X'B1) — p(X'B2) — 2%/X'Vxx for eachx) € X.  (8.26)
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Then from Theorem 5.2 non-inferiority of p(x'31) to p(x'32) over x(g) € A’ can
be claimed if and only if

min L,(Y;,Y2,x) > 0.
X(O)EX ]7( ! 2 )

Finally, the models p(x’(3;) and p(x’'(3;) are defined to be equivalent over a
given covariate region X(g) € A’ if

lp(X'B1) — p(X'Ba)| < 8 Vx(g) € X, ie. max, Ip(X'B1) — p(xX'B2)| < 8.
X(0

To assess equivalence, we set up the equivalence hypotheses

Hy: max |p(x'81)—p(x'B2)| 28 <= Hg: max |p(x'B1)—p(x'B)| <.
X(O) eXx X(O) eXx

So the equivalence of the two models can be claimed if and only if the null hypoth-

esis H(‘)E is rejected. An approximate size ¢ intersection-union test (see Section

5.5.3) rejects the non-equivalence null hypothesis HOE if and only if

—0 < min Lp(Y1,Y2,x) and max Up(Y,Y2,Xx) < 9.
X0 &¥ X0 €

Example 8.4 Continuing from Example 8.3, one can assess whether the two lo-
gistic regression models corresponding to the male and female groups are equiv-
alent. For this purpose, we have computed Up(Y1,Y2,x) and Lp(Y,Y2,x) for
o = 0.05, which are plotted over x; € [0,20] in Figure 8.7. In particular, we have

max Up(Y1,Y7,x) =0.080 and min Lp(Y,Y2,x) =—0.152.
X(O)GX X(O)GX

So unless the pre-specified threshold & is greater than 0.152, the null hypothe-
sis H(‘)E cannot be rejected and so the equivalence of the two models cannot be
claimed.

8.4 Bands for comparing more than two models

As in Chapter 6, one can use simultaneous confidence bands for comparisons of
more than two logistic regression models, which describe the relationship between
a same response variable Y and a same set of predictor variables xi,---,x,, for
several groups or treatments, etc.

In general, suppose that the k(> 3) logistic regression models are specified by

Y;j ~ Binomial (m;j, (1 +exp(—x{;.8:))), j=1,--,ms i=1,---,k (8.27)

where Y;;, m;; and X;j. = (1,x;j1,---,xijp)’ for j=1,---,n; are observations from
the ith model, and 3; are the regression coefficients of the ith model, i =1,--- k.
All the Y;; are assumed to be independent random variables.
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Table 8.3: Numbers of mice responding to four analgesic compounds

Compound x1 =log,(Dose) Y =Number responded m =Number tested
Morphine 0.38 22 110
Morphine 1.20 57 115
Morphine 1.75 84 123
Morphine 2.01 106 135
Amidone 0.39 15 67
Amidone 1.02 51 98
Amidone 1.43 70 108
Amidone 1.82 89 115
Pethidine 1.39 11 68
Pethidine 1.82 24 72
Pethidine 1.98 25 87
Pethidine 2.65 57 92
Pethidine 2.74 57 90
Phenadoxone -0.22 37 98
Phenadoxone 0.43 59 87
Phenadoxone 1.20 82 90

The n; observations (Y;;,X;;.,m;;) (j=1,---,n;) can be used to compute the

maximum likelihood estimator (MLE) of 3; of the ith model, Bi, i=1,---,k By
using the large sample approximate distribution

BINN(ﬂlaj—rl)a l:la7k (828)

and the methods given in Chapter 6, one can construct various simultaneous confi-
dence bands for a pre-specified set of contrasts of the x’3;’s, e.g., all contrasts, all
pairwise comparisons and many-one comparisons among the logistic regression
models, over a given covariate region X(g) € &'

Example 8.5 Table 8.3 provides a data set on an experiment that compared the
analgesic potencies of amidone, pethidine and phenadoxone with that of mor-
phine. The numbers of mice tested and responded at several doses of each drug
recorded.

Fit one logistic regression model for each of the four compounds, by using
only the observations on that compound, to get

0.0723  —0.0443

R ~1.987\ 4_

,BM:<1612>7IM1=< ),DM:O.198
: —0.0443  0.0318

0.0991 —0.0700
By = (‘11677%5) ' = ( ) Dy =0.737
) —0.0700  0.0565
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5 (=3907\ s (02700 —0.1152 _
ﬂPE_( 1.635 > T = <—0.1152 0.0513 ) Dpp =2.028

5 (—0.077\ sy _ (00251 —0.0196 _
Prii = < 1.977 ) T = (—0.0196 0.0804 ) Dpr = 0.026.

It is clear from the four deviances that each logistic model fits the observations
very well. The observed frequencies and fitted logistic regression model for each
of the four compounds are plotted in Figure 8.8.
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Figure 8.8: The observed frequencies and fitted models for the four compounds

Instead of fitting one model for each compound separately, one can fit one
bigger logistic regression model, which encompasses the four individual models
for the four compounds, by introducing three dummy variables

_ { 1 if Y is from Morphine
M = .
0 otherwise
w = { 1 if Y is from Amidone

A 0 otherwise
{ 1 if Y is from Pethidine

IpE = .
0 otherwise .

Then each Y, Number responding, has a binomial distribution with parameters m
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and success probability p(x) = p(x’3) where

x'B = Bo+ Bix1 + Bozm + B3za + Bazpe + Psx1 * zm + Pox1 * za + Prx1 * zpE.

(8.29)
This model implies the four individual models
(Lx1)Bu = (Bo+P2)+ (B1+ PBs)x1 for Morphine
(L,x1)Ba = (Bo+B3)+ (B + Be)x1 for Amidone
(Lx1)Bpre = (Bo+Bs)+ (B1+ B7)x1 for Pethidine
(Lx1)Bpa = Po+ Pix; for Phenadoxone.
Fitting this bigger model, we have
(Bo,--,B1) = (=0.077,1.977,—1.909,—1.678, —3.830,—0.365, —0.307, —0.342)’

and D = 2.989.

As expected, D = Dy + Ds + Dpg + Dpu and  (Bo + o, i + Bs) =
(—1.987,1.612) = By etc. Hence the two methods of fitting models give the same
results.

One possible way to compare the analgesic potencies of the four compounds
is to test the hypotheses Hy : By = Ba = Bpr = Bpy against H, : not Hy. If Hy
is rejected, one can infer that the four compounds have statistically significantly
different potencies. If Hj is not rejected, all one can say is that the four compounds
do not show statistically significantly different potencies. In terms of the model
(8.29), the hypotheses become

Hy: AB =0 against H,: AG#0

where A is a 6 x 8 matrix given by (0,Is). The test statistic on the left of the
inequality in (8.14) is calculated to be 211.41, which has a large sample approx-
imate distribution xg. So the test statistic value 211.41 is very highly significant.
Alternatively, one can use the test (8.15). In this example, model (8.29) will be
reduced under the null hypothesis Hy to

X'8=Bo+Bixi

for all the four compounds, the deviance for which is computed to be D, =
271.036. Hence the test statistic on the left of the inequality in (8.15) is given
by

D, —D =271.036 —2.989 = 268.047

which also has a large sample approximate distribution 7562. This test statistic value
is also very highly significant. So the null hypothesis H is rejected by both tests
(8.14) and (8.15) very convincingly, and one can therefore conclude that the four
logistic regression models for the four compounds are highly unlikely to be the
same.
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To make more detailed comparisons of the four models for the four com-
pounds, one can use simultaneous confidence bands. For instance, if one wants to
make all pairwise comparisons among the four models then one can construct the
following simultaneous confidence bands

X3 —xXBexBi—xBj+c\/x(I7! +f;1)x

for all x| € [a,b] and for all i # j and i, j € {M,A,PE,PH} (8.30)

where [a,b] is chosen as the observed range [—0.22,2.74], and critical constant
¢ is chosen so that the large sample approximate simultaneous confidence level
is 95%. Based on 200,000 simulations, the critical constant is computed to be
¢ = 2.965. This value is considerably smaller than the large sample conservative
value /g f, = 3.549 givenin (6.8), where g = (k—1)(p+1) =3 x2=6,v =00
and o = 0.05 in this example.
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Figure 8.9: The confidence bands for pairwise comparisons of the four compounds

With ¢ =2.965, all six confidence bands in (8.30) are plotted in Figure 8.9, and



238 CONFIDENCE BANDS FOR LOGISTIC REGRESSION

comparison between any two models can be made from the corresponding con-
fidence band. For example, the regression function of Phenadoxone, p(x’Bpy),
is significantly higher than the other three regression functions over the observed
range of the covariate x; = log(Dose) € [—0.22,2.74]. The regression function of
Pethidine, p(x’'Bpk), is significantly lower than the regression functions p(x’3,)
and p(x’By) over the observed range of the covariate. But there is no statistically
significant difference between the regression functions of Amidone and Mophine
over x; € [—0.22,2.74]. These more detailed inferences are not available from the
hypotheses tests and are consistent with the fitted regression functions plotted in
Figure 8.8.
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Figure 8.10: The confidence bands for x' Bpg — X' By

If one is interested only in the comparisons of Amidone, Pethidine and
Phenadoxone with the control Mophine, then one can use the following set of
simultaneous confidence bands

X'B;i—x'By c XI,CA;)'i—X/,CA;)'M:I:C\/X/(ZA—i_l +f1;,1)x
for all x; € [a,b] and for all i € {A,PE,PH} (8.31)

where [a,b] = [—0.22,2.74] as before, and critical constant ¢ is chosen so that
the large sample approximate simultaneous confidence level is 95%. This set of
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confidence bands has less confidence bands than the set of confidence bands in
(8.30), and so the critical constant c¢ is smaller than that in (8.30). Sharper infer-
ences concerning the three comparisons can therefore be made from the bands in
(8.31) than those in (8.30). Based on 200,000 simulations, the critical constant is
computed to be ¢ = 2.815. This value is smaller than the ¢ =2.965 in (3.30) as ex-
pected. Figure 8.10 presents the confidence bands for x’'Bpg — x'By from (8.30)
and (8.31). The band from (8.31) is narrower and so allows better inference than
the band from (8.30).

Sometimes it is desirable to construct simultaneous confidence bands on
p(X'Bi) — p(x'B;) for x(g) € & and for all (i,j) € A in order to quantify di-
rectly the differences between the response probabilities p(x'3;) and p(x'3;)
over X(g) € X for all (i,/) € A. The two ideas given in the last section on the
comparison of two models are also applicable here, but an extra maximization
over (i, j) € A is required. This warrants further research.

Sometimes one may hope to establish the equivalence of the response proba-
bilities p(x3;) for 1 <i < k over a given covariate region Xg) € X' in the sense
of

/ /
i) — )| <o
| SR, DA, Ip(X'Bi) — p(x'B;))]
where 0 > 0 is a pre-specified threshold. For this, one can set up the equivalence
hypotheses

HE . max max |p(x’3i)—p(x'B:)| > 6
0 IS1.7,£j.§”((())€2(|11( Bi) —p(X'B))| =

< HE: max max |p(x'3;)— p(x'3;)| < 8.
a lgi#jgkx(o)e/\’|p( /61) [7( 5/)|

The equivalence of all the £ models can be claimed if and only if the null hypoth-
esis Hg is rejected. Following the results of Sections 6.5 and 8.3, a large sample
approximate size @ intersection-union test rejects the non-equivalence null hy-
pothesis HOE if and only if

—8< min min Lp(Y;,Y;,x
1<i#j<kx(p) €X P(Yi, Y x)
and max max Up(Y;,Y;,x) <o
1§i#j§kX(0)€X ’

where Lp and Up are defined in (8.26) and (8.25) respectively.
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Approximation of the percentile of
a random variable

As we have seen in the main part of this book, the critical constant c of a 1 — &
simultaneous confidence band can be expressed as the 100(1 — ) percentile of
a random variable S, and this population percentile can be approximated by the
sample percentile by using simulation. We first simulate R independent replicates
Sy, -+, Sg of the random variable S, and then use the ((1 — @)R)th largest S;, ¢, as
an approximation to the exact critical constant c.

As we shall see from the discussions below, ¢ can be as close to ¢ as one
wants if the number of replications R is sufficiently large. This simulation ap-
proach can therefore be regarded as exact, considering the computation power of
modern computers and the available software. Edwards and Berry (1987) consid-
ered similar methods to approximate the critical constants in multiple tests. West-
fall and Young (1993) considered simulation-based multiple tests. Beran (1988,
1990) proposed some simulation methods for the construction of balanced simul-
taneous confidence sets.

Our simulation approach is different from the usual bootstrap or Markov chain
Monte Carlo (MCMC) methods. The bootstrap method usually samples from an
estimated distribution of S; see e.g., Hall (1992), Efron and Tibshirani (1993) and
Shao and Tu (1995). The random variates generated by a MCMC method are
usually not independent; see e.g., Gamerman and Lopes (2006) and O’Hagan and
Forster (2004). But in our approach the S;’s are independent and generated from
the exact distribution of S.

A.1 Accuracy of the sample percentile

It is well known that the sample percentile ¢ converges to the population percentile
c almost surely as the simulation size R approaches infinity. The effect of R on the
accuracy of ¢ can be assessed via the asymptotic normality of €. It is known (see
e.g., Serfling, 1980) that, under quite weak conditions, ¢ is asymptotically normal
with mean ¢ and standard error

o(l—a)

s.e. = OR (A.1)

where g(c) is the density function of S evaluated at c.

243
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Although the value g(c) is not available, it can be estimated by using a density

estimation method and the simulated values of S: S, - -, Sg. We approximate g(c)
by the kernel density estimator
1 & o— Si) ?
)~ ——==) exp| — 2 A2
g()Rhm;p<(h / (12)

where S; is the ith simulated value, and 4 is the smoothing parameter. The value
of h can be chosen in various ways, and we have used Silverman (1986, expres-
sion (3.28)) to determine the value of h. Several other values of & that we have
tried in a few examples gave similar results for the standard error. The standard
error of ¢ can also be computed using bootstrap. The bootstrap estimates of the
standard error and those obtained using (A.1) and (A,2) were very close in a num-
ber of examples that we tried, but the one based on (A.1) and (A.2) was easier to
compute.

The standard error can be used to determine the simulation size R in or-
der that ¢ — c is within a pre-specified tolerance. For example, if one requires
|é — ¢| < 0.009, then the 3-sigma rule suggests that R should be such that the
standard error is about 0.003. From the R replicates that have already been gener-
ated, calculate the standard error from (A.1) and (A.2). If it is smaller than 0.003
then no more replicates are required. Otherwise generate a batch of new replicates
that are independent of the available replicates, and use the aggregated replicates
to compute a new estimation of the standard error. Repeat this process until the
desired accuracy is achieved.

From our experience, if R = 50,000 then ¢ varies often only at the second
decimal place, and if R = 100,000 then ¢ is often accurate to the second decimal
place.

A.2 Accuracy of the simultaneous confidence level

Alternatively, one can assess the accuracy of ¢ by considering the simultaneous
confidence level of the band that uses the approximate critical value ¢. Of course
the target simultaneous confidence level is G(c) = P{S < ¢} = 1 — . But the ac-
tual simultaneous confidence level from using ¢ is given by G(¢) = P{S < ¢é|¢};
note that S, Sy, --,Sg are i.i.d. random variables with the same distribution func-
tion G(-), and ¢ = §(;_¢q)gy depends only on S, ---,Sg and so is independent of
S. Since ¢ is random, so is G(¢). Edwards and Berry (1987) gave the exact distri-
bution, mean and variance of G(¢), which allows one to assess by how much G(¢)
may deviate from the target value 1 — o.

Let ¢ = ((1 — a)R). Note that G(S),G(S1),--,G(Sg) are i.i.d. random vari-
ables uniformly distributed on the interval (0,1), and

G(é) = P{S < 5|6} = P{G(S) < G(Sq)|Sq} = G(Sq)

where G(S;) is just the gth largest observation from a sample of R i.i.d. obser-
vations from the uniform distribution on the interval (0, 1). From this, Edwards
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and Berry (1987, Lemma 2) showed that G(¢) has a Type I beta distribution with
parameters R — g — 1 and ¢. In particular, the mean and variance of G(¢) are given
respectively by 1 — o and a(1 — o) /(R+2), and for a large R the distribution of
G(¢) is essentially normal.

So if one wants G(¢) to be within (1 — &) £ € with a probability of 3, then
the number of simulations R should be about (z°>1=8) /)20 (1 — o) where z* is
the upper o-point of the standard normal distribution. For example, if 8 = 0.99,
o = 0.05 and € = 0.001, then R should be about 320,000. Table 1 of Edwards and
Berry (1987) provides values of R for given values of 3 and €.

A.3 A computation saving method

In many situations, the random variable S is the magnitude of the projection of a
random vector T onto a cone. While T is often very easy to simulate, it is often
time-consuming to compute the projection of T. It is also known that the required
critical constant c is larger than some known constant ¢. For example, the ¢ for the
band in (3.8) is larger than the corresponding critical constant of the pointwise

two-sided confidence interval t‘? / 2, and the ¢ for the band in (3.12) is larger than
the corresponding critical constant of the pointwise one-sided confidence interval
1.

Then in a simulation replication that has the magnitude of T, ||T|, less than
or equal to ¢, the projection of T and so the exact value of S do not need to
be computed. Instead, for this replication, the ‘modified’ value of S is simply
recorded as ¢ while the exact value of S is clearly no larger than . It is clear that
this modification to the exact value of S that is no larger than ¢ does not change
the sample quantile ¢ that is sought.

For example, we know from (3.11) that

S= max{||7‘c(T7P, Xr)”v ||7t(_T7P7XV)”}'

We also know that the required critical value ¢ in this case is greater than ry 2,

Thus, in a simulation replication, if | T|| < 1% then § < (IT) < t&/2. For this
simulation replication, it suffices for us to record S = ry /2 and not to compute the
two projections 7(T,P,X,) and n(—T,P, X;). Hence out of R simulation replica-
tions, there are on average about &R replications that require the time-consuming
computation of the two projections, where

& =PUTI > 5% =P{ R > (1) /0 1) -

For the infant data set in Example 3.2, & = 0.408. This method can therefore save
substantial amount of computation time.






B

Computation of projection
r(t,P,X,)

We need to find the v € R7*! that minimizes ||v — t||? subject to the constraints
v € C(P,X,), where C(P, ;) is defined below expression (3.9). Let e; € RPT!
have the jth element equal to one and the remaining elements all equal to zero.

The objective function to minimize, ||v —t||?, can be expressed as v'v —2t'v +
t't, which is equivalent to

1 / /
Zvv—ty. B.1
SVV—ty (B.1)
From the definition of the cone C(P, &), v € C(P, X;) implies that v = APx
or, equivalently, P~'v = Ax = (A,4x1,---,Ax,)’, for some X(g) € Ay and A > 0.
Hence /P 'v=21>0anda; <e}, P 'v/e{P lv=x; <bforj=1,---,por,
equivalently,
—e/P7lv<0
(¢} —bje) )P 'v<0 for j=1,--,p
(aje] — € )P T'v<0 for j=1,---,p
These constraints can be expressed as
Av<0 (B.2)
where the (2p+ 1) x (p+ 1) matrix A is given by

(€ —bre))P~!
(aje] —e5)P~!

(CAE bpe) )P~ !

(ape| — e;+11)P71
/1 D—
—eiP

The problem of minimizing the objective function in (B.1) under the con-
straints in (B.2) is a standard quadratic programming problem and can be solved
in a finite number of steps. There are many algorithms available for solving this
problem numerically (see e.g., Fletcher, 1987, and Hu, 1998), and we have used
the MATLAB® built-in function quadprog (H,f,A,b) for this purpose.
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C

Computation of projection
™ (t, W, Xz)

We need to find the v € R* that minimizes ||v — t;||?> subject to the constraints
vEC(W,X,), where t, € R¥ is given and C(W, X, ) is defined in (4.9). Lete; € RF
have the jth element equal to one and the remaining elements all equal to zero.
From the definition of the cone C(W,X3), v € C(W,X,) implies that v =

AWx, or, equivalently, W~ lv = Ax, = A(Xp_ks1,---,Xp), for some x; € > and
A > 0. Hence, in terms of u = (v/,A)’, the constraints become

(W b,y j)u<0 forj=1,-- k

(—e}W’l,ap,k+j)u <0 forj=1,---,k

(0, —1Hu<0.

These constraints can be expressed as
Au<0 (C.1)
where the (2k+ 1) x (k+ 1) matrix A is given by

rw—1

e1W s _bpfk-‘rl
/ —1

—eIW s Ap—k+1

-
'w—1
e W ; —b,
—e W', ap
0, -1

The objective function to minimize, ||v — t,||?, can be expressed in terms of
u=(v,1) as

Vv =2tv+thty

- (O (O -2(8) (3) e

which is equivalent to
1,/1 0 t )
§u<0, 0>u—<0>u. (C.2)
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The problem of minimizing the objective function of u in (C.2) under the
constraints in (C.1) is a standard quadratic programming problem which can
be solved in a finite number of steps. We have used the MATLAB® routine
quadprog(H,f,A,b) for this purpose. Note, however, that the matrix H here

is given by and so singular; this is different from finding 7(t,P, X;)

I
0 0
in Appendix B where the matrix H is given by the identity matrix and so
non-singular. Jamshidian et al. (2007) gave a specific quadratic-programming
based algorithm which is slightly more efficient than the MATLAB routine
quadprog(H,f,A,b).

After finding u = (v/, 1)’ from the quadratic programming problem above, the
required *(ty, W, X, ) is simply given by the first kK components of u.



D

Principle of intersection-union test

The idea of intersection-union (IU) tests appeared in Gleser (1973) and has been
made popular by Berger (1982). Casella and Berger (1990, Chapter 8) provided
a very readable introduction. These tests have been found to be very useful in
bio-equivalence studies; see e.g., Hsu et al. (1994), Berger and Hsu (1996) and
Wellek (2003).

Suppose that one wants to test some hypotheses about unknown parameter
(vector) 6 based on random observation Y. Assume the null hypothesis can be
expressed as the union of a set of individual null hypotheses:

Hy = UyerHoy

where I'is an arbitrary index set which may be finite or infinite, and Hpy is an indi-
vidual null hypothesis. Correspondingly, the alternative hypothesis can be written
as

H,= myel"HuV

where H,y is the alternative hypothesis corresponding to the null hypothesis Hyy.
Suppose that a size « test Ty, with rejection region Ry, is available for testing

Hyy against H,y,

for each y € I'. Then the IU test of Hy against H, has the rejection region R =
NyerRy, i.e. Hy is rejected if and only if Hyy is rejected by individual test T for
all y € T'. Crucially, the size of this IU test is also .

Theorem D.1 If each individual test 7y is of size o for all y € T then the IU test
is also of size .

Proof D.1 When the unknown parameter 0 takes a value such that Hy is true,
then Hyy is true for some y € I since Hy = UyerHoy. For such a value of 6 and
Y €T, we then have

P{YeR} <P{Y€ER)} <« D.1)

since, for each y € I, R C Ry and the individual test Ty is of size . Expression
(D.1) means that the size of the intersection-union test is controlled at «. |
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E

Computation of the K-functions in
Chapter 7

E.1 Computation of K, (t,A, (a,b)) and Ky, (t,A, (a,b))
The definition of Ky,(t,A, (a,b)) is given in (7.6) by

't
Kon(t,A, (a,b)) = sup |~, |~
a<x<b X'AX

(E.1)

where t is a given (p + 1)-vector, A a given non-singular matrix, (a,b) a given
interval and X = (1,x,---,x”)". The definition of K(t,A, (a,b)) is given in (7.9)
by
X't
Kin(t,A,(a,0)) = sup ——r. (E2)
a<x<b VX'AX

Note that both the supremums in (E.1) and (E.2) can be attained only possibly
at a, b and the stationary points of the function

%'t

VAR

dg:;ix) _ ((Cfi_ii) t(X'A%) — (X't) (CZC > AX) (% A%) 732,

So the stationary points of g, (x) are given by the real roots of the (3p —2)th order

polynomial function
dx’ dx
<d—’;> t(RAR) — (%) ( d’; ) A%,

which can easily be found numerically by using MATLAB® function roots.
Denote all the real roots by ry, - - -, 7,4 for some 0 < g < 3p — 2. It follows therefore

Kin(t,A, (a,b)) = max{gn(a),gn(b),gn(r1), -, 8n(rq)}
KZh(taA7 (a7b)) :max{|gh(a)|7|gh( ) 7|gh(rl)| 7|gh(rl])|}

gh(X) =

Now

from which Kj,(t,A, (a,b)) and Ky, (t,A, (a,b)) can easily be computed numeri-
cally.
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E.2  Computation of Kx.(t, (a,b)) and Ki(t, (a,b))
The definition of Ky.(t, (a,b)) is given in (7.11) by

Koo(t,(a,b)) = sup [X't| (E.3)

a<x<b

where t is a given (p + 1)-vector, (a,b) a given interval, and X = (1,x,---,xP)".
The definition of Kj.(t, (a,b)) is given in (7.13) by

Kic(t,(a,b)) = sup X't. (E.4)

a<x<b

Note that both the supremums in (E.3) and (E.4) can be attained only possibly
at a, b and the stationary points of the function

ge(x) =%t
Now o) d¥
8clX X -1
=—t=(0,1,---,pxP")t.
dx dx ( ) ) 3 p'x )
So the stationary points of g.(x) are given by the real roots of the (p — 1)th order
polynomial function (0, 1,---, px?~!)t which can easily be found numerically by

using MATLAB function roots. Denote the real roots by ry,- -+, 4 for some 0 <
q < p— 1. It follows therefore

ch(tv (Cl,b)) = max{gc(a)vgc(b)vgf(rl)v'"ng(rq)}
Kyc(t,(a,b)) = max{|gc(a)l, |gc(b)]:[gc(ri)],- -+, g (rg) I}

from which K. (t, (a,b)) and K».(t, (a,b)) can easily be computed numerically.
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